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Voluntary Provision of a Public Good and Individual Morality™*

Abstract

We examine, both in general games in strategic form and in games of voluntary provision of a public
good, some implications of the assumption that individuals’ behavior may obey to ethical codes of
conduct. The notion of morality considered captures the intuition (often attributed to Kant) that a
moral action leads to the best outcome when it is properly universalized. We propose a formalization
of this idea which generalizes earlier attempts made in this direction in the literature by allowing
the players to differ both in their strategy sets and their preferences. We show that it is easy to
find examples of games in which no moral behavior of this type exists or where the only existing
“Kantian” code of conduct leads to a Pareto-inefficient outcome. We then more specifically examine
the issues of existence and Pareto-efficiency of Kantian norms of behavior in problems of voluntary
provision of a public good. We find in this context that there is no conflict between morality and
Pareto-efficiency since any Kantian norm of behavior is Pareto-efficient. We also prove the existence
of a Kantian norm of individual contribution.
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1 Introduction

It has been argued by several authors in economics (see for example Laffont (1975), Etzioni
(1987) and Bordignon (1990)) that promoting individual morality could help improve the
outcome in situations where self-interested behavior is inefficient, for example free-riding in
the provision of a public good. One notion of morality often mentioned in this context is
Kant’s categorical imperative: ‘Act only on that maxim through which you can at the same
time will that it should become a universal law’ Kant (1907) (p.88).! In a pioneering contri-
bution, Laffont (1975) interprets Kant’s categorical imperative as compelling an individual
to undertake any action which he would want everyone else to undertake and suggests that
universal adoption of such a principle could overcome the free-rider problem and yield a
Pareto-efficient outcome in situations involving the production of a public good. Since then,
several authors, including Collard (1978), Sugden (1984), DeJasey (1989), Bordignon (1990),
Sandler and Posnett (1992), Sandler (1992), Nida-Rumelin (1993), Binmore (1994) (section
2.4.1), Bergstrom (1995), and Roemer (1996) (ch.6) have also discussed Kant’s imperative
and so-called Kantian behavior. A recent thoughtful examination of this literature can be
found in Wolfelsperger (1999).2

In this paper, we seek to clarify what outcomes could be expected if individuals felt
compelled by an ethical code of conduct to undertake any action that they would want

everyone else to undertake (the common interpretation of Kant’s categorical imperative). In

! Other notions of individual morality have also been considered in the economic literature, e.g. reciprocity
in Sugden (1984), matching in Guttman (1978) and Cornes and Sandler (1984), and fair share in Young
(1989).

2 Among other thingsWolfelsperger (1999) argues that the “common Kantism” discussed in the above
literature is not a faithful interpretation of Kant’s idea. We will nonetheless use the expression “Kantian” to
refer to behavior that accords with this common interpretation of Kant’s categorical imperative.



particular, we generalize the earlier work of Laffont (1975) and Bordignon (1990) by allowing
the individuals to differ, and we investigate the conditions under which Kantian behavior is
possible and desirable.

To illustrate what we are trying to do, reconsider Laffont (1975)’s example of a beach
where a large number of individuals come to sunbathe, swim, picnic and drink beer. Sup-
pose that garbage bins are spaced along the beach and that all beach-goers have identical
preferences for beach cleanliness and the effort of carrying garbage. For anyone, tidying up
and carrying trash to a garbage bin is bothersome, but going to a dirty beach is even more
annoying. This situation can be modelled as a prisoner’s dilemma and the decision problem

faced by a typical beach-goer can be depicted informally in the following payoff matrix:

all others

do not litter | litter

1 | do not litter | 100 0

litter 101 1

If this game is played only once, littering is a dominant strategy for everyone, and the
only equilibrium has everyone littering. We know from the “Folk theorem” that in repeated
plays of this game, other outcomes in which everyone pick up their rubbish become possible
as long as individuals do not discount the future too much. In practice however, this is not
likely to happen with large numbers of anonymous individuals, because of the difficulty in
applying selective punishments to those who do not comply. A factor that might help the
beach-goers to reach a better outcome is the ethical environment in which they make their
decisions.

Suppose for instance that a beach-goer is bound by Kant’s categorical imperative. To



predict how she will behave, we need to determine what mazim she would want to erect as a
universal law. We define a maxim as a rule that prohibits some actions that the individuals
could undertake. Alternatively, a maxim can be viewed as a rule that prescribes to individuals
the actions that it does not prohibit. Two obvious maxims that could be defined in the
beach example are “Nobody should litter” and “Everyone must litter.” But there are many
others. For example “individual ¢ must litter but no one else should” or “individuals whose
first names start with the letter A, D, L and Z must litter, those whose first names start
with the letter M or N can do whatever they want, and everyone else must not litter”
are also maxims. However, intuitively these last two maxims do not seem very “Kantian.”
We propose two properties that a maxim must satisfy in order to be compatible with the
common interpretation of Kant’s categorical imperative: it must treat everyone “similarly”
and it must prescribe to everyone actions that are best under the hypothesis that everyone
plays an equivalent strategy.

To treat everyone similarly, a maxim must prescribe to everyone actions that are in some
sense equivalent. The reason the two last maxims above do not seem Kantian is because
they arbitrarily single out some individuals and prescribe different actions to them. When
individuals are game-theoretically identical (they have the same strategy sets and, up to a
permutation, the same preferences for the result of the interaction) as in the beach example,
most people would adopt Laffont (1975)’s viewpoint of considering that equivalent actions
can only be identical actions. In this example, only two maxims satisfy this view of equiva-
lence: “Nobody should litter” and “everybody must litter.” However, when individuals are

different it is not always obvious how a maxim could treat them similarly. For example, is



littering by someone who is severely physically impaired, and who must for this reason exert
extraordinary effort to collect and carry trash, necessarily equivalent to littering by someone
who has no physical impairment?

In this paper, we propose a general notion of equivalence between actions through what
we call a system of universalization. By this, we simply mean a (moral) equivalence relation
between the actions (or strategies) of different players. A system of universalization compares
any two actions and determines whether they are morally equivalent. It is outside the scope
of this paper to inquire about the origin of this system of universalization. Presumably it
will be culturally determined, perhaps ingrained in people’s world view from the time their
parents and teachers responded to similar behavior with similar rewards and punishments.
We take the system of universalization as a primitive datum, like preferences.

The second property that a maxim must satisfy is to yield everyone’s most preferred
outcome if everyone else is constrained to play a morally equivalent strategy. For a maxim to
be congruent with the common interpretation of Kant’s categorical imperative, an individual
must want everyone to abide by it. We suppose that a Kantian individual would make
the following reasoning: “Of all the maxims that prescribe equivalent actions to everyone,
which one do I prefer? This is the one that I want to erect as a universal law.” So in the
beach example, each individual compares her payoff when everybody litters to the one when
nobody litters, finds that her payoff is higher if nobody litters and concludes that the maxim
“do not litter” is the one that she would want to erect as a universal law. Therefore she
interprets the categorical imperative as commanding her not to litter. When all individuals

are identical, all would reach the same conclusion, and the maxim “do not litter” yields



the most preferred outcome for everyone. Maxims that satisfy these two properties will be
referred to as Kantian. As pointed out by Laffont, universal obedience to a Kantian maxim
also leads to a Pareto-efficient outcome in this example.

The situation is more complex when individuals are different. Suppose for example that
two Kantian individuals are trying to determine how much to contribute to a public good and
that the prevailing notion of equivalence is that contributions of the same amount are morally
equivalent. So each asks herself how much she would like everyone to contribute. If they have
different income and/or preferences, it is entirely possible that the first contributor would
prefer to see everyone contributing, say $10, while the second would prefer the situation where
everyone contributes, say $50. Then the first individual would want to erect contributions
of $10 into a universal law, while the second would want a universal law that commanded
everyone to contribute $50. In this case, a Kantian maxim would not exist with respect to
this system of universalization. The unanimity that is required for a Kantian maxim to exist
is automatically obtained when individuals are identical, but not when they are different.
As we will see below, it is easy to construct games in which no Kantian maxim exists for all
nontrivial systems of universalization. It is also easy to find examples of games in which a
Kantian maxim prescribes a Pareto-inefficient profile of actions.

This possibility that Kantian behavior could conflict with Pareto-efficiency must be taken
into account in any discussion about the role of individual morality in solving conflicts be-
tween private and public interest. Since free-riding in the voluntary provision of a public
good is the canonical example of this kind of conflict, we explore the existence and Pareto-

efficiency of a Kantian maxim for this class of situations. We show in this setting that for



systems of universalization that are tight (such that no two distinct actions of a single indi-
vidual are morally equivalent to each other) and differentiable, any Kantian maxim must be
Pareto-efficient. Laffont’s central intuition is therefore robust to relaxing the assumption of
identical preferences and wealth. We also show that in this class of games there will always
exist at least one tight and differentiable system of universalization with respect to which a
Kantian maxim can be defined. The Kantian maxim that we construct in order to establish
this existence result can be described by the aphorism “Contribute your Lindahl equilibrium
amount”.

The next section contains formal definitions of the concepts and some examples. Section

three contains the main results for games of voluntary provision of a public good.

2 A Formal Definition of Individual Morality®

We consider games in strategic form G = {N, x| S;, < Vi(.) >;} in which N = {1, ..,n}
is the finite set of players, S; is the set of strategies (actions) available to individual i and
Vi © x7_4S; — R is individual ¢’s payoff function. Given a player i € N, we let S_;
= X;»;Sj denote the set of all combinations of strategies that other players could adopt and
we denote, when convenient, by (s;;s—;) € S; X S_; the strategy combination in which player

i plays s; and the other players play the combination s_; € S_;. We now define a system

3 Our terminology, definitions and notation for binary relations is as follows. By a binary
relation R on a set (), we mean a subset of () x (). Following the convention used in economics,
we write z R y instead of (z,y) € R. Given a binary relation R, we define its symmetric factor
Rs by z Rs y <= (z R y)A(y R z). A binary relation R on  is reflexive if the statement z
R z holds for every z in €}, is transitive if + R z follows * R y and y R z for any z, y, z € Q)
and is symmetric if R = Rs. A symmetric, reflexive and transitive binary relation is called an
equivalence relation. Given an equivalence relation R on (2, and given some w € (), we denote by
Er(w) the equivalence class of w under R defined by Er(w) = {v' € Q| v’ R w}. It is immediate to
see that if R is an equivalence relation, one has Er(w) # 0 for every w € Q, either Egr(w) = Eg(w’)

or Eg(w) N Er(w") =0 for every w and v’ € Q and |J Er(w) = .
weN



of universalization.
Definition 1 A system of universalization is an equivalence relation M on U {i} x S;
which satisfies the property thatV i, j € N,V s € S;, Ep(i,s) N{j} x S; #0. o

In this definition, the statement (i,s) M (j,s') means “strategy s for individual 7 is
morally equivalent to strategy s’ for individual j”. Equivalence relations are by definition
reflexive (the action of any individual is morally equivalent to itself), symmetric (if the play
of s by ¢ is morally equivalent to the play of s’ by j, then the play of s by j must also
be considered equivalent to the play of s by i) and transitive (if s by player 7 is considered
equivalent to s’ by player j which is itself considered equivalent to the play of s” by player
h, then the play of s by ¢ must also be considered equivalent to the play of s” by h). In
this definition, the set Ej(4, s) is interpreted as the set of all pairs of individualized actions
that are morally equivalent to the play of s by individual 7. This set is not empty since
by reflexivity, it contains (i,s). We add the requirement that this set must have a non-
empty intersection with the strategy set of every other individual to insure that the system
of universalization is complete. This rules out the possibility that a player might have
“orphaned” strategies that have no moral equivalent in someone else’s strategy set.

A system of universalization M can be represented by a list of correspondences between

individual strategy sets. As it turns out, it does not take many correspondences to represent

a given system of universalization. It just takes n of them as the following lemma establishes:

Lemma 1 Let M be a system of universalization defined on |J {i} x S;. Then, given any
1EN

individual h, there exists n onto correspondences Wi : S, — S; (for i € N) such that for

every i, j € N, for every s € S;, s € S} (i,8) M (j,s') & s € VI(3) for somes € W) (s)

(where ¥ : Sj — Sy, denote the inverse correspondence of \IJ? defined by sp, € V) (s5) & sj €

\If?(sh)).



The proofs of all lemmas and propositions are collected in the appendix. Lemma 1 allows
us to represent a system of universalization by n correspondences from one individual strategy
set onto every individuals’ strategy sets. The reference individual h from whose strategy set
the correspondences originate is arbitrary.

Definition 1 allows for very loose notions of moral equivalence since it does not preclude
the possibility that many distinct strategies of some individual j could be morally equivalent
to each other or to any strategy of individual . In particular, definition 1 allows the trivial
system of universalization that considers every strategy morally equivalent to every other.
Quite intuitively, if the system of universalization is too loose, maxims defined with respect
to it would not impose significant constraints on individual behavior. For this reason, and
for analytical convenience, much of the analysis in this paper will restrict attention to tight

systems of universalization.
Definition 2 A system of universalization M on U {i} x S; is tight if , for every i € N
and for every s € S;, it satisfies #Enp(1,8) N{j} XIGSJJ\-]: 1 for any j € N.

In words, a system of universalization is tight if every strategy has one and only one
moral equivalent in every other individual’s strategy set. This is a significant restriction. In
particular, if the strategy sets of different players do not have the same cardinality a system
of universalization cannot be tight. As formally established in lemma 2 below (the proof

is omitted), tight systems of universalization can be represented by n one-to-one functions

(instead of correspondences as in lemma 1).

Lemma 2 Let M be a tight system of universalization defined on |J {i} x S;. Then, given
1EN

any individual h, there exists n one-to-one functions WP : S, — S; (for i € N) such that

for every i, j € N, for every s € S;, s € S, (i,8) M (j,s') & s = WMV (s) (where

W) 2 S; — Sy, denote the inverse of \IJ? defined by sp = V) (s;) < sj = ¥ (sp)).
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Other properties could be imposed on a system of universalization if we think they are
plausible or desirable. For example, we might wish to restrict the class of admissible systems
to those that consider identical strategies by identical individuals as morally equivalent. We
might also find it plausible and useful to impose a continuity property on the system of
universalization if the strategy sets have some topological structure.

We now introduce the notion of a maxim.

Definition 3 A maxim is a subset u of X7, 5;

As mentioned in the introduction, a maxim is a rule that prescribes to players some
actions. We formalize this by defining a maxim as a joint restriction on the strategy sets of
the players in the game. For example, the maxim “contribute at least 10% of your income”
forces the player who obeys to it to contribute at least that share of her income. In many
cases, a maxim may rule out all but one strategy for every player, e.g., “contribute exactly
10% of your income”. If this is the case, then p is a singleton and we say that the maxim
is strict. When a maxim is strict, we will treat it as an element (rather than a subset) of
x7_1S;. In general, maxims may restrict quite differently the strategies available to different
players (e.g., “everyone but Al, Bob and Chris must contribute at least 10% of their income,
Al must contribute exactly 15%, Bob must contribute no more than 5%, and Chris can
contribute any nonnegative amount.” ). Given a system M of universalization, we now define
the two properties that a maxim must satisfy in order to qualify as “Kantian.” The first

property is that a maxim must prescribe morally equivalent strategies to everyone.

Property 1 (moral equivalence) V s € pu, (i,s;) M (j,s5) Vi, j € N.



Second, individuals must will that it should become a universal law. As discussed in the
introduction, we interpret this as meaning that the individual will choose the maxim that
gives her the highest payoff given her beliefs about how other individuals would play if they

were to behave in a morally equivalent way.
Property 2 (Universalized rationality) Vi€ N,V s € p,

Vi(siss—i)miids_; > / Vi(3i,5-)m; d5_;
En(3,8:)\{i} xS; En(3,5:)\{i} xS;
V' 5; € S, where, for every s € S;, w7 is a Borel belief measure on Eps (i, s)\{i} x S;.

For our purposes, it does not matter how the beliefs mentioned in this definition are
formed. For example, individuals could hold rational beliefs in the sense of Bernheim (1984).
Another possibility could be that, when considering strategy s;, individual i believes that
others would play the Nash equilibrium strategies of the game in strategic form for which the
strategy sets are restricted to Fjs(i, s) (if of course this game has one). When the system of
universalization is tight, the beliefs are trivial.

As mentioned, we consider a maxim to be Kantian if there exists a system of universal-
ization with respect to which it satisfies moral equivalence and universalized rationality. For

the sake of completeness, we state this definition formally.

Definition 4 A mazim p C X;enS; is Kantian if there exists a system of universalization
M with respect to which it satisfies moral equivalence and universalized rationality.

We shall sometimes say that a system of universalization M supports a Kantian maxim if
the considered maxim satisfies moral equivalence and universalized rationality with respect
to M.

For latter use, we also recall the definition of Pareto-efficiency.

10



Definition 5 (Pareto-Efficiency) A strategy profile (31, ...,8,) € x?_;S* is Pareto-efficient
if and only if, for every (s1,...,sn) € X%1S%, Vi(s1, ..., 8n) > Vi(81,...,8n) for some i € N
implies Vj(s1, ..., 5n) > Vj(s1, ..., 8p) for some j € N.

Now that we have defined a system of universalization and the notion of a Kantian maxim,
we illustrate two interesting logical possibilities. Example 1 is a game in which no Kantian
maxim can be defined for any tight system of universalization. Example 2 is a game in which
any Kantian maxim with respect to a tight system of universalization would prescribe a
Pareto-inefficient course of actions.

Example 1: Consider the following two-player game and suppose that individuals can only

play pure strategies.

)

C D

#1 | A|(20)] (31

B | (1,3) | (0,2)

There are three possible systems of universalization in this environment. The tight sys-
tem My says that A My C and B M; D; the tight system Mjy says that A Ms D and
B Mj C; and the (non-tight) trivial system Mz considers all strategies to be equivalent. If
the prevailing notion of moral equivalence is Mj, then in order for a maxim u to satisfy
universalized rationality, it must be strict and defined by p; = A and uy = D but these two
strategies are not morally equivalent. Similarly if the prevailing notion of moral equivalence
is My, then universalized rationality requires u; = A and py = C; this also violates moral
equivalence. Hence no Kantian maxim can be defined with respect to either M; or M.

Trivially, the maxim p = {4, B} x{C, D} (“do whatever you want”) is Kantian with respect

11



to Mj if players have rational beliefs.
Example 2: Consider the following modern version of the “battle of the sexes” game and

restrict attention to pure strategies:

man

football | ballet

woman | football | (3,2) (1,1)

ballet (0,0) (2,3)

If we leave aside the trivial system of universalization that consider all strategies to be equiv-
alent, there are two possible tight systems of universalization in this game. One system, M7,
considers identical actions to be morally equivalent (football for man is morally equivalent
to football for woman and ballet for man is morally equivalent to ballet for woman). The
second system, Ms, considers football for man to be equivalent to ballet for woman and
football for woman to be equivalent to ballet for man. There is no Kantian behavior if the
prevailing notion of moral equivalence is M since the man’s best choice under this system
is ballet while the woman’s best choice is football. Yet these two strategies are not morally
equivalent. There is a Kantian maxim if the prevailing view of moral equivalence is Ma:
Both go alone to their most preferred activity. This outcome is not Pareto-efficient however.

These two examples show that neither the existence nor the Pareto-efficiency of norms
of behavior satisfying moral equivalence and universalized rationality with respect to a tight
system of universalization can be guaranteed in general. In the next section, we examine the

problem in the context of games of voluntary provision of a public good.
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3 DMorality in games of voluntary provision of a public good

3.1 Notation and assumptions

The model considered in this section is well-known and described for instance in Bergstrom,
Blume and Varian (1986). There are n individuals and two goods: A private good, the
quantity of which is represented by a variable x, and a public good represented by a variable
Z. Each individual i € N = {1, ...,n} is endowed with w; units of the private good that she
can allocate between her private consumption x; and a contribution z; to the production of
the public good. The total amount of the public good available for consumption is the sum
of all individual contributions so that Z = 3" z;. We denote by w = > w; the total wealth
iEN ieEN
of the community. The preferences of every individual ¢ for the public good and the private
good are assumed to be represented by a differentiable, strictly quasi-concave and strictly
increasing utility function U; : R2 — R % For any (Z,7) € R2, we denote by MRS (Z,T)
the marginal rate of substitution of individual ¢ at (Z,T) defined by
Wi(Z,7)
MRS (Z,T) = —2£— (1)
In terms of the game theoretic framework of the preceding section, individual ¢’s strategy
set S; = [0,w;] is the set of all contributions to the public good that she can make. Given
a combination of contributions (21, ..., 2z, ), the payoff function of individual 7 is the function
Vit Xjen[0,w;] — R defined by Vj(z1, ..., zn) = Ui( %:sz,wi — 2).
J
Let (N, X;en[0,w;],< Vi(.) >ien) denote a typical Game of Voluntary Provision of a

Public Good (GVPPG). We further impose the following relatively innocuous restriction on

! That is: (4) (strict quasi-concavity) Us(AZ + (1 —=XN)Z', Az + (1= N)z') > U;(Z',2') for every A €]0, 1] and
every (Z,z) , (Z',2') € R? such that (Z,z) # (Z',z') and U;(Z,z) > U;(Z',2') and (ii) (strict increasingness)
Ui(Z,x) > Ui(Z',2') for every (Z,x), (Z',2') € R? such that (Z,z) # (Z',2') and (Z,z) > (Z', ).

13



the class of games considered herein:

Condition 1 :For everyi € N, U;(w;,0) > U;(0,w).

This says that all individuals prefer contributing nothing and not consuming any public
good, to contributing all their income toward the public good even if everyone else also
contributes all their income. This condition would be satisfied if private consumption includes
an essential item such as food while the public good is not essential. Among other things, this
assumption implies that the vector of contributions (wq,...,w,) cannot be Pareto efficient.
We denote by P the class of all GVPPG that satisfy the properties listed above.

We now note two results (the proofs are omitted) that will be used in the proofs of the
propositions below. First we note that a Kantian maxim with respect to a tight system of
universalization in a game in P is necessarily strict.

Lemma 3 Let (N, xien[0,w;], < Vi(.) >ien) € P. Then p C Xien[0,w;] satisfies moral
equivalence and universalized rationality with respect to a tight system of universalization
only if #u =1

Second, we recall the sufficiency of Samuelson (1954)’s condition for a Pareto-optimum

in the class of games considered here.

Lemma 4 Let (21,...,2,) € R} be a vector of contributions satisfying z; € [0,w;] for every i

and Y MRS( )" zj,w; —z) =1 for the GVPPG (N, X;en[0,w;], < Vi(.) >ien) € P. Then
iEN jEN
(21, ..., 2n) 1s Pareto-efficient.

3.2 Pareto-efficiency

In his contribution, Laffont (1975) assumed that individuals were identical. This led him to

implicitly define a Kantian maxim with respect to a system of universalization that considers

14



contributions of the same amount to be equivalent. Bordignon (1990) discusses the possi-
bility of generalizing Laffont’s model by assuming that individuals have different incomes.
He therefore proposes two alternative systems of universalization: (i) equal contributions
are equivalent, and (ii) contributions of equal shares of income are equivalent. However,
system (7) will not in general support a Kantian maxim because individuals with different

® will generally want to erect different levels of contribution into

preferences and/or income
a universal law, thus violating the moral equivalence condition. Similarly, system (i) will
not support a Kantian maxim in general if individuals have different income unless they have
identical homothetic preferences. If preferences are different, or if incomes are different and
the preferences are identical but not homothetic, individuals would want different shares of
income to be spent on the public good. Again, this would violate the moral equivalence con-
dition. Yet in the special cases where a Kantian maxim can be defined with respect to either
systems of universalization, it prescribes a Pareto efficient level of contribution. The question
thus arises: In a general setting where individuals have arbitrarily different preferences and
income, will a Kantian maxim always prescribe a Pareto-efficient level of contributions? To
address this question we will further restrict the system of universalization to be differen-
tiable.b

Definition 6 A tight system of universalization is differentiable if the n one-to-one func-
tions WP : S, — S; representing it are differentiable.

® Strictly speaking, system (4) is not a well-defined system of universalization if individuals have different
incomes because contributions in excess of min;{w;} do not have a moral equivalent in every strategy sets. We
could complete it easily by assuming that equal contributions smaller than min;{w;} are equivalent but that
all contributions greater or equal to min;{w;} are morally equivalent to each other. However, the resulting
system would not be tight.

8 The differentiability assumptions that are imposed both on preferences and on the system of universal-
ization are not essential to the analysis. but they simplify it a great deal. The analysis does, however, depend
to some extent upon the continuity of the system of universalization which is satisfied under differentiability.

15



The following lemma is proved in the appendix:

Lemma 5 Let (N, X;en[0,w;], < Vi(.) >ien) be a GVPPG in P and let M be a tight and

differentiable system of universalization on |J {i} x [0,w;]. Then a mazim p C X;en|0, w;]
1EN

satisfies moral equivalence and universalized rationality with respect to M only if the n one-to-

one functions WP : [0,wp,] — [0,w;] (fori € N) representing M are monotonically increasing.

If any tight and continuous system of universalization is to support a Kantian maxim, it
must be representable by monotonically increasing functions. This just means that people see
greater contributions by someone as morally equivalent to greater contributions by someone
else. This makes intuitive sense since by assumption the public good is not a ‘bad’ for
anyone. Given this, we establish that there is no conflict between Kantian behavior and
Pareto-efficiency. More specifically, if a Kantian maxim can be defined with respect to a
tight and differentiable system of universalization, then this maxim must prescribe a Pareto-
efficient level of contributions. Laffont (1975)’s central result is therefore robust to relaxing

the assumption of identical preferences and wealth.

Proposition 1 Let (N, X;en|[0,w;], < Vi(.) >ien) be a GVPPG in P and let M be a tight

and differentiable system of universalization on |J {i} x [0,w;]. Then if a mazim p C
iEN

Xien[0,w;] satisfies moral equivalence and universalized rationality with respect to M, it is

Pareto-efficient.

Proposition 1 is illustrated in figure 1 in an economy with two individuals.

<Insert Figure 1 here>

In the (21, 22) plane, the indifference curves of individual 1 are U-shaped, and those of

individual 2 are C-shaped. Line PP is the locus of points where the indifference curves of the
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two individuals are tangent, and shows the set of Pareto-efficient combinations of contribu-
tions. The system of universalization is represented by the (differentiable and monotonically
increasing) function W1(.) joining (0,0) to (wi,ws).

To satisfy universalized rationality the maxim must require each individual to choose a
level of contribution where his indifference curve is tangent to this function (possible “corner
solutions” are addressed in the proof of the proposition). To satisfy moral equivalence, the
contributions of the two individuals must be at the same point on the Wi(.) curve. This can
only happen if the two indifference curves are tangent to each other at this point, which means
that a Kantian maxim must prescribe contributions at the point where W (z;) intersects PP.

Proposition 1 is proved in the appendix for the general case of n individuals. It is worth
noting to this respect that the geometric illustration of the proof in figure 1 is valid only
when there are two individuals. Figure 1 may in effect give the impression to the casual
reader that interior Pareto-efficient combinations of contributions are geometrically charac-
terized by the tangency of indifference curves defined in the n-dimensional Euclidean space
of contribution combinations (i.e. in the (z1, 29, .., 2,) space). Yet this geometric intuition is
correct only when n = 2. As is well-known, for the class of public good provision problems
considered here, an interior efficient allocation of a private good and a public good is charac-
terized by the Samuelson condition that the slopes of the indifference curves defined in the
2—dimensional Euclidian space of private and public good bundles (i.e. in the (Z,z;) space
for every individual ¢) sum to one. If there are only two individuals, Samuelson’s condition
turns out to be equivalent to a tangency between indifference curves defined in (21, 22) space.

But this equivalence does not generalize to more than 2 individuals.
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3.3 Existence

We now turn to the question of existence of a differentiable and tight system of universaliza-
tion that could support a Kantian maxim. We refer again to figure 1 for a geometric intuition
into the question, keeping in mind the somewhat misleading representation provided by this
picture for the case where there are more than 2 individuals. We see that for the system of
moral equivalence to support a Kantian maxim, the slope of the function Wi(.) representing
it must be the same at the point (21, 22) where it intersects PP as that of the indifference
curves going through that point. If it is not, then that system of moral equivalence does not
support a Kantian maxim. So the problem of finding a tight and differentiable system of uni-
versalization that supports a Kantian maxim amounts geometrically, to finding a continuous
function connecting (0,0) to (w1, ws) that separates the indifference curves that are tangent
at (z1,22). This problem is quite similar to that of finding a set of personalized Lindahl
prices in an economy with a public good. In figure 1, a set of Lindahl prices for individuals
1 and 2 could be represented by a ray starting at the origin that separates their indifference
curves somewhere along locus PP. We know from standard existence theorems for Lindahl
equilibria in economies with public goods (see e.g. Milleron (1972)) that there would always
exists at least one such ray. The difference with the usual problem of separating indifference
surfaces by hyperplanes is that, here, the supporting system of universalization must con-
nect continuously (0,0) to (w1, wsz). This imposes an additional constraint on the separation

argument which needs to be properly accounted for in the proof.

Proposition 2 Let (N, x;en[0,w;], < Vi(.) >ien) be a GVPPG in P . Then there exists a
tight and continuous system of universalization M that supports the Kantian maxim “Con-
tribute your Lindahl equilibrium amount.”
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The proof (in the appendix) establishes that a system of universalization, which sees
contributions that are in the same ratio as they would be in a Lindahl equilibrium as being
morally equivalent over a suitably chosen range, could support a Kantian maxim. It also
shows that the system of universalization can be chosen to be essentially piece-wise linear.
Note that the system of universalization constructed in the proof is not necessarily the only
system of universalization that could support a Kantian maxim. However, since any Kantian
maxim is Pareto-efficient (and therefore leads to an allocation of private and public goods that
could be supported by Lindahl prices), the local coincidence of the system of universalization
with the Lindahl prices must be an element of any proof showing the existence of a tight
system of universalization supporting a Kantian maxim.

Proposition 2 is good news for those who believe in the potential usefulness of calling
upon individual morality to eliminate free-riding: A Kantian maxim can be defined even
when individuals are not identical, provided that the prevailing notion of moral equivalence
takes into account individuals’ differing preferences and wealth. However, the conditions for
this to happen are fairly stringent. In particular, individuals must have enough information
to at least be able to figure out what their “Lindahl equilibrium contribution” would be.

While these results suggest that the adoption of a Kantian-like code of conduct by vol-
untary contributors is normatively desirable (at least on efficiency grounds) and logically
possible, they do not say anything about whether the individuals have incentives to obey
a Kantian maxim rather than to behave in a non-cooperative fashion (say according to the
unique Nash equilibrium of this game). Clearly, by definition of the Nash equilibrium, no in-

dividual can unilaterally gain from obeying alone the prescription of a Kantian maxim. But
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at least, if all individuals could gain by collectively obeying such a maxim, then there might
be some hope that they could be convinced (perhaps through education or propaganda) to
do so. Therefore, we would like to know whether there will always exist a tight system of
universalization that supports a Kantian maxim whose outcome Pareto-dominates the Nash
equilibrium. Unfortunately, the answer is no. It is easy to construct examples in which no
Kantian maxim Pareto-dominates the unique Nash equilibrium outcome of the game. Figure
2 gives such an example. Any allocation that could be achieved by universal obedience to a
Kantian maxim (the set of such allocations is labeled “Kant” on the picture) is considered

worse by individual 1 than what she gets at the Nash equilibrium (ny,ns).”

<Insert figure 2 about here>

4 Conclusion

The purpose of this paper was to assess the consequences of Kantian morality in a world
populated by nonidentical individuals. By Kantian morality we meant throughout the com-
mon interpretation in economics of Kant’s categorical imperative: undertaking any action
that one would want everyone else to undertake. To formalize this, we have defined the
concept of a maxim as a joint restriction on the strategy sets of all players in a game. Kan-
tian individuals obeying a maxim are restricted to playing strategies in this set. We have
proposed two properties that a maxim must satisfy to qualify as Kantian: it must treat
everyone similarly and it must prescribe a combination of actions that is best for everyone

under this constraint of similar treatment of everyone. We have defined these two properties

T This state of affairs is obviously related to the fact that a Lindahl equilibrium does not always Pareto-
dominate the Nash equilibrium of a GVPPG. For more in this question, see Shitovitz and Spiegel (1998).
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with respect to the general notion of a system of universalization which defines whether two
strategies are morally equivalent or not.

We found that in general, the mere existence of a Kantian maxim cannot be taken for
granted when individuals are nonidentical. Some games do not admit a Kantian maxim for
all but the trivial system of universalization that considers all strategies to be morally equiv-
alent to each other. In games of voluntary contributions to a public good, the verdict is more
positive. We have shown that there will always exist at least one tight and differentiable sys-
tem of universalization with respect to which a Kantian maxim can be defined. However the
conditions for this to happen are fairly stringent. In particular, the system of universalization
must take individuals’ preferences and wealth into account in a very particular (though not
implausible) way.

The other issue we looked at was whether universal obedience to a Kantian maxim, if
one exists, would yield a Pareto-efficient outcome. While we noticed that for general games
Kantian maxims do not necessarily always prescribe Pareto-efficient strategy combinations,
the situation is brighter in games of voluntary provision of a public good. We have shown that
a Kantian maxim is always Pareto-efficient. Hence Laffont’s original insight that Kantian
morality could help overcome the free-rider problem remains valid in a world populated by

nonidentical individuals.
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5 Appendix

Proof of lemma 1. : Let M be a system of universalization on UN{’L} x S;. For any
ic
individual h, define, for i € N, the correspondence W% : Sj — S; by Wi (s") = Ep(h,s") N
{i} x S; for every s” € Sj,. To see that ¥ is onto, we simply note that for every s € S;, we
have Ep(i, s)N{h} xSy, # 0 so that there exists some s” € Sj, such that (h, s”) M (i, s) and,
by symmetry of M, such that (i,s) € Eyr(h,s") N {i} x S; = Uk(s"). To see that (i,s) M
(4, s') & (i,s) € Wi(s") for every i, j € N, s € S;, s’ € S; and s" € \IJ{L(S’) suppose first that
(i,8) M (j,s"). Since \IJ? is onto, there is some s” € S}, such that s” € \If%(s’). By definition of
\I/;L and symmetry of M, we have (j,s") M (h,s”) and, by transitivity of M, (i,s) M (h,s")
for all s" € \Ilib(s]) Hence s € \Ifﬁ(\llgl(s”)) Conversely, let s € W (s") for s” € \Ilfb(s’). By
definition of \Iffl, we then have (h, s"”) M (j,s"). Since (i,s) € Ep(h,s")N{i} x S; , we have

that (i,s) M (h,s”) and, by transitivity, (i,s) M (j,s'). =

Proof of lemma 5. : We note first that, as a continuous and one-to-one function
from [0,wp] to [0,w;] (for i € N), ¥# must be monotonic. It can be monotonically decreasing
or monotonically increasing. We wish to show that it must be monotonically increasing in
order to support a Kantian maxim u C I_ZIV[O, wi]. Assume therefore that the strict maxim

ic
= (fby, .-y ft,) satisfies universalized rationality and moral equivalence with respect to
the tight system of universalization represented by the n differentiable one-to-one functions
P2 [0,wp] — [0,w;] (for i € N). Since u satisfies moral equivalence, we have y; = W?(u,,) for

all i. Moreover for the functions W (for i € V) to represent a tight system of universalization,

we must have, for every zj, € [0, wp], 1(2) = 2, since (by reflexivity) (h,zp) M (h, zp). For

22



1 to satisfy universalized rationality, we must have, for every individual ¢ € N

uy, € arg max  Us( Z ‘Ifh (zn),wi — U} (zn))

zn€[0,wp]

Given the differentiability assumption and the Kuhn-Tucker theorem, if y;, € [0, wp[, it must

satisfy the first order condition

8‘1’5(1%)
i h . _wh Zh
MRS (Y W (uy). i = W 41y)) € ——ebs &
JEN Z —;3%
JEN

for all 4. Since individual preferences are increasingly strictly monotonic,

MRS'(Y Wi (), wi — U (y)) > 0
JEN

so that (1) can only be satisfied if one of the following two cases holds: (i) for all ¢ 8—‘118};(:_’1) >0

h
and 'gva—‘lla% > 0, or (ii) For all ¢ 8_?\118’?2(]1& < 0and ‘g\[% < 0. Yet, since a_\yg% =1,
j j

h
case (i) must be ruled out so that we must have B—’\II@'Z(S—’J > 0 and, since the functions U? are

monotonic, there must be increasingly so. Suppose now that p; = wy and, by Kuhn-Tucker

theorem, that the inequality

OV} (wn)
MRS'(Y W (wn),wi — U (wn)) 2 ——geh (2)
JEN Z
JEN

is satisfied for all ¢. By contradiction, suppose that for some individual k, the function \IIZ() is
decreasingly monotonic. Let Np = {i € N : U%(.) is decreasing} and Ny = {i € N : WP() is
increasing}. We note that the two sets are non empty (the first one by assumption, the second
because it contains h). Since by assumption, we have U;( Y wj,w;) > Ui( > w;,0) =

JEND JENI

Ui( Y py,wi — ;) for all i € Ny, we derive immediately the required contradiction of the
JEN

assumption that p satisfies universalized rationality. m
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Proof of proposition 1. : Let u € X;en[0,w;] be a (strict) maxim satisfying moral
equivalence and universalized rationality with respect to a tight and differentiable (and there-
fore continuous) system of universalization M. By lemma 5, M must be represented by n
monotonically increasing one-to-one differentiable functions \Ilf :Sp — S; (fori € N). For u
to satisfy moral equivalence, we must have p; = \Iff (uy,) for all 4. For p to satisfy universalized

rationality, we must have, for every individual i € N,

Hn € aTE Z(j;v )

We first consider the case where u;, €]0,wp[. In this case, p;, satisfies the first order condition

| a\lfg(uh)
MRSZ(Z ‘I’?(Mh)awi — U () = #(“h) ®)
JEN Z Ozp,
JEN
h
with (since the functions W/ are increasing) % > 0 for all 4 and ) 8\1[5—(%) > 0.
Zh JEN o
Summing these conditions over the n individuals yields
a\lfg(uh)
i h qh _ S —
ZMRS (Z \Ijj (Mh)?wl \Iji ('U’h)) - Z 8‘11?(:“}1) =1
ieN jEN ieN D
JEN

which is the well-known Samuelson condition which, by lemma 4, is sufficient for Pareto
efficiency. Suppose now that p;, = 0 but, by contradiction, suppose that 0%V is not a Pareto

efficient vector of contributions. That is, suppose that there exists a vector of contributions

~

(Z1, ..y 2n) € X4ien|0,w;] such that, for all i € N, U;(Z,w; — 2z;) > U;(0,w;) and, for some
individual j € N, Uj(z, wj — 2z;) > Uj(0,w;) (where Z = > Zi). Let Z € [0,wp] be such
iEN

that S Wh(2) = Z. Such a 7 exists since the function G : [0,ws] — [0,w)] defined, for every
1EN

zn € [0,wp], by G(z) = > Wh(2,) is one-to-one and continuous. By assumption, for all
1EN

individual 7, we have Ui(Z\, wi — z) > Ui(0,w;) > U@-(E7 w; — \IJ?(Q)) and, for at least one
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individual j, we have Uj(Z, wj —2j,) > U;(0,w;) > Uj(Z\,Wj - ‘IJSL(/Z\)) Since preferences are
strictly increasingly monotonic, it follows that 2; < W?(2) for all i and zj < \I/;L(E) for at least
one individual j. Summing these inequalities over all n individuals leads us to the required

contradiction that Z = S Zi < 3 Uh(Z). The case where p;, = wy, (and therefore, since
€N €N

the W% (.) are monotonic, where y; = w; for all i) can be ruled out at once by condition 1. m

The following lemma will be used in the existence proof below:

Lemma 6 Let (N, X;en|[0,w;], < Vi(.) >ien) € P . Then, there exists a tight and differ-

entiable system of universalization M on |J {i} x [0,w;] represented by a list of n differen-
iEN

tiable, monotonically increasing and one-to-one functions \Iff : [0, wp] mentioned in lemma 2

if and only if there exists n differentiable and monotonically increasing one-to-one functions

Gi 1 [0,w] = [0, w;].

Proof. For some individual A € N, let W% : [0,w;] — [0,w;] (for i € N) be the n
differentiable, monotonically increasing and one-to-one functions representing the tight and

differentiable system of universalization M on [J {i} x [0,w;]. Define G : [0,wp] — [0,w]
iEN

by G(z) = . UP(z,). It is immediate to verify that G is differentiable, monotonically
iEN

increasing and one-to-one on its domain and range if the W” are on theirs. Define therefore its
inverse G~! : [0,w] — [0,wy] in the usual fashion by G=1(z) = 25, <= 2z = G(2;,) and define

the n functions G; : [0,w] — [0,w;] by Gi(2) = UH(G~1(2)). We leave to the reader the task

7

of verifying that the n functions G; so defined are differentiable, increasingly monotonic and
one-to-one. Suppose now that we have n differentiable and monotonically increasing one-to-

one functions G; : [0,w] — [0,w;]. Define the system of universalization M on J {i} x [0, w;]
1EN

by (i,2i) M (j,z;) (fori,j € N, 2z € [0,w;] and z; € [0,w;]) © 2 = Gi(Gj_l(zj)) with Gj_l

denoting the (one-to-one, differentiable and monotonically increasing) inverse of G;. We
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need to prove that M is indeed a system of universalization. Reflexivity of M is trivially
established. For symmetry, (i,2;) M (j,zj) < 2z = Gi(G;'(2)) <= 2z = G; (z) (for

J

z = Gj_l(zj)) — z; = G;(G; (%)) <= (j,2;) M (i,2). For transitivity, assume that
(i,2;) M (j,2;) and (j,2;) M (k,z) for 4,5,k € N, z; € [0,w;], z; € [0,w;] and 2, € [0,wy].
Hence, one has 1) z; = Gi(Gj_l(zj)) and 2) z; = G;(G; '(2)). Let 2 = Gi'(21,). From 2)
z = Gj_l(zj) = G !(21,). Tt follows from 1) that z; = G;(G ' (2x)) and, therefore, that (4, z;)

M (k, zx) as required by transitivity. The verification that, for every individuals i, j € N,

and for z; € [0,w;], #EMm(3, 2;) N [0,w;] =1 is left to reader. m

*

Proof or proposition 2. Let (27, ...,2}), (p],...,p}) and (uj, ..., u)) denote the vectors
of contributions, personalized prices and utilities (respectively) associated to a Lindahl equi-

librium for this game and let Z* = " 2. Recall that by definition of a Lindahl equilibrium
iEN

(Z*wi—p; Z*) € arg{%a;)c Ui(Z,z) subject to p; Z + = < w;
T

The assumptions imposed on P guarantee the existence of a Lindahl equilibrium (see e.g.,
Milleron (1972)). For every individual ¢ € N, let f; : Ry — R be the (implicit) function
defined by U;(Z, fi(Z)) = u}. The assumptions imposed on P also secure the existence of
this function. Let s; = =% denote the share of the community’s wealth owned by individual

1. Partition N into sets A, B and C defined by

A = {ieN:s;<pj}
B = {ieN:s;>pl}

C = {ieN:s;=pj}
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Since > si= Y. pf=1,then A=0<= B=10. Let Z; be defined by
ieEN ieN

Two things can be noted about these Z;. First, by condition 1, U;(0, w;) > U;(w,0). Moreover,
by definition of a Lindahl equilibrium, U;(Z*,w; — 2f) > U;(0,w;) which, given that U;(.)
is monotonically increasing, implies that f;(w) > 0 and, therefore, that Z; < ;—f’ for all
1 € N. Second, one has Z; > Z*. For assuming Z; < Z* would imply assuming w; — p; Z* >

—piZ; = fi(w) which is incompatible with the monotonicity of U;(.). Hence Z; €]2*, ;—:[
Now, let @ < #A be the number of distinct Z; that one can find in A (that is @ = #{Z €
[Z*,w] : 3i € A such that Z = Z;}). Write A as A = A; U Ay U ... Az where, for every
individuals 4, j € A, (i,j € Ay, for some k € {1,...,a}) <= Z; = Z; and (i € Ay, j € Ap
for some k, k' € {1,...,a} such that k' > k) <= Z; < Z;. Label these @ distinct values of Z;
as 21, ..., Za,and write [0,w] = kLEJOIk with Ip = [0, Z1], I = [Zk, Z1y1] for k=1,..,a— 1,
and Iz = [Zgz,w]. Using the lenr:ma above, define the n functions G; : [0,w] — [0,w;] by

Gi(Z) = G¥(Z) for Z € I}, k € {0,1,...,a} with the functions G¥ : I — [0,w;] defined as

follows.

GNZ)=p;Z forallic N (A1)
G(Z) = Gi71(2) for i € N\(A U {ii(k)}, (A2)
k wi — pi 2 .
Gi(Z) = w; — [—=—][w — Z] for i € Ay (A3)
W — Zk
8Gk: kl Z

g —p;

Gl (2) = G (Zo) + —L— )y ZA -z -7 (A
1EAL
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if k=1,...,@—1for j(k) € B chosen in such a way that w;( ) — G;“(k;‘(Zk) > wj — G;?_l(?k)

for all j € B and

wi — Gi 1 (Za)

GH(Z) =i~ [P

Jlw—Z] forallie N (A5)

Figure 3 illustrates how the functions G;(.) are constructed in a case where there are 3
individuals and 2 distinct values of Z; (labeled Z; and Z on the picture). Note carefully
that figure 3 takes place in the public good and contribution level space so that the utility
levels of the three individuals are increasing in the south east direction.

<Insert figure 3 about here>

We note immediately that G;(0) = 0, G;(w) = G%(w) = w;. The fact that G¥(.) is
continuous and strictly increasing on I (for & = 0,...,@) is also clear except, perhaps, for
the functions G;?(k)(.). In order to prove that these functions are increasing monotonically

aG* (. k-1
with respect to Z on their domain, we need to show that ]a(?() = [ aZ(Zk) + > (0 —

(Wi_pz7k
[BEVAR

)] > 0. For this, we simply note that, for all i € A,

Pz, piw—w;

pi—( w—2Z )= w—2Z >0
Z
for all Z € [0, £¢] and, therefore, that, by the very definition of M
oG* Y (Z}) *7
* j(k) * pz k
0<pjuy < —57—<Pwm+ D, D Wi ~_z, )

ke{l,..,k—1} €A,
We now prove that GF(Zy) = G¥=1(Z},) for all k = 1,...,@. This is clear by definition of
G¥(.), at every k = 1,...,a— 1, for i € N\(Ax U {j(k)} and for G;?(k)(.). For i € Ay, we
note that G¥(Z) = G%(Z) = piZ for all Z € |J Iy, for all k' < k. Hence G¥(Z}) =

K<k
w; — [M][w —Z) =i 7k = Gf*1(7;€) for i € Ay. The fact that G¥(Zz) = G7(Z3)

w—Z
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for all i € N is immediate. G;(.) : [0,w] — [0, w;] being a continuous and increasing function
satisfying G;(0) = 0 and G;(w) = wy, it is therefore one-to-one.

We now show that > Gi(Z) = Z for all Z. The equality is trivially true for Z € Iy.
€N

By finite induction, let us show that if >  G;(Z) = Z holds for Z € I , it also holds for
1EN

Z € Ig4q, for every k = 0,...,a — 1. For this, we exploit the fact that, for all k£ € {0,...,a},

the functions G¥(.) are affine on I}, and can be written as GF(Z) = a¥ + b¥Z for Z € I}, for

some a¥ € R and b¥ € R, .. This implies that G¥(Z) = G¥(Zy) + b¥(Z — Zy,) for Z € I

(k=0,...,@). Since, as shown above, G¥(Z},) = G?*1(7k) for k =1,...,a, and since by the

inductive hypothesis, %fol(fk) =Zy, ZJ:VG?(Z) = Z for Z € I}, if and only if Z}be =1.
i€ ic i€

Consider therefore I, for k=1,...,a — 1. Clearly

dovb= > bE+ > bE vk, (B)

ieN 1€EN/ARU{j(k)} 1€AL

Moreover, as indicated by (A1)-(A3), b¥~! = p* fori € Ay, bF = 0¥ for i € N/(ALU{j(k)})

k—1
and bj(k)

Lz
ng. Hence, using these conventions and the definitions of the bf contained

n (A1)-(A4), one can write (B) as

i~ Z 7 _
I D D B e R TR MU e <O ED LS

ieEN 1€EN/ALU{G(k)} 1€AL 1€AL iEN

under the inductive hypothesis. For the interval I, we note simply that, using (A5)

St = S =

ieN ieN a
under the induction hypothesis. Now let M = {(z1, ..., zn) € Xien[0,w;] : (i,25) M (3, zj)
for all 7,7 € N} be the set of all vectors of morally equivalent levels of contribution for the

system of moral universalization induced from the functions G;(.) as per the above lemma.
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Using the definition of M of the above lemma, it is immediate to see that this set M can
be equivalently defined as M = {(z1,...,2n) € Xien[0,w;] : 3 Z € [0,w], s. to 2z, = Gi(Z) V
i€ N}

We now show that the system of universalization induced by the functions G;(.) supports
the Kantian maxim: contribute z}. It is immediate that (27, ..., 2};) € M and, for this reason,
that it satisfies moral equivalence with respect to M. In order to establish that it also

satisfies universalized rationality, it suffices to prove that Z* € arg Zm[%x] Ui(Z,w; — Gi(Z))
€|0,w

for all ¢ € N. By definition of a Lindahl equilibrium, Z* € arg max U;(Z,w; — Gi(2))
Z€(0,Z1]

=arg max U;(Z,w; —p;Z) for all i. By construction of the functions Gj;(.), an individual
Z€[0,Z1]

i € Ay who universalizes her behavior has access to bundles (z,2) € R% satisfying z =

w; — piZ for Z € [0,Zy] and = = [Lﬁ?k][w — Z] for Z € [Zy,w]. Since [ﬂ][w —

w—2y, w—Z

Wi*PiEk ) (

Zx] = fi(w), monotonicity of preferences implies that U;(Z, ( =

w— 7)) <uf. Hence
Z* ¢ argzrg[z(ﬁ] Ui(Z,w; — Gi(Z)) for i € Ay, for every k € {1,...,a}. For i € BUC, one can
check that G;(Z) > pfZ for all Z € [0,w] and, therefore, that all bundles (Z,w; — G;(Z))
satisfying Z € [0,w] are revealed weakly worse than (Z*,w; — G;(Z*)).

Now, the functions G;(.) defined in this proof are not differentiable at Z (for k €
{1,...,a}. It is a simple (if not slightly cumbersome) matter to make them differentiable
by connecting the @ pairs of points (Zy, — &, Gi(Zy —€)) to (Zx +&,Gi(Z) +¢€)) (for € > 0)
as small as needed by differentiable polynomials whose derivative would coincide with G;(.)
at every of these two points. These polynomials will only concern, at each k € {1,...,a}, the

members of A and the individual j(k) defined above and, as functions from (Z — ¢, Z, +¢)

to (Gi(Zy — €)),Gi(Zk + €)), will be monotonically increasing and satisfy all the required

30



properties. We omit the details of the construction. m
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