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1 Introduction

At an abstract level, one can view the various theories of justice that have
been discussed in economics and philosophy in the last 50 years or so, in-
cluding of course that of Serge-Christophe Kolm (2005), as attempts to
providing criteria for comparing alternative societies on the basis of their
"ethical goodness". The compared societies can be truly distinct societies,
such as India and China. They can also be the same society examined at
two different points of time (say India today and India twenty years ago) or,
more counterfactually, before and after a tax reform or demographic shock.
As they are envisaged in much theories that we are aware, societies are de-
scribed as lists of attributes bundles, as many bundles as there are individuals
in the society. However, the theories and approaches differ markedly with re-
spect to the choice of the individual attributes that are deemed normatively
relevant to describe a society. In classical social choice theory, developed
along the lines of Arrow (1950) famous impossibility theorem, the only con-
sidered attribute is the individual’s ordinal preference ordering over social
alternatives so that a society can be considered as a list of preference or-
derings. The scope of classical Arrovian theory was, however, restricted to
normative comparisons involving societies with the same number of individ-
uals. In the welfarist approach, defended forcefully by Blackorby, Bossert,
and Donaldson (2005), among many others, the relevant attribute is the
individual’s utility so that a society can be summarized by the list of utility
numbers achieved by the individuals. The welfarist tradition has explored
with considerable detail the problems raised by comparing societies with
different numbers of people (see e.g. Parfit (1984), Blackorby, Bossert, and
Donaldson (2005) and Broome (2004) and the literature surveyed herein
for examples of welfarist approaches to variable population ethics). As an-
other example of a normative approach for comparing societies, one finds
Sen (1985) multidimensional functioning and capabilities theory in which
the individual attributes are taken to be various functionings (nutrition, ed-
ucation, health, etc.). As far as we are aware, there have not been many
attempts to apply Sen’s theory to societies involving different numbers of
individuals.

In this chapter, we discuss a general method for comparing all logi-
cally conceivable finite lists of attributes bundles, without entering into the
(philosophically important) matter of identifying what these attributes are.
Taking the relevant individual attributes as given, we formulate several prin-
ciples that can be used for comparing alternative lists of attributes bundles
and we show that these principles characterize a rather specific method for
comparing societies. For the criterion that we characterize can be thought of
as comparing societies on the basis of their average utility, for some utility
function defined over the set of attributes bundles.

If we take the view that utility is the only relevant individual attribute



so that a society can be seen as a list of utility numbers, then this chap-
ter may be seen as providing an alternative characterization of the family
of social orderings called average generalized utilitarianism by Blackorby,
Bossert, and Donaldson (2005) (p. 171-172, 198). With average general util-
itarianism, individual utilities are first transformed by some function before
being averaged.

Yet, the main interest of the characterization provided in this chapter
is that it applies as well to non-welfarist multidimensional contexts where
utility is not the only relevant attribute for appraising the situation of an
individual. In any such context where the situation of an individual is sum-
marized by a vector of attributes, the properties that we impose on the
ranking of all societies happen to force one to aggregate these attributes
into a "utility" function and to compare different societies on the basis of
their average utility. Of course, when interpreted in this perspective, the
"utility function" that aggregates individual’s attributes need not be that
which corresponds to individual’s subjective well-being. It should, rather, be
thought of the value assigned to the individual attribute bundle by the social
planner or, more generally, by the theoretician of justice. While the main
theorem of this chapter does not impose anything on the utility function
beside monotonicity, it is quite easy to require it to satisfy additional prop-
erties if further assumptions are imposed on the social ordering. Important
such properties that can be thought of here are attributes-inequality aver-
sion ones which, if imposed on the social ordering, imply specific additional
conditions on the utility function.

The main characterization result that is obtained in this chapter is de-
rived in a straightforward fashion from the characterization of the family of
uniform expected utility rankings obtained in Gravel, Marchant, and Sen
(2007) in the somewhat different context of individual decision under com-
plete uncertainty. In decisions under complete uncertainty, we are interested
in ranking finite sets of consequences. In normative economics, we are inter-
ested in ranking finite lists of attribute bundles interpreted as societies. As
societies are more structured objects than sets (in particular, it makes sense
to duplicate an individual in a society but it does not make sense in general
to duplicate an element in a set), the axiomatic structure that characterizes
average utilitarianism turns out to be simpler than the one which character-
izes uniform expected utility in the complete uncertainty setting considered
in Gravel, Marchant, and Sen (2007).

The remaining part of this chapter is organized as follows. In the next
section, we introduce the formal model, the main axioms and the criterion
used to compare societies. Section 3 provides the main result of the paper and
section 4 indicates how some additional restrictions on the utility function
can be obtained from imposing additional properties on the social ordering.
Section 5 concludes.



2 Notation and basic definitions

2.1 Notation

The sets of integers, non-negative integers, strictly positive integers, real
numbers, non-negative real numbers and strictly positive real numbers are
denoted by N, N;, Ny, R, Ry and R, respectively. The cardinality of
any set A is denoted by # A and the k-fold Cartesian product of a set A with
itself is denoted by A*. The inner product of an n x m matrix a by an m x r
matrix b is denoted by a.b. The k-dimensional unit vector is denoted by 1*.
Given a vector v in R¥ and a positive real number ¢, we denote by N.(v)
an e-neighborhood around v defined by N.(v) = {z € R¥ ;| z; — vy, |< €
for all h = 1,...,k}. If ® is a function from a subset A of R*¥ to R and a
is a vector in A, we denote, for every strictly positive real number A such
that (a1,...,a; + A, ...,a;) € A, by @f‘(a) its (discrete right hand side) jth
derivative defined by:
®(ay,...,a; + A, ...,ar) — P(a)

2 (a) = N 1)

A permutation matriz 7 is a square matrix whose entries are either 0 or 1
and sum also to 1 in every line and every column. Our notation for vectors
inequalities is =, > and >. A binary relation 7 on a set  is a subset of
Q x Q. Following the convention in economics, we write z =~ y instead of
(z,y) € 7. Given a binary relation =, we define its symmetric factor ~ by
x~y<= 1z 7 yandy = x and its asymmetric factor > by = = y <= =
y and not (y 7Z ). A binary relation 7~ on  is reflexive if the statement z
7~ x holds for every z in €, is transitive if x 7~ z always follows x 7~ y and
y = z for any z, y, z € Q and is complete if x 7~ y or y 7~ x holds for every
distinct = and y in Q. A symmetric, reflexive and transitive binary relation
is called an equivalence relation and a reflexive, transitive and complete
binary relation is called an ordering. Given an equivalence relation ~ on 2,
and some w € (2, we denote by E.(w) the equivalence class of w under ~
defined by E.(w) = {w € Q | v’ ~ w}. It can be seen immediately that if ~
is an equivalence relation, one has E. (w) # 0 for every w, E.(w) = E.(w)

or E_(w)NE_(w") = 0 for every elements w and w’ in Q and |J E.(w) =
we
so that the equivalence class of all elements of {2 under ~ form a partition

of 2. Such a partition is called the quotient of Q under ~.

2.2 Basic definitions

We assume that there are k (with k£ € N, ) individual attributes that are
perfectly measurable. We view a society s as a finite ordered list of vectors
in R¥, every such vector being interpreted as the set of values taken by the
attribute for the individual to which it corresponds. Let n(s) denote the



number of individuals living in society s. Then we can depict any society s
as an n(s) X k matrix:

S11 S1k

Sn(s)1 -+ Sn(s)k

where s;;, for i = 1,...,n(s) and j = 1, ..., k, is interpreted as the amount of
attribute j received by individual ¢ in society s. Denote by s; the vector of
attributes received by 7 in s. A society s with n(s) individuals is therefore
an element of R™®)* and the set of all logically conceivable such societies
is U R If s is a society in R™* and s is a society in R™, we denote
leNL4

by (s,s') the society in R"*™* where the m first individuals get, in the
same order, the bundles obtained by the corresponding individuals in s and
the n last individuals get the bundles obtained, in the same order, by the n
individuals in s’. To alleviate notation, we write, for any attribute bundle x
in R* the one-individual society (z) as x.

We notice that depicting societies as ordered lists of attributes bundles
make sense only if we adopt an anonymous postulate that "the name of the
individuals does not matter". We adopt this postulate throughout, even
though we are fully aware that it rides on an implicit assumption that the
attributes bundle received by an individual constitutes the only informa-
tion on the individual’s situation that is deemed normatively relevant. It is
therefore important for the interpretation of our framework that one adopts
a wide list of attributes, which could include many consumptions goods,
health, education levels and, possibly, Rawlsian primary goods such as the
"social basis of self respect". Possibly, one should also view these bundles of
goods and primary goods as being distinguished by the time at which they
are made available if one wants to adopt a life time perspective. A clear dis-
cussion on the explicit modeling of this anonymity postulate within a richer
- albeit welfarist - formal framework is provided in Blackorby, Bossert, and
Donaldson (2005) (ch. 3.9).

We should also mention that our framework leads one to consider all
conceivable societies, including societies made of a single individual. While
these kinds of "societies" may be considered to lie outside the realm of
theories of justice, there are several instances where normative comparisons
of small communities are made. For instance, it is not uncommon in applied
welfare economics to compare the well-being of an individual with that of a
family. Of course we are doing much more than that here since we also accept
to normatively compare a family of three persons with, say, the whole People
Republic of China. Notice also that we agree to rank all single-individual
societies and thus, implicitly, all bundles of attributes from a social point of
view.



If we accept to compare in this fashion all societies, we shall make the
comparisons on the basis of a social ordering -, with asymmetric and sym-
metric factors = and ~ respectively. We interpret the statement s =~ s’ as
meaning "the distribution of the k attributes in society s is at at least as
just as the corresponding distribution in society s’". A similar interpretation
is given to the statements s > s’ ("strictly more just") and s ~ s’ ("equally
just").

In this chapter, we identify the properties (axioms) of the ordering 7
that are necessary and sufficient for the existence of a (utility) function
u : RF — R such that, for every societies s and s in U R one has:

leN; 4
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(2)

An ordering satisfying this property could therefore be thought of as result-
ing from the comparisons of the average utility level achieved by individuals
in the two compared societies for some utility function. Notice that the util-
ity function that appears in this formula is the same for all individuals, so
that all individuals are treated symmetrically. Of course if we put ourselves
initially in a welfarist paradigm in which individual attributes are inter-
preted to be utility levels (in which case k = 1), then societies are defined
as lists of utility levels and the ordering defined by formula (2) corresponds
to what is called "generalized average utilitarianism" by Blackorby, Bossert,
and Donaldson (1999). Notice that formula (2) defines in fact a family of so-
cial criteria, with as many members as there are logically conceivable utility
functions. We shall discuss below how one could restrict this family by im-
posing additional axioms on the social ranking. We refer to any ranking that
satisfies (2) for some function u as to an Average Utilitarian (AU) ranking.

Let us now introduce the five axioms which, as it will turn out, charac-
terize the AU family of social rankings.

The first axiom is a "minimal increasingness" condition, which says that
the k attributes that matter for normative appraisal are positively valued
by the social planner. We state formally this axiom as follows.

Axiom 1 (Minimal increasingness) For all attribute bundles x and y € R¥,
x =y implies x 77,y and x >y implies x > y.

This axiom is a slight weakening of the axiom of the same name in Black-
orby, Bossert and Donaldson. Of course, Blackorby, Bossert and Donaldson’s
axiom applies only to the case where there is only one attribute - welfare -
while our formulation applies to any number of attributes. In our view, this
minimal increasingness axiom is natural if the attributes can be interpreted
as primary goods a la Rawls (1982) or, using the words of Sen (1987), as
things that "people have reasons to value".



The second axiom is also very natural in the setting we are considering,
especially in view of the discussion made above, since it requires the social
ranking to be anonymous. That is, the names of the individuals who receive
the attributes do not matter for normative evaluation so that all societies
that distribute the same list of attributes among the same number of persons
are normatively equivalent. We state formally this axiom, which has been
called "same people anonymity" by Blackorby, Bossert and Donaldson, as
follows.

Axiom 2 (Anonymity) For every society s € U R* and all n(s) x n(s)

ZGN++
permutation matriz w, one has w.s ~ s.

The third axiom that we impose on 2~ is a continuity condition that is
weaker than most conditions of the same kind, since it applies only to sets
of attribute bundles which, if received by a single individual, are considered
as weakly better than, or weakly worse than, a given society. It says that if
a converging sequence of such bundles are considered weakly better (resp.
weakly worse) than a given society, then the point of convergence of this
sequence should also be considered weakly better (resp. weakly worse) than
the considered society.

Axiom 3 (Continuity) For every society s, the sets B(s) = {x € RF : 2 -
s}, W(s) ={z € R¥: s = z} are both closed in RF.

While weak, this axiom rules out rankings such as the Leximin one which
compare ordered lists of bundles by first defining a continuous utility func-
tion on those bundles and by ranking vectors of the utilities associated to
these bundles by the usual lexicographic ordering of U R! (generalized

leNy 4
to account for the different dimensions of the vectors thus compared). It is

clear that such a ranking would violate continuity because it would be quite
possible to observe a sequence of bundles that are ranked weakly above the
worse bundle of a given society and that converge to this worse bundle. Yet,
contrary to what is required by continuity, the society containing only one
individual endowed with this bundle would be considered strictly worse than
the original many individuals society by the leximin criterion.

The next axiom plays a crucial role in the characterization and captures
the very idea of averaging numbers for comparing societies. We call it for
this reason the averaging axiom. This axiom says that merging two distinct
societies leads to a larger society that is normatively worse than the best
of the two societies and better than the worse of the two societies. It says
also, conversely, that if a society looses (gains) from bringing in members
with specific attributes endowments, then this can only be because the dis-
tribution of attributes that is brought in is worse (better) than that already



present in the original society. Using the language of population ethics, this
axiom says that bringing in new members with specific endowments of at-
tributes is worth doing if and only if the added distribution of endowment
is better than the original one. This axiom is formally stated as follows.

Axiom 4 (Averaging) For all societies s and s’ € U R¥ s> s o s
leNg 4
(s,8) < (s,8) ¢

When applied to an ordering, the averaging axiom implies some other
properties that have been considered in the literature on population ethics.
One of them is the axiom called "replication equivalence" by Blackorby,
Bossert, and Donaldson (2005) (p. 197) and which states that, for societies
where everyone gets the same attributes bundle, the number of society’s
members does not matter. This property clearly rules out social preferences
of the type "small is beautiful" or, conversely, the biblical "be fertile and
multiply". We state formally this property as follows.

Condition 1 (Replication equivalence) For every attributes bundle x € RF

and all societies s € U R™* such that s; = x for alli = 1,...,n(s), one has

leNg 4
S~xI.

This condition is implied by averaging if 7~ is reflexive. The proof of this
claim is left to the reader.

The next, and last, axiom that we consider is a strengthening of an axiom
called "same number independence" by Blackorby, Bossert, and Donaldson
(2005). Our axiom, which we call "same number enlargement consistency",
asserts that normative judgements involving societies with the same number
of people can be combined consistently. Specifically, it requires the ranking
of any two societies with the same number of people to be robust to an
enlargement of the two societies by the same number of individuals when
the distribution of attributes among these new persons are ranked, at least
weakly, in the same way than the ranking of the two initial societies. For-
mally, this axiom is stated as follows.

Axiom 5 (Same number enlargement consistency) For all societies s, s,

s" and s" € U R™* such that n(s) = n(s'), n(s") = n(s") and s" = s",
leNy ¢

s = s implies (s,8") 7z (s',8") and s = s implies (s,s") = (s',s").

When applied to an anonymous social ordering, this axiom implies a
condition that could be called, following Blackorby, Bossert, and Donald-
son (2005) (p. 159), "same number existence independence". This condition
says that, in comparing societies with identical number of individuals, we



should only focus on the distribution of attribute over the subset of individ-
uals whose attributes bundle differ. Individuals that do not experience any
change in their attribute bundles, and who are therefore "unconcerned" by
the change, should not matter for the normative comparison of the two soci-
eties. The existence, or non existence, of these individuals should therefore
not affect the ranking of the societies. We state this condition formally as
follows.

Condition 2 (Same number existence independence) For all societies s, s'
and s € U R* such that n(s) = n(s'), (s,8") = (s',8") if and only if

~
leN; 4
s s
Let us show that an anonymous social ordering that satisfies the same
number enlargement consistency axiom also satisfies the same number exis-
tence independence condition.

Claim 1 Let 7 be an ordering on U R* satisfying same number enlarge-

leNg 4+
ment consistency and anonymity. Then = satisfies same number existence

independence.

Proof. Assume that 7~ is an anonymous ordering that satisfies same

number enlargement consistency and consider societies s, s' and s” € U Rk
leNy ¢

such that n(s) = n(s') and s Z §'. Since 7 is reflexive, s" 7 " and, by
application of the first part of the same number enlargement consistency ax-
iom, one has (s,s") 7 (s',s"). In the other direction, assume that s 7 s'
does not hold. Since 7 is complete, this means that s’ = s. Since 8" == s by
reflexivity, we obtain, using the second part of the same number enlargement
consistency axiom, that (s",s") = (s”,s) holds and, since 7 is anonymous,
that (s',s") = (s,s"). Hence (s,s") 7= (s',s") does not hold and this com-
pletes the proof. m

It can be checked that any AU ranking satisfies anonymity, continuity,
averaging and same number enlargement consistency. In the next section,
we establish the converse proposition that any minimally increasing, con-
tinuous and anonymous ranking that satisfies averaging and same number
enlargement must be a AU ranking.

3 Main Result

The result that we are going to establish rides heavily on the companion
paper Gravel, Marchant, and Sen (2007) that characterizes a uniform ex-
pected utility criterion in a somewhat different - but formally close - setting



of choice under complete uncertainty. In Gravel, Marchant, and Sen (2007),
the objects that are compared are finite sets of consequences instead of vec-
tors of attributes bundles.

The first step in establishing the result consists in showing that if a social
ordering - satisfies the five axioms above, then it satisfies the three following
conditions.

Condition 3 (Existence of critical levels) For every society s € U Rk,
leNy ¢
there exists an attribute bundle x € R¥ such that & ~ s.

Condition 4 (richness) For all societies s and s’ € U R if there are
l1eEN, 4

bundles x*and x. in RF such that (s,x*) = s' 2 (s,24), then there exists a

bundle x € R¥ such that (s,z) ~ s'.

Condition 5 (Archimedean) Let {x"}, h = 1,2... be a sequence of attributes
bundles in R¥ and let y and z be attributes bundles in R¥ such that y = z
and (x,y) ~ (x"*1 2) for all h, h + 1 with h = 1,2.... If the sequence is
strictly bounded by bundles w and W in R in the sense that w > x = W
for every h, then the sequence must be finite.

In words, the first condition says that, for every society s, it is always
possible to find an attribute bundle that, if given to a single individual,
would be socially equivalent to s. This condition is very closely related (and
under averaging, is identical) to the axiom called "existence of critical levels"
by Blackorby, Bossert, and Donaldson (2005) (p. 160) in their welfarist
framework. For it says indeed that, for every society, there exists an attribute
bundle which, if received by an individual, will make the social planner
indifferent between adding this individual with the concerned bundle to the
society and not bringing the individual into existence. If the bundle is one-
dimensional, and interpreted as utility, then this bundle, which is in fact a
single number, is called a "critical level" of utility in the population ethics
literature. For obvious reasons, this axiom was called " certainty equivalent"
in our paper on uncertainty.

The second condition says that the universe is sufficiently rich to enable,
by suitable addition of one individual with a specific bundle to a society,
various kinds of comparisons with the ordering 7-.

Finally, the Archimedean condition has been widely discussed in the
measurement theory literature (see e.g. Krantz, Luce, Suppes, and Tver-
sky (1971)). It can be considered to be a mild condition since it "bites"
only when there exists sequences of the type described by the antecedent
clause of this axiom (such sequences are called "standard sequences" in the
measurement theory literature).

10



We now state formally that these three conditions are implied by monotonic-

ity, anonymity, continuity, averaging and same number existence indepen-
dence (the later axiom being implied by same number expansion consis-
tency). We provide the proof for completeness but we notice that it mimics
quite closely the proof of theorem 3 in Gravel, Marchant, and Sen (2007).

Proposition 1 Let 77 be minimally increasing, anonymous and continuous

ordering of U R* that satisfies averaging and same number existence in-
leNg 4
dependence. Then 7 satisfies conditions 3, 4 and 5.

Proof. We first notice that, under averaging, if the sets B(s) = {z €
R*: x> s} and W(s) = {x € R¥ : s = z} are closed in R for every society
s, then so are the sets B(s) = {z € R¥ : (s,2) = s} and W(s) = {z €
RF : s = (s,2)}. To see this, assume by contraposition that, say, B(s) is not
closed (the argument for W(S) is similar) . Then, there exists a sequence
{x'} t = 1,...converging to some limit x in R such that:

(5,2") 2 s

for all t and
s> (s,x)

where the last strict ranking is obtained from the assumption that - is
complete. But by averaging this implies the existence of a sequence {z'}
t = 1,...converging to some limit x in R* such that:

' = s

and:
s> x (3)

in violation of the closedness of the set B(s). Let us now prove that -
satisfies conditions 8, 4 and 5.

Condition 3 (existence of critical levels). Consider any society s €
U R and, without loss of generality because of anonymity, write it as
leN, 4
8 = (81, 8n(s)) With sp 3 spy1 for h = 1,..,n(s) — 1. By averaging,
one has that s 7, s1 and s, Z s so that none of the closed sets {x €
RF : x> s} and {x € R* : s = x} is empty. Since = is complete, R¥ =
{z e RF:x = syu{z € R¥ : s = x}. Since R¥ is an arc connected set,
there exists a continuous function f : [0,1] — R¥ such that f(0) = s1 and
f(1) = sy(s)- By continuity, given the closedness of B(s) = {x € RF : x = s}
and W(s) = {x € R* : s = {x}}, there must be some a € [0,1] such that

11



fla) € B(s) N W (s). By definition f(a) ~ s.

Condition 4 (richness). Consider societies s and s’ in U R* and
leNy ¢
bundles z* and x, € R¥ such that (s',x*) = s 77 (s', z4). If either (s, x*} ~ s
or s ~ (§',x,), then richness is satisfied and there is nothing to be proved.
Assume therefore that
(s',2%) = s = (5, 24) (4)

holds and let 1% denote the unit vector in R¥. Since 5, when restricted
to RF, is continuous and increasing, there exists, for each x € R*, a real
number v(z) such that v(z).1¥ ~ x. Since - satisfies same number existence

independence, one has:
(S,,’U(.’L'*>.1k) ~ (8,,$*) ol Re (S,CC*) ~ (S,U(l'*).lk) (5)

Define then h(x) by:
h(z).1F ~ (s,2.1%)

The number h(x) exists by virtue of the fact that, as we have just checked,
7 satisfies existence of critical level. Moreover h(x) is clearly unique if 77
monotonic. Hence h is a function from R¥ to R. It must also be a continuous
function, if, as established above, B(s) and W (s) are both closed in X for
any s. Let now v(s) be defined by:

(v(s).1%) ~ s

Because of (4) and (5), one has that h(xz*) > v(s) > h(x.). Since R¥ is arc
connected, let f be a continuous function from [0,1] to X satisfying f(0) =
zs and f(1) = z*. Consider now the function ¥ : [0,1] — [h(zs), h(z*)]
defined by:
W(a) = h(f(a))
This function, which composes two continuous function is continuous and
satisfies W(0) = h(zs) and V(1) = h(z*). By the intermediate value theorem,
there must be some a € [0, 1] such that ¥(a) = h(f(a)) = v(s). By definition
of f and h, this implies the existence of some x € R¥satisfying h(x) = v(s)
such that
s~ (h(z).1%) ~ (¢, 2.1%)

Condition 5 (Archimedean). If it is impossible to construct a standard
sequence as in the antecedent clause of the Archimedean condition, then the
proof is (trivially) over. Assume therefore that such a sequence exists and,
therefore that y and z be two bundles of k goods such that y >~ z for which
one has, for a sequence of bundles {x}ien, :

(wtv y) ~ (.Tt+1, Z) (6)

12



for every t = 0,.... By Same number existence independence, we must have
Tyr1 = xy for all t. Using again same number existence independence, one
has:

(2t,9) ~ (241, 2)

for every bundles z; and ziy1 in Rﬁ_ such that z; ~ xy and zi41 ~ Tqq.
Since - restricted to Rﬁ s continuous, there exists, for everyt = 0,...,, a
real number o such that:

Oét.]_k ~ Tt

Hence the existence of a sequence of bundles {x;}en, satisfying (6) implies
the existence of a sequence of real numbers {oy}ien, such that:

(.17, ) ~ (apy1.1%, 2) (7)

Since xyy1 = ¢ for all t, we must have, since the ordering = is increasing,
that o1 > oy for allt.  As the increasing sequence {:ct}teN+ is initiated
somewhere, it is bounded from below so that there exists some bundle x for
which x; = xo 77 . Now, since every increasing sequence of numbers that is
bounded from above is either convergent or finite, the only thing we need to
check is that the sequence is mot convergent. Suppose by contradiction that
the sequence {ay} is infinite and converges to some number &. By same
number existence independence, we know that:

@1k, y) = @1k, 2)
By continuity, there exists a number € > 0 such that:
(1% ) = (o 1%, 2)

for all & and " € N.(@). Assuming the sequence {a:} to be converging to
@ tmplies the existence of some positive integer s such that, for all t > s,
one has oy € No(@). By the continuity condition, we must therefore have:

(at'lkv y) -~ (at-‘rl'lku Z)

for any such t, which contradicts the definition of ay provided by (7). Hence
the increasing sequence {ay} is not convergent. m

The next step in establishing our result consists in showing that an ana-
logue of a technical condition, established in lemma 1 of Gravel, Marchant,
and Sen (2007), is satisfied in the current setting. The condition we are after
is the following.

Condition 6 For all attributes bundles w, w', z, ', y, v, z and 2’ in R* if
(w,w') ~y, (z,2") ~y, (w,x) ~ z and (W', 2) ~ 2/, then (y,y') ~ (2,2').
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This condition is not terribly intuitive. Yet, it is implied by the same
number enlargement consistency axiom, at least when the social ordering to
which the axiom applies is anonymous. The next claim establishes this.

Claim 2 Let 77 be an anonymous ordering on U R satisfying same

leNy ¢
number enlargement consistency. Then - satisfies condition 6.

Proof. Assume that 77 is an ordering that satisfies same number en-
largement consistency and consider attributes bundles w, w', z, ©', y, v/, z
and 2 in R* such that (w,w') ~y, (z,2") ~y, (w,x) ~ z and (W', ') ~ 2.
By same number enlargement consistency, we must have :

(w,w',z,2") ~ (y,9)

and
(w,z,w',2") ~ (2,2).

Since, by anonymity, (w, z,w',x') ~ (w,z,w, "), we therefore have by tran-
sitivity that (y,y') ~ (z,2"), as required by condition 6. ®

Endowed with this result, we can now adapt Theorem 1 in Gravel,
Marchant, and Sen (2007) to our current context and prove that, for a con-
tinuous, monotonic and anonymous ordering defined over the set R¥ UR?* of
all one and two-individual societies, the axiom of averaging and same num-
ber expansion consistency characterize the AU family of social orderings. As
in Gravel, Marchant, and Sen (2007), this result relies on an important rep-
resentation theorem of Krantz, Luce, Suppes, and Tversky (1971) (Theorem
10, p. 295).

Theorem 1 Let = be an ordering on R¥ UR?* satisfying minimal increas-
ingness, anonymity, continuity, averaging and same number expansion con-
sistency. Then 77 is a AU social ordering. Furthermore, the u function in
the definition of a AU social ordering is unique up to a positive affine trans-
formation and is an increasing function of its k arguments.

Proof. let Y be the quotient of R¥ under the equivalence relation ~.
Hence Y = {a C R : 2, y € a if and only if x ~ y}. Define the binary
operation o on'Y by aob = c iff there are x € a, y € b and z € ¢ such that
(z,y) ~ z. We note first that aca = a by virtue of the replication equivalence
condition (that is satisfied by the ordering thanks to the remark made above),
which requires that (x,x) ~ x. For this reason, o is an idempotent binary
operation. We first show that the binary operation o is well-defined in the
sense that, for any two (not necessarily distinct) equivalence classes a and
b in'Y, there exists a unique ¢ € Y such that aob = c. Assume first that
a # b. Since, thanks to proposition 1, the ordering - satisfies condition 3,

14



there exists a bundle z € RF such that, for x € a, y € b with x + y one
has (z,y) ~ z. Suppose by contradiction that there are also ' € a,y’ € b
and 2’ ¢ ¢ such that (z',y") ~ 2'. If this was the case, we would have
(x,y) ~ z £ 2 ~ (2,y). By transitivity, we would have (z,y) # (',y")
but by the composition consistency condition, satisfied thanks to claim 2, we
should have (z,y) ~ (2',y), a contradiction. Consider now the case where
a = b. Suppose by contradiction, that there are attributes bundles x, y and
z € R¥ with x ~ y such that (z,y) ~ z and x # z. This obviously contradicts
averaging. We note also that, thanks to the anonymity axiom, the binary
operation o is commutative. TheAnext step in the proof consists in verifying
that the triple (Y, 75, 0) (where, 7 is the ordering of the equivalence classes
as per the ordering 7 applied to their elements) satisfies all conditions of
a bisymmetric structure as defined in Krantz, Luce, Suppes, and Tversky
(1971) (p. 294, definition 10). As in Gravel, Marchant, and Sen (2007),
we omit the details of the verification but we note that both the properties
of monotonicity and bisymmetry in Definition 10 in Krantz, Luce, Suppes,
and Tversky (1971) are implied, given the definition of o, by the axiom
of same number expansion consistency and composition consistency. We
note also that the property of Restricted Solvability in Krantz, Luce, Suppes,
and Tversky (1971) is an immediate consequence of condition 4. Hence
Theorem 10 of Krantz, Luce, Suppes, and Tversky (1971) (p.295) applies
to this structure so that there exists a mapping v : Y — R such that a 77 b
iff v(a) > v(b) and v(a o b) = av(a) + Bv(b) + . Moreover, by clause (iii)
of theorem 10 of Krantz, Luce, Suppes, and Tversky (1971), the function v
is unique up to a positive affine transform. Since the binary operation o is
commutative, we must have o = 5. Since the binary operation is idempotent,
we must have v = 0 and o = 3 = 1/2. Define now the function u : R¥ — R
by: u(z) = v(a) for all x € R¥. The function u obviously numerically
represents - as per (2). And it must be an increasing function of its k

~

argument if the ordering 7 is minimally increasing. m

The last step of our task is to extend Theorem 1 to societies with an
arbitrary (but finite) number of individuals. In Gravel, Marchant, and Sen
(2007), we did this by means of an extra axiom that we called "attenuation".
As it happens, this attenuation condition is satisfied in the current setting
by any anonymous, increasing and continuous ordering of U R* satisfy-

leNy 4
ing averaging and same number existence independence. The attenuation

condition that plays a role in the proof of theorem 2 in Gravel, Marchant,
and Sen (2007) can be written, in the current context, as follows.

Condition 7 (Attenuation) For all societies s, s' and " € U R™* satis-

leNy 4
fying s ~ s and n(s) > n(s'), s” = s implies (s',s") = (s,5") and s = "
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implies (s,s") = (s, ").

This condition says that the positive or negative impact of bringing in
a society a new collection of individuals should decrease with society’s size.
That is, the size of the society should attenuate the impact, positive or
negative, of a given population enlargement.

We now prove that attenuation is implied by the axioms presented in
the previous section.

Proposition 2 Let = be an ordering on R¥ U R satisfying minimal in-
creasingness, anonymity, continuity, averaging and same number expansion
consistency. Then - satisfies attenuation.

Proof. Consider societies s, s' and s” € U R* satisfying s ~ ',
leN 4
n(s) > n(s') and s” = s. By virtue of proposition 1, 7 satisfies condition 3
and, therefore, there exists some bundle x such that s’ ~ x. By replication
equivalence and transitivity, we have:

s~x~ (2., T)
~———
n(s) —n(s") times
and, by averaging and transitivity, it follows that:
s~ (s, z,..,1)
~——

n(s) — n(s') times

Now, by the aziom of same number existence independence (implied by same
number expansion consistency thanks to claim 1), we must have:

(s,8") ~ (s, 2,...;x,8")
n(s) — n(s') times

Now, since s” = s ~ s ~ (z,...,x), it follows by averaging and anonymity
that:

(s',8") = (s, 2,...,z,8") ~ (s,5")
n(s) —n(s") times

as required, given transitivity, by attenuation. The proof of the other part of
attenuation is similar. m

Given this, we can extend Theorem 1 to societies with an arbitrary (but
finite) number of individuals. We do this in the next theorem, which we
prove, as in Gravel, Marchant, and Sen (2007), in a couple of steps.

16



Theorem 2 Let 77 be an ordering on U R* satisfying minimal increas-

leNg 4
ingness, anonymity, continuity, averaging and same number expansion con-

sistency. Then = is a AU social ordering. Furthermore, the u function
in the definition of a AU social ordering is unique up to a positive affine
transformation and is an increasing function of its k arguments.

A key ingredient in the proof of this theorem is the following lemma,
proved in the appendix of Gravel, Marchant, and Sen (2007), and which
provides a way to write any finite arithmetic mean of k numbers as a recur-
sive combination of arithmetic means of two numbers.

Lemma 1 Let U = {uq,...,up} be a set of n numbers such that uy < ug <
.. < up, with arithmetic mean u. Define the n—1 sequences {b}}, i = 1,2, ...
and h=1,...,n—1 by:

b?z—l = (un +Un-1)/2,

b0 = (up, + bpr1)/2
forh=1,...m—2 and fori=1,2,...:
b%i—l _ b%i—2’

21 | 122

b%;l = 5 forh=2,..n—-1,
b2 =b* and
CopEel g

b2l = % forh=1,...,n—2.

Then:

lim b, =@ for allh=1,...,n —1

71— 00

Endowed with this lemma, we can proceed just as in Gravel, Marchant,

and Sen (2007), by proving the analogues, in the current context, of lemmas
3-6 in Gravel, Marchant, and Sen (2007). We remark that the proof of
these lemmas in Gravel, Marchant, and Sen (2007) uses an axiom called
"unboundedness". In words, this axiom says that the domain of objects
ranked by the ordering = is such that, for any object in it, it is always
possible to find another object that is strictly preferred. It is immediate to
verify that the ordering examined in this chapter verifies this axiom if it is
minimally increasing and admits U R as a domain. We do not provide

lEN++
the details of the translation of the lemmas 3-6 in Gravel, Marchant, and

Sen (2007) and their proof as this translation is straightforward.
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We end this section by establishing, in the following remark, that, in the
class of anonymous, continuous and monotonic orderings of U R the

leNg 4
axioms of averaging and same number expansion consistency are indepen-

dent.

Remark 1 When imposed on an anonymous, monotonic and continuous

ordering 7 on U R the azioms of averaging and same number expansion
1eEN; ¢
consistency are independent.

Proof. Let 7 be defined by:

3
~

CIJ\
N

=1 j:1 i=1 ]:1
srms e > (8)
n(s) n(s")
1 1
k k
=1 =1 ,
Sij Si;
j=1 7=1

This ordering is clearly continuous, monotonic and anonymous. In order to
prove that it satisfies averaging, we notice that this ordering is a member of
the family of orderings of U R that can be written as:

ZEN++
n(s’)
Zp souls) 3 pletuls)
= > =1 .
S5 e =5 = ) ©)
> p(si) > p(si)
=1 i=1

for some real valued functions p and u having R¥ as domain. This family
of orderings is a generalization of the average utilitarian one in which indi-
vidual utilities are weighted by a function p that depends upon the attributes
bundle before being summed. The average utilitarian family corresponds to
the case where the function p is defined by p(z) = 1 for every x € R*. The
case considered in (8) is that where, for every x in RF:

k
x) = [ij]Q and
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Let us check that any ordering that can be written as per (9) for some func-
tions p and u having R* as domain satisfies averaging. Let s and s' be two
societies in U R* and assume first that s 2~ s'. Then, by definition of -,

l€N++
one has:

n(s)
D oplsiuls) Y p(shu(sy)
i=1 '

n(s) n(s’)

S olsi) S ()

=1 i=1

Y

and, by reflexivity:

n(s) n(s)
S plsulss) 3 plsiuls:)
=1 =1

- n(s)

n(s)
> n(si) > n(si)
i=1

i=1

Multiplying the first inequality by (1 — X), the second by A (for 0 < A < 1)
and summing the two yields:

n(s) n(s) n(s’)
> p(si)u(s:) p(si)u(si) > olshu(s))
i:; s) =z A i:1n(s) T (1 o )\) 1;2711(5')
> p(si) > p(si) > o))
=1 =1 =1

If one chooses mow A such that

n(s)
> p(si)
i=1

n(s’)

n(s)
> p(si)+ > p(sh)
i=1

i=1

one 1s immediately led to the conclusion that:

n(s) n(s) n(s’)
> p(siu(ss) Y plsiuls) + Y plsiu(s))
i=1

=1 =1

Y

n(s’)

n(s)
> p(si) > p(si)+ > plsh)
] =1

i=1
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and, therefore, that s 7~ (s, s'). Similarly, it is immediate to see that s 7 '
implies (s,s') 7= §'. Assume now that s 7, (s, s') and, therefore, that:

n(s) n(s) n(s’)
D plsuls) D plsiulsi)+ > plshu(s))
=1 =1

> =1
n(s) - n(s) n(s’)
> p(si) > p(si)+ > p(s))
=1 =1 =1
or:
n(s) n(s) n(s’)
ZP(Si)U(Si) p(si) ZP(SDU(SD
=1 i=1 =1
1- >
n(s) [ n(s) n(s’) ] — n(s) n(s’)
S olsi) Soplsi)+ Doplsh) Y oplsi)+ D p(sh)
i=1 i=1 i=1 i=1 i=1
=
n(s) n(s’)
D plsuls:) Y plshu(s))
=1 > =1
n(s) - n(s’)
Sos) el
=1 =1

~7

(s,8") = & implies s 7 s’ can be obtained in the same fashion. Let us now
show that 7~ as defined by (8) violates same number expansion consistency.
Assume for this purpose that k = 1 (one attribute) and that s, s', and s”
are 2-individuals societies defined by:

which is equivalent, given the definition of =, to s = s'. The fact that

s=(1,7), s =(2,3) and s" = (4,12)
Clearly, we have s 77, s’ since, using (8):

147 2+3
i 21,16
7 2 3

Yet, in contradiction with the requirement of same number expansion con-
sistency, one has (s,s") < (¢',s") since:
1+44+7+12  24x8  6x8 24+344+12  21x12

— = < = =6x3
1+i+1+4 8442141247 31 T4l b 64+443+1

As an example of an ordering that violates averaging but that satisfies same
number expansion consistency, consider the "classical utilitarian” ranking
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= of societies defined, for every societies s and s', by:

n(s) n(s’)
sms e Zu(sl) > Zu(s;)
i=1 i=1

for some increasing and continuous real valued function u having RF as
domain. It is straightforward to check that this anonymous, continuous and
momnotonic ranking violates averaging but satisfies same number erpansion
consistency. M

4 Inequality aversion

The social orderings characterized in theorem 2 do not exhibit specific at-
titude toward attributes inequalities. It is quite easy to incorporate such
attitudes in the framework if they are deemed appropriate. From a techni-
cal point of view, requiring the social ordering to exhibit a specific form of
inequality aversion leads to additional restrictions on the "utility function"
whose average defines the social ordering as per (2).

For instance, a widely discussed notion of inequality aversion in a multi-
dimensional context is that underlying the principle of progressive transfer
(see e.g. Ebert (1997), Fleurbaey, Hagneré, and Trannoy (2003), Fleurbaey
and Trannoy (2003) and, in this volume, Gravel and Moyes (2007)). Accord-
ing to this principle, which applies to societies of identical size, any transfer
of attributes between two individuals must be seen as a social improvement
if:

1) the person from which the transfer originates has initially a weakly
better endowment of every attribute than the beneficiary of the transfer
and,

2) for each attribute, the amount transferred does not exceed the differ-
ence between the donator’s and the receiver’s endowment of the attribute.

This notion of transfer, illustrated on figure 1, can be seen as a gener-
alization, to several attributes, of the conventional notion of Pigou-Dalton
transfer used to define one-dimensional inequality. Yet we should notice that
the notion of transfer that is defined here allows the amount of attribute to
be transferred between two individuals to be as large as the difference in at-
tributes between them. For instance, if Mary has 3 units of attribute 1 and 2
units of attribute 1 while Kumar has 1 unit of each, then transferring 2 units
of attribute 1 from Mary to Kumar is considered to be equalizing here. Yet,
after giving 2 units of attribute 1 to Kumar, Mary is poorer than Kumar in
attribute 1 (even though she remains richer than Kumar in attribute 2). For
this reason, our notion of transfer embodies what is called a favorable per-
mutation in Gravel and Moyes (2007) and a correlation decreasing transfer
in Tsui (1999).

We define formally this notion of transfer as follows.
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Definition 1 For societies s and s’ with n(s) = n(s') = n, we say that
society s is obtained from society s' by a progressive transfer if there ewist
indiwiduals h and i and real numbers A;, for j =1,.... k, such that:

1) 84 = sy, for all g # h, i and,

2) spj = sp; + A < si; and sij = si; — Aj > s, forall j=1,...k.

Attribute 2
A

Sz S

Ay S
S2

S

Sh2 } .

Ao ,
, S
Sh2 "

A1
) v \; >
Sh S1 A Sn1 Sit Attribute 1
1

Figure 1: a progressive transfer from i to h.

Say that an ordering 7~ exhibits attribute-inequality aversion if it always
rank a society s above a society s’ when s has been obtained from s’ by a
progressive transfer. It is of interest to identify the restriction on the utility
function w in formula (2) that are implied by the requirement that the social
ordering - exhibits inequality aversion.

As it happens, the property of the utility function that is implied by this
concept of inequality is that of decreasing increasingness. This property, also
known as ALEP substitutability in the literature (see e.g. Chipman (1977)),
is formally defined as follows.

Definition 2 (Decreasing increasingness). A function ® from R* to R
is decreasingly increasing if, for every x and ' € R¥ such that x > 2’ and
every strictly positive real number A, one has 0 < CIDJ-A(a:) < <I>jA(x’) for all
ji=1,.. k.

In words, a decreasingly increasing function is a function that is increas-
ing in all its arguments at a decreasing rate. That is to say, if the "utility
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function" is decreasingly increasing with respect to the attributes, then it
must have a marginal utility of each attribute that is decreasing with respect
to all attributes. In the next proposition, we establish that if 7~ is an anony-
mous, continuous and attribute-inequality averse ordering that satisfies the
averaging and the same number expansion consistency axioms, then it can
be thought of as resulting from the comparisons of the average utility of the
attributes for some decreasingly increasing utility function.

Proposition 3 Let 7~ be an attribute-inequality averse ordering on U RI*

leNy ¢
satisfying monotonicity, anonymity, continuity, averaging and same number

expansion consistency. Then 7 is a AU social ordering. Furthermore, the u
function in the definition of a AU social ordering is unique up to a positive
affine transformation and is a decreasingly increasing function.

Proof. From theorem 2, we know that any ordering on U R sat-

leNy ¢
isfying momnotonicity, anonymity, continuity, averaging and same number

expansion consistency is a AU social ordering that is represented, as per
(2), by some increasing utility function. Let us show that if the ordering is
further required to exhibit aversion to attribute-inequality, then the utility
function must be decreasingly increasing. By contraposition, assume that the
utility function is not decreasingly increasing and, therefore, that there are
attributes bundles © and z' € R* with © > x' for which, for one attribute j
and a strictly positive real number A, one has 0 < ujA(:E’) < UJA(CC) Con-
sider then two societies s and s' € R™ for some n € Ny with n > 2 for
which there exists two individuals h and @ such that:

1) sq = sy for all g # h,i ,

2) sp; = iB; + A, S;U- = l’;, Sij = xj and sgj =xz;+ A and,

3) She = Sy, = x,, and sije = S, = . for all e # j.

From the definition given above, s has been obtained from s’ by a progressive
transfer of attribute (in fact only attribute j has been transferred). Now,
notice that

RS IRS 1
gZu(sl) — EZu(s;) = g[u(x’l, o @+ A ) = u(@ e, T, T,
i=1 i=1

— (@1 ey + Ay @) — (T, ey Ty ey X))
<0

because 0 < ujA(a:’) < uJA(a:) Hence the AU ranking does not exhibit

attribute-inequality aversion because it ranks s strictly below s'.. m
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5 Conclusion

This chapter provides axiomatic justification for using, when ranking soci-
eties described as finite lists of attributes bundles, a ranking that can be
thought of as resulting from a comparison of the average utility achieved by
individuals out of their attribute bundle, for some utility function. While our
approach applies to the welfarist case where the only normatively relevant
individual attribute is taken to be utility, its main interest is, in our view,
that it can be applied to multi-dimensional and non-welfarist contexts where
many individual attributes may matter for normative evaluation. To that
extent, the utility function that appears in the representation of the social
ordering should not be interpreted as a measure of the individual’s well-
being but should, instead, be thought of as the valuation of the attributes
made by the theoretician of justice. We have also illustrated that the ap-
proach is flexible and can incorporate important normative considerations
like, for instance, attributes-inequality aversion.

It seems to us that assuming the social ordering to be anonymous,
monotonic and continuous is quite natural. Anonymity is a mild requirement
here since it says that the individual name does not matter for normative
evaluation once the list of attributes that describes an individual’s situation
is sufficiently comprehensive. This line of reasoning is, of course, reminis-
cent of the one, made famous by Serge-Christophe Kolm (1972), in order
to justify his notion of "fundamental preference". If there is something in
the individual’s name that matters for normative evaluation, then we should
put this "something" in the list of relevant attributes so that, ultimately,
the name of the individual should not matter. Monotonicity is also a very
natural requirement if we view attributes as "primary goods" or as things
that "any reasonable person" would desire. Continuity is probably not as
natural since, among other things, it rules out lexicographic rankings of so-
cieties such as the Leximin one that have been advocated, among others, by
Kolm. Yet we content that an ability to make continuous trade off between
individuals when making collective decisions has clear practical advantages
and is, after all, quite defensible from an ethical point of view. If we accept
this, and we therefore accept to restrict ourselves to the class of anonymous,
monotonic and continuous orderings of societies, then there are only two
axioms that single out the AU family of social orderings in this class: aver-
aging, and same number expansion consistency. Any difficulty in accepting
to rank societies on the basis of their average utility, for some utility func-
tion defined on the set of all attributes bundles, must come from a difficulty
in accepting either, or both, of these axioms.

AU rankings and their generalized counterparts have been criticized in
the welfarist population ethics literature for the fact that they may fail to
recommend societies’ enlargement even when the new individuals that are
brought in will have a "valuable" existence (see e.g. Blackorby, Bossert, and
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Donaldson (2005)). This criticism rides on the existence of an "absolute"
norm of what constitutes a "valuable" existence. The existence of such a
norm may be plausible in a welfarist context in which individual’s utility is
given cardinally meaningful significance. Yet we believe that it is much more
difficult to come up with such an absolute norm of "valuable" existence in a
multidimensional and non-welfarist context. The average utilitarian family
of rankings examined in this paper adopts the "relativist" view point that
it is worth bringing in a new individual in the society when, and only when,
we can provide this individual with an attributes bundle that gives him or
her a utility level at least as large as that achieved in average in the society.
The value of adding an individual to a society is therefore relative to the
society in which the individual is added.

Of course, the AU family of ordering of societies, described as vectors
of attributes bundles, is not the only conceivable class. It is our hope that
further work in this area will provide us with other social orderings whose
axiomatic properties could then be usefully compared with that identified
in this chapter.

References

Arrow, K. J. (1950): “A Difficulty in the Concept of Welfare,” Journal of
Political Economy, 58, 328—-346.

BLACKORBY, C., W. BOSSERT, AND D. DONALDSON (1999): “Information

Invariance in Variable-Population Social-Choice Problems,” International
Economic Review, 40, 403-422.

(2005):  Population Issues in Social Choice Theory. Cambridge
University Press, Cambridge UK.

BROOME, J. (2004): Weighing lives. Oxford University Press, Oxford.

CuipMAN, J. S. (1977): “An Empirical Implication of Auspitz-Lieben-
Edgeworth-Pareto Complementarity,” Journal of Economic Theory, 14,
228-231.

EBERT, U. (1997): “Sequential Generalised Lorenz Dominance and Transfer
Principles,” Bulletin of Economic Research, 52, 113-123.

FLEURBAEY, M., C. HAGNERE, AND A. TRANNOY (2003): “Welfare Com-
parisons with Bounded Equivalence Scales,” Journal of Economic Theory,
110, 309-336.

FLEURBAEY, M., anpD A. TRANNOY (2003): “The Impossibility of a
Paretian Egalitarian,” Social Choice and Welfare, 21, 243-264.

25



GRAVEL, N., T. MARCHANT, AND A. SEN (2007): “Ranking Completely
Uncertain Decisions by the Uniform Expected Utility Criterion,” IDEP
working paper, no 07-12.

GRAVEL, N., axp P. MoOYES (2007): “Bidimensional Inequalities with an
Ordinal Variable,” Mimeo, submitted to the Volume in honour of S.-C.
Kolm.

Kowwm, S. C. (1972): Justice et Equité. Editions du CNRS, Paris.

Kowrwm, S.-C. (2005): Macrojustice: the Political Economy of Fairness. Cam-
bridge University Press, Cambridge, UK.

KraNTZ, D., R. D. LUCE, P. SUPPES, aND A. TVERSKY (1971): Founda-
tions of Measurement, vol. 1. Academic Press, New York London.

PARFIT, D. (1984): Reasons and Persons. Oxford University Press, Oxford,
UK.

RawLs, J. (1982): “Social Unity and Primary Goods,” in Utilitarianism
and Beyond, ed. by A. K. Sen, and B. Williams. Cambridge University
Press, Cambridge, UK.

SEN, A. K. (1985): Commodities and Capabilities. North-Holland, Amster-
dam.

(1987): The Standard of Living. Cambridge University Press, Cam-
bridge, UK.

Tsur, K. Y. (1999): “Multidimensional Inequality and Multidimensionnal
Generalized Entropy Measures: an Axiomatic Derivation,” Social Choice
and Welfare, 16, 145-157.

26



