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Abstract

Conditions under which endogenous processes of jurisdiction formation en-
tail wealth-stratification are examined in a model where unequally wealthy
households with identical preferences form jurisdictions in order to produce
a public good financed by proportional taxation. We define a stable juris-
diction structure to be a partition of the households into jurisdictions that
is immune to individual deviation. We define a jurisdiction structure to
be wealth-stratified when each jurisdiction is composed of households who
form an interval with respect to the ordering of their wealth. We show that
a necessary and sufficient condition for the stratification of any stable ju-
risdiction structure is for the individual preferences for the public and the
private good to exhibit a relation of gross substitutability /complementarity
between the public good and the private good that is independent from
prices and wealth.



1 Introduction

A widely discussed feature of Tiebout’s [1] seminal work on endogenous ju-
risdiction formation is the sorting property of the mechanism. If households
choose their jurisdiction of residence and affect the local bundle of public
goods and taxes by “voting with their feet”, then, so the intuition goes, the
resulting equilibrium jurisdiction structure will be characterized by homoge-
neous jurisdictions inhabited by households with “similar” characteristics.
The purpose of this note is to investigate the validity of this intuition in
plausible models of jurisdiction formations.

While the literature devoted to models of that sort has been abundant in
the last three decades (see e.g. [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12],
[13]), it is fair to say that it has been more concerned with the delicate and
important question of existence and/or Pareto-efficiency of various notions
of equilibria for these models than with the identification of the positive
properties possessed by these equilibria (like their possible stratification).

An exception to this is Ellickson [4] who discusses a model in which
unequally wealthy households have the same preference for housing, pri-
vate consumption and a local public good whose production is financed by
proportional housing taxation. Ellickson [4] defines a stable jurisdiction
structure to be a partition of households into jurisdictions that is immune
to household’s deviation. The paper assumes that such stable jurisdiction
structures involve the wealth-stratification of households in the precise sense
that if two households with different wealth belong to one jurisdiction, then
so do all households with wealth in between that of the two households. Al-
though Ellickson acknowledges that stratification is not a necessary feature
of a stable jurisdiction structure and requires further restrictions on house-
holds preferences and on the collective choice mechanism used to choose
taxes, he does not provide these restrictions.

Another important paper that deals with stratification is Westhoff [11]
who proves, in a model with a continuum of households, an arbitrary finite
number of jurisdictions and no housing market, the existence of a partition
of households into jurisdictions that is stable in the same sense as [4]. In
Westhoff [11], each jurisdiction chooses a proportional tax rate on the house-
holds’ wealth by majority voting and uses the taxes collected to produce a
public good. Households differ by both their private wealth and their prefer-
ence for the public and private good. In order to prove existence of a stable
jurisdiction structure, Westhoff imposes on preferences the property that
the marginal rates of substitution between tax rate and public good can be
completely ordered according to some a priori ranking of the households.
While Westhoff [11] uses this assumption to prove existence of a stable juris-
diction structure, it also establishes that, under this assumption, any stable
jurisdiction structure is stratified, in the same sense as in [4], with respect
to the a priori given ordering of households (which, in Westhoff [11], needs



not be that of wealth). Again, Westhoff [11] does not identify the properties
of the household’s preferences for public good and private consumption that
give rise to this a priori ordering of households in terms of their marginal
rates of substitution.

An analogous property of ordering of households preferences is exam-
ined by Greenberg and Weber [6] in a cooperative game theoretic setting.
Greenberg and Weber [6] are interested in proving the existence of a C-
stable coalition structure (see [7]) defined as a partition of households into
coalitions that is immune to coalition deviation. The paper assumes a finite
number of individuals and supposes that a coalition can provide its mem-
bers with any package of public good and taxes that satisfies the coalition’s
budget constraint. Within this framework, Greenberg and Weber claim that
if households preferences are additively separable with respect to the pri-
vate and public good, then households can be ordered in such a way that
if two households ¢ and j have the same ranking of two packages of taxes
and public good, then so do all households that are ordered between ¢ and
j. Given this property, Greenberg and Weber show the existence and the
stratification of a C-stable jurisdiction structure.

The object of this note is to clarify the role played by the similar look-
ing conditions of Greenberg and Weber [6] and Westhoff [11] for obtaining
wealth-stratified equilibria. The model examined has one private good and
one local public good. There is a continuum of households who have possibly
different endowments of the private good but the same preferences for the
public good and the private good. We focus on wealth heterogeneity because
it is usually this type of stratification that is at stake in most discussions of
the sorting properties of Tiebout models.! It is assumed that local public
good provision is financed by proportional wealth taxation and that each
jurisdiction selects a tax rate that is favoured by at least one member of
the jurisdiction. A well-known particular case of such an intra-jurisdiction
rule for choosing the tax rate is majority voting where the tax rate that
beats any other by a majority of votes is the most preferred one of the me-
dian household. But our results do not ride on the particular choice of the
median as the jurisdiction’s “dictator”. In this setting, we focus on stable ju-
risdiction structures which are defined, as in Ellickson [4] and Westhoff [11],
as partitions of households into jurisdictions that are immune to individual
deviations.

We provide a condition on households’ preferences for public and pri-
vate good that is necessary and sufficient to ensure the wealth-stratification
of any stable jurisdiction structure. The condition requires households to
consider public good to be always either a gross complement, or a gross sub-
stitute to the private good. In particular therefore this condition precludes

! For example, the recent empirical test of the Tiebout model in [14] is casted in terms
of income heterogeneity.



the possibility for public good to be a complement to private good at some
price configurations, but a substitute for private good at others. As it turns
out, this condition amounts at requiring the household’s most preferred tax
rate to be a monotonic function of its wealth, given the jurisdiction’s wealth.
Although not unreasonable (it is for instance satisfied by CES preferences),
this condition represents a significant restriction on preferences which, as
illustrated in an example, can be violated even by additively separable pref-
erences such as those assumed in Greenberg and Weber [6].

The rest of the note is organized as follows. The next section describes
the formal framework. Section 3 provides an example of a standard economy
where households have additively separable preferences in which a stable
jurisdiction structure is not wealth stratified. Section 4 contains the proof of
our main results concerning the necessity and the sufficiency of our condition
for the wealth stratification of any stable jurisdiction structure and Section
5 concludes.

2 Formal framework

We consider economies with a continuum of households represented by the
[0,1] interval. An economy consists of four elements. First, there is a
Lebesgue measure A on [0,1]. Given a Lebesgue measurable subset I of
[0, 1], we interpret A(I) as “the fraction of households” in I. The second in-
gredient is a wealth distribution modeled as a Lebesgue measurable bounded
from above function w : [0,1] — Ri4 which associates to each household
i € [0,1] its private strictly positive wealth w;. The third ingredient in the
description of an economy is a specification of the households’ preferences.
We assume that households have the same preferences for a public good
(Z) and a private good (z) that are represented by a twice differentiable,
strictly increasing and strictly concave? utility function U : Ri — R. Given
any bundle of public and private good (Z,Z) € R%, we define MRS(Z,T),
the marginal rate of substitution of public good to private good evaluated at
(Z,7) by:

MRS(Z,7) = (1)
We also denote by Z™ (pz,p.) and M (pz, p,) the normalized Marshallian
demands for the public and the private good (respectively) when the prices
for these two goods (expressed as fractions of wealth) are pz and p,. Normal-

2Our terminology for concavity and quasi-concavity of a function f: A — R (A C R¥)
is as follows: f is strictly concave if, for every a €]0,1[ and for every distinct a, b € A,
flaa+ (1 —a)b) > af(a) + (1 — ) f(b) and f is quasi-concave if, for every a, b, © € A,
and every a € [0,1], f(a) > f(z) and f(b) > f(x) imply f(aa+ (1 - a)b) > f(x).



ized Marshallian demand functions are the (unique) solution of the program

max U(Z,z) subject to pzZ + pyx < 1
Given the assumptions on U, normalized Marshallian demands are differ-
entiable functions of their arguments (except, possibly, at the boundary of
R2).
We further assume that the normalized Marshallian demand for public
good satisfies the following additional reqularity condition.

Condition 1 (ZM(p,,p.) = ZM(By,p.) for some By € Ry, and all pl,,
pe € I for some non-degenerate interval I of Ry,) < ZM(pz,ps) = h(pz)
for all (pz,pz) € R2, for some function h: Ry — Ry.

Private
good /

llpxl

1/pxo

Public
good

figure 1

Condition 1 rules out cases, such as that depicted on figure 1, where
Marshallian demand for public good is, at some price pz, independent from
the price of private good on some non-degenerate interval [ps,, pz,| but yet
depends on the price of private good outside that interval or at other price
than pz. Condition 1 is, however, perfectly compatible with preferences such
as Cobb-Douglas that do not exhibit cross-price effects. We let U denote
the set of all utility functions satisfying the above properties.

Finally, the fourth element of our description of an economy is a common
finite set L of locations (whose typical elements are denoted by [, I I”| etc.)
available to households.



A jurisdiction structure for the economy (A, w,U, L) is a Lebesgue mea-
surable function Sy : [0,1] — L. A jurisdiction structure Sy induces a
finite partition of the set [0, 1] into Lebesgue measurable sets J; defined by
Jy =87t ={i€0,1] : S;(i) = l}. Set J; contains all households who live
at location [ in the jurisdiction structure Sj. In the same vein, we let, for
every | € L, nf = A(J;) denote the “fraction of households living at " in
the jurisdiction structure Sy. The possibility that ni] = 0 for some [ is, of
course, not ruled out. Since, for every jurisdiction structure Sy, the sets J;
partition [0, 1], we clearly have that > n/ = A([0,1]). Given a jurisdiction

lel
structure Sy and a location [, we denote by wl the ]umsdzctzon l’s wealth

defined by wl fw ;d\.3  Clearly wl fwld)\ = 0 if nl = 0. Hence a

jurisdiction contalnlng a set of measure 0 of households would have a juris-
diction’s wealth of 0 and would therefore not be able to provide any positive
amount of public good to its inhabitants. We adopt the convention that if
such a jurisdiction is to choose a tax by a collective choice mechanism to
finance public good production, the only choice for such a tax will be 0 (why
tax if no public good is to be provided ?).

Each jurisdiction selects a tax rate t € [0, 1] that is applied to the ju-
risdiction’s wealth and which finances local public good production. Hence,
if a jurisdiction structure S; assigns household i to location [ where the
tax rate is ¢, household ¢ has access to th] units of public good and has
(1 — t)w; units of wealth available for private consumption. Denote by
P (t,wi,w;) = U(twy, (1 —t)w;) the utility received by a household of wealth
w; assigned to location [ in the jurisdiction structure Sy if the tax rate is t.

We record a few properties of the function @ : [0,1] x R2 — R so defined
in the following lemma whose (straightforward) proof is omitted.

Lemma 1 If U belongs to U, ® is a twice differentiable function of its
three arguments, is strictly increasing and concave with respect to w; and wz’
(taking t as fived) and is strictly concave and single peaked* with respect to
t (taking w; and wi € Ry as fived).

An important (and well-known) property of ® is its strict single peaked-
ness. It implies that a household with wealth w; has a unique favorite tax
rate t*(wW,w;)) in any jurisdiction with wealth @ to which it may belong.
This unique favorite tax rate is the solution of the program:

D(t,w0,w; 2
tIél[a}]f} (t,w0,w;) (2)

and is, for this reason, a continuous function of @ and w;.

3This Lebesgue integral is well-defined if w is a bounded and measurable function.
*A function f: A — R (A C R) is strictly single peaked if, for all a, b and ¢ € A such
that a < b < e, f(c) > f(b) = f(b) > f(a) and f(a) > f(b) = f(b) > f(c).



We assume that each jurisdiction’s choice of tax rate is minimally de-
mocratic in the sense that it selects the favorite tax rate of some member
of the jurisdiction. The rule for selecting this member is inconsequential
for the results. In many models of endogenous jurisdiction formation with
public good provision where voting is assumed, the selected household is
that whose favorite tax rate occupies the median position in the jurisdiction
distribution of favorite taxes. While our results apply to this particular rule
of selection of the “dictator” within the jurisdiction, they are valid for other
selection rules as well. Denote by tz] the tax rate prevailing in jurisdiction [
in jurisdiction structure S;. For every such jurisdiction structure, we there-
fore assume that, at every location [, tZ] = t* (wz’ ,wp,) for some household
h € J.

We are now equipped to define what is meant by a stable jurisdiction
structure.

Definition 1 A jurisdiction structure Sy : [0,1] — L is stable in the econ-
omy (\,w,U,L) if for alll € L and all i € J;, ®(t],wi,w;) > @(tﬂ,wz{,wi)
for every l' € L.

A jurisdiction structure is stable if it gives no single household an incen-
tive to move from its location. This notion of stability corresponds to what
is usually refered in the literature on coalitions formation (see e.g. [3]) as a
free mobility equilibrium. It can be contrasted with the strongest notion that
is also encountered in the literature (for example in [6]) and which concerns
stability with respect to group deviations.

Notice that, since a single household has measure 0, one household’s
move to some location affects neither the jurisdiction’s wealth nor tax rate.
This allowed “infinitesimality” of the household with respect to jurisdic-
tion’s characteristics is, actually, our main justification for using a continu-
ous framework rather than a discrete one.

As we seek to provide a necessary and sufficient condition on households
preferences which ensures that any stable jurisdiction structure is wealth-
stratified, we now define what is meant by that.

Definition 2 A jurisdiction structure Sy in the economy (A\,w, U, L) is wealth-
stratified if, for every l, ' € L, and i, j, k € [0,1], (4, k € J}, w; < wj < wy
and j € l,) = (752]»0127) = (ti{awi{)

In words, a jurisdiction structure is wealth-stratified if, whenever a ju-
risdiction contains two households ¢ and k with different levels of wealth,
it also contains all households whose wealth are strictly in between that
of ¢ and k or, if it does not contain those households, it is because they
are at location !’ that is indistinguishable from [ in terms of tax rate and
jurisdiction wealth. Except for this later proviso (unavoidable in the contin-
uous setting where stable jurisdiction structures may involve the formation



of many jurisdictions with the same tax rate and jurisdiction wealth), this
property of stratification is called “consecutiveness” in Greenberg and We-
ber [6] where it is given the more general meaning of designating a structure
where each jurisdiction (coalition) form an interval with respect to an a
priori ordering of the players which needs not coincide with that of wealths.
Yet when Greenberg and Weber interpret this notion of consecutiveness in
a setting analogous to ours (with coalitions asking their members endowed
with identical additively separable preferences to finance a public good by a
proportional wealth taxation), they claim that the a priori ordering of the
players could be that wealths. However, as we shall see in Remark 1, this
claim is false.

3 An example of a stable jurisdiction structure
without stratification

Although the intuition that stable jurisdiction structures involve wealth-
stratification seems plausible, its validity requires that households’ prefer-
ences satisfy a significant condition. To illustrate this, we first provide a
simple example of an economy in which a stable jurisdiction structure is not
wealth stratified.

Example 1 There is a continuum of mass 14 households divided into three
groups defined by some strictly positive real number €. A first group consists
of a continuum of mass 3 households with wealth uniformly distributed on
the interval [24++/2 —€,24 /2 +¢€]. The second group contains a continuum
of mass 3 households with wealth levels uniformly distributed on the interval
[2—v/2—¢,2—/2+¢] while the third group is made of a continuum of mass
8 households with wealth uniformly distributed on the interval [% —¢, % +e.
Households’ preferences are represented by the utility function U(Z,x) =
In Z + 4x — x? which satisfies all of the above properties (it is in particular
strictly increasing with respect to the private good if x < 2, which will be the
case here).> The favorite tax rate t* of a household with wealth w; living at
location where the jurisdiction wealth is W solves:

mtaxlntw+ 4(1 = thw; — (1 — t)2w?

® Although this preference is not increasingly monotonic with respect to private good if
x > 2, the example would work just as well for a preference represented by the increasing
(but not twice differenciable) utility function:
U(Zyx) = InZ+4x—2°ifz€0,2]

= In Z otherwise



and 1is therefore given by:

% wi—2+\/(wi—2)2+2
t* =
2w;

7

Hence, t* = % ifwi =2—V2 orw; =242 and t* = % if wg = % We
note that, in this example, t* is independent from @W. The graph of t* with
respect to w; is depicted on figure 2. Consider now the jurisdiction structure

Sy defined, for some locations I and " e L (1 #1'), by:
Sy(i) = lifwi€2-V2—62-V2+e]U2+V2—6,2+V2+¢] and
Sy6) = Uifws € [g

This jurisdiction structure is clearly not wealth-stratified since

€§+E]
2

3 3
2-V2+e<e—S<Z4e<24V2-¢

2 2
for a suitable choice of €. Yet it is easy to see that it is stable if tﬂ = % and
ty = % A household located at I' and endowed with a wealth of% enjoys a

utility level of:
3+ 1In(4) ~ 4.3863

while a move to | (where the taz is %) would provide this household with a
utility of :

3—9/16 +In(6) ~ 4.2293
As the inequality 3 + In(4) > 3 — 9/16 + In(6) is strict, it is robust to the
replacement of the household of wealth % by any household in the interval
[% — 5,% + ¢] for a suitably small €. Hence no household located at I' has
incentive to move to l. Analogous calculations show that households with
wealth 242 and 2—+/2 located at 1 have a strict preference for staying at
[ rather than moving to I' and that this preference is robust to an e change
if € is small enough.

0.6
0.557

0.57

t*
0.45

0.4

0.357




The preferences used in the example are quite standard. They are addi-
tively separable, strictly concave, differentiable and so on. What is therefore
the property of these preferences that enables the construction of this ex-
ample 7 This property, exhibited on figure 2, is the non-monotonicity of the
relationship between the household’s favorite tax rate and its private wealth.
If households have preferences of the kind described in the example, their
most preferred tax rates are first decreasing with respect to their wealth
and, for wealth level above 3/2, increasing with wealth. If households most
preferred tax rates are not monotonic with respect to their wealth in a ju-
risdiction, the ordering of households according to their most preferred tax
rates does mot coincide with the ranking of individuals according to their
wealth. As it turns out, it is precisely this property that must necessarily
hold for wealth stratification to be a characteristic of any stable jurisdiction
structure.

We define as follows this property of strict monotonicity of t* with respect
to wj.

Definition 3 The function t* : R, — [0,1] that solves (2) is monotonic
with respect to w; if, for any jurisdiction wealth level W, and every two
household wealth levels &; and W;, either W; > w; = t*(W;,w) > t*(w;, W) or
&}i > (jvdz = t*(wz, ) <t* (wz, )

As example 1 makes clear, the non-monotonicity of the household’s most
preferred tax rates with respect to wealth is perfectly compatible with ad-
ditively separable preferences. This gives us the opportunity to make the
following remark.

Remark 1 Greenberg and Weber [6] claim (see part b in the proof of lemma
1) that if households’ preferences can be represented by an additively separa-
ble utility function, then, for all quantities Z and 7 of public good, all pairs
of jurisdiction’s wealth @ and & and all triplets of individuals i, j and k such
that w; < w; < wy, < min [@, o], if

J— ~

)< 2) +glrl - =

F(Z) + g(wi(l - ) (3)

@+ w; @)
and _ ~
£ + gl = 57—)) < J(2) + glen(1 - 2) ()
then _ ~
J@)+ a1 2) < ID) o= 5705) O

To show the falsity of such a claim, take households i, j and k to be just as
in example 1 above in every respect (preferences, private wealths w; = 2—+/2



<wj=3<w, =242 and T = & = 120000) and let Z = 3 x 120 000 =
60 000 and Z = % x 120 000 = 40 000. Assume also that the utility functions
are just as in example 1 with . It can be checked easily that, for these values
of wi, wj, Wk, @, @, Z and Z (and taking f(Z) =InZ and g(z) = 4z — %),
both (3) and (4) are satisfied while (5) is violated.

4 Main results

As mentioned, the monotonicity of t* with respect to household wealth is the
key element for guaranteeing the wealth stratification of stable jurisdiction
structures. This monotonicity of the household’s most preferred tax rate as
per definition 3 can be expressed conveniently in terms of standard consumer
theory. In order to do this, we first establish the following lemma.

M1 1
Lemma 2 Let (,w;) € R?H. Then for all U € U, M is the solution
of (2).
Proof. Since ——== >0 and ——= >0, the fact that ZM(i, =)
ZM(L, L) ML L '
satisfies the budget constraint =+ ———1— = 1 implies obviously that
2Lt LML)
== ¢ [0,1]. Suppose by contradiction that == does not solve

(2). That is, suppose that there exists t € [0,1] such that U(t@, (1 — t)w;) >
UzM (2, w%), ML, w%)) Since the bundle (1, (1—1)w;) satisfies the budget
constraint % + (1;—?% = 1, this inequality is incompatible with the very
definition of ZM (L, w%) and 2M (2, w%)

Lemma 2 states that, in a jurisdiction of wealth @, the favorite tax rate
of a household with wealth w; can be viewed as the expenditure (using the
fraction of the household’s purchasing power as the numéraire) that the
household would like to devote to public good if its price was % and the
price of private good was w% Interpreted in this light, the property of
monotonicity of ¢* with respect to w; is equivalent to the monotonicity of
normalized Marshallian demand for public good with respect to the price
of the private good. In the language of standard consumer theory, this is
equivalent to requiring the public good to be, at any price of public good,
either always a gross complement to (if Z™ is monotonically decreasing
with respect to p,) or always a gross substitute for (if Z* is monotonically
increasing with respect to p,) the private good.

Without further assumption on the household’s preference, it is possible
for the public good to be always a gross substitute of the private good at
some price of the public good while being always a gross complement to

the private good at some other price of the public good. As it turns out

10



however, this possibility is ruled out if condition 1 is imposed on the utility
function. Specifically, the following lemma establishes that if Marshallian
demand for public good is a monotonic function of the price of the private
good at every price of public good, then the public good is either always a
gross substitute for or always a gross complement to the private good, as it
may be. The straightforward proof of this lemma is omitted.

Lemma 3 Assume that Marshallian demand Z™ is a monotonic function
of pz at every public good price pz € Ry and that households’ utility func-
tion belongs to U. Then, for every pz, vy, pz, Py € Rit, [ZM(pz,pz) >

ZM(pz,pL)] < [ZM (v, pz) > ZM (0, D))

Combining lemmas 2 and 3, one obtains immediately.

Lemma 4 For every U € U, the function t* that solves (2) is monotonic
with respect to w; for any given jurisdiction level W as per definition 3 if and
only if the public good is always either a gross complement to, or a gross
substitute for, the private good.

Let us refer to this property according to which the substitutability/
complementarity relationship between the public and private good is inde-
pendent from all possible prices as to the Gross Substitutability/ Com-
plementarity (GSC) condition. Although not unreasonable (it is for
instance satisfied by commonly used preferences such as CES®), the GSC
condition is nonetheless a significant restriction that, as illustrated in re-
mark 1, can be violated even by additively separable preferences.

We now proceed to establish that the GSC condition is necessary and
sufficient for guaranteeing the wealth-stratification of any stable jurisdiction
structure.

Establishing the sufficiency part of this result requires knowledge of
the structure of the households’ indifference curves in the tax-jurisdiction’s
wealth space as obtained from the function ® defined previously. As usual,
the indifference curve of a household of wealth w; passing through some
point (#,@) such that ®(f,@,w;) = ® is the graph of the implicit function
f®:00,1] xRy, — R, defined by ®(t, f®(t,w;),w;) = ®. The assumption
imposed on U guarantees that the function f® exists, is derivable every-
where and has partial derivative f(f,@;) with respect to ¢ evaluated at

% As CES preferences are represented by the utility function U(Z, z) = [8Z° + (1 — 3)z"]
for some B €]0,1[ and p € —o0, 1[\{0} (with lir%[,é’Z” +(1-p8)2"] =fInZ+(1-pP)Inz
p—

for every (Z,z) € R%, public good is a gross substitute to private good if p €]0, 1], a gross
complement toprivate good if p € —o0,0[ and is independant from the price of private
good if p = 0.

11



(t,w;) given by:

- 1 w; _
fi'(6@1) = ST AT A R (6)

where @ = f®(Z,w;). Using (6), one can represent the indifference maps of
households with different levels of wealth as in figure 4 in the proof of the-
orem 1. Specifically, indifference curves of a household with private wealth
w; are U-shaped and reach a minimum at this household’s most preferred
tax rate for the corresponding jurisdiction wealth level. It can be seen that,
at the minimum of an indifference curve, the term within the bracket of (6)
is zero thanks to the first order conditions of (2)). Despite what figure 4
suggests, indifference curves need not be globally convex. The only property
that indifference curves possess is that of being “single caved” (monotoni-
cally decreasing at the left of the minimum and monotonically increasing at
the right).

We first establish in the following lemma that the ordering of the slopes
of these indifference curves at every point in the tax- jurisdictions wealth
space coincides with the ordering of the households’ wealth if preferences for
the public and the private good satisfy the GSC condition.

Lemma 5 Assume that households preferences are represented by a util-
ity function in U. Then, if ZM is everywhere a gross substitute (resp.
everywhere a gross complement) to the private good, we have, at any (t,©)

€]0, 1[xR4, f;bj (t,wj) < (resp. >) f?’“(f, wg) for every j, k such that wj <

wi where, for every i, ®; = (1,0, w;).

Proof. We provide the argument for the case of gross substitutability
(the complementarity case being symmetric). Assume therefore that ZM is
everywhere increasing with respect to p, and let (t,@) €]0,1[xRyy be a pair
of tax rate and jurisdiction wealth and j and k be two households such that
wj < wg. Definew(j) and w;(j) to be the numbers (depicted on figure 3) that
generate public good and private good normalized prices 1/w(j) and 1/w;(7)
which would lead a consumer with a wealth of 1 to choose the bundle of public
and private good (10, (1 — t)w;). Hence W(j) and w;(j) satisfy the standard
tangency and budget equality conditions:

MRSV (tw, (1 - Dw;) = ‘;"g))
e w17
w —Hwj _
5G0) T wl)

Combining these two equations yields:

MRS (@@, (1 -Tey) __(1-7) (7)

wj w(j) —tw

12
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Define now w;(k) to be a level of household wealth which would gener-
ate the private good price 1/w;(k)) that is just sufficient to enable a con-
sumer with wealth 1 and facing public good price 1/w(j) to afford the bundle
(to, (1 — t)wy). This wi(k) (which is clearly larger than wi(j) if wj < wg) is
defined by the budget constraint equality:

tw (1 — Z)wk

—_— + 1
w(j)  wik)
<~
()1 — Dwy
(K - 8
wz( ) w(]) I ( )
Now, since ZM is increasing with respect to p,, we must have ZM(ﬁ, #ﬂ)))

M (ﬁ, #(k)) and, therefore, the slope of the indifference curve passing
through the bundle (t@, (1 — t)wg) must be, in absolute value, less than the

price ratio w;(k)/w(j). Formally, this amounts to say that:

Wi(/f?)

w(4)

MRSY (tw, (1 — Hwi) <

or, using (8):

MRSY ([, (1 = Tjwr) _ _(1=7) (9)

Wk w(j) —tw
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Combining inequality (9) and equality (7), we get:

MRSU(@, (1 —Bor) _  MRSY(m, (1~ Dw;)

Wi wj
<~
Wi > wj
MRSY(tw,(1 —twg) —  MRSY(tw, (1 —t)wj)

which, using the definition of f?j provided by (6), establishes the result. m

This lemma, which implies that indifference curves of households with
different wealth are single crossing in the tax rates-jurisdiction wealth space,
completes the list of auxiliary results that are needed for the following the-
orem.

Theorem 1 A stable jurisdiction structure of an economy (A, w, U, L) where
U belongs to U, is well stratified for every measure of households X\, distrib-
utions of wealth w and finite set of location 1L if and only if U represents a
preference that satisfies the GSC condition.

Proof. Necessity. Using lemma 4, assume by contradiction that t* is
not monotonic with respect to w;. This implies that, for some jurisdiction
wealth level W, there exists individual wealth levels a, b, ¢ € Ry such that
a < b < c and such that either

(i) (@, a) = t"(@,¢) > t*(@,b)

(i) t*(@, a) = t*(@,c) < t*(@,b)

Assume case (i). Consider an economy where \({i € [0,1] : w; = a}) = A,
AM{i € [0,1] : w; = ¢}) = C and \({i € [0,1] : w; = b} = B and where
A([0,1]) = A+ C + B where A, B and C are such that aA+ cC = bB = .
Consider then the jurisdiction structure Sy defined by S;(i) =1 if w; = a
or w; = c and Sy(i) =" if w; = ¢. As the two jurisdictions with a non-
zero measure of households have the same wealth @, jurisdiction | obviously
chooses t*(w,a) = t*(0,c) as its tax rate while the choice of jurisdiction '
is t*(w,b). By the very definition of t* and the uniqueness of the solution of
the program (2), this jurisdiction structure is stable. The proof for the case
(i) is similar.

Sufficiency. We sketch the argument for the case where the public good
is everywhere a gross complement to the private good. Assume ZM to be
decreasing with respect to p, and, by contradiction, let S7 : [0,1] = L be a
gurisdiction structure for the economy (A, w,U L) that is not wealth-stratified
and 1is, therefore, such that, for some locations | and l' € L (with | #1'),
and households i, j and k € [0,1] with w; < wj < wg, I = S;(i1) = Sy(k),

14



S;(j) = U and (t/,w]) # (t),w}l). Denote by (t,w) and (',u') the taz-
jurisdiction wealth packages in jurisdiction | and I' respectively. We need
to show that such a jurisdiction structure is not stable. Instability is clear if
t =t as, in that case, there is unanimous strict preference for going to the
jurisdiction with the largest wealth. If t # t', stability of S7 requires:

P; = P(wi, t,w) > O(w;, ', W)

) = d(wj, t,w) < B(wj, t',0)

= P(wp, t,w) > O(wg, t', W)

K|

Jurisdiction’s
wealth

A

k
k .
]
®’ \ ®

~
t t” t’ ~ tax rate

figure 4

Since t* is increasing with respect to private wealth, we have that t*(w;, w) <
t*(wj,w) < t*(wg,w). Assume that t € [t*(w;,w),t*(wj,w)] (we leave the
case where t € [t"(wj,w), t"(wk,w)[ to the reader). Assume first that t' > t.
By lemma 5, the slopes of households indifference curves are ordered in such
a way that ftq)’C (t,wi) < ftq)j (t,wj) < ftq)i(t,wi) and are as on figure 4. No-
tice that, for any tax rate and jurisdiction wealth (t, @) such thatt >t in a
neighborhood of (t,w), one has:

(I)(Wj,t,W) < (I)(wjafvw) Sw> fEJ(tvw]) > f6k(tvwk)
= P(wg, t,w) < P(wg, t,)

Hence, for household k to weakly prefer staying at | rather than moving to l,
there must be a package of tax rate and aggregate wealth (t”, w”) (with t” €
[t,t']) such that ®(w,t,w) = ®(wk,t",w") and ®(wj, t,w) = D(w;,t",w").
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Without loss of generality, let (", w") be such that t" < t for every taz rate
t € [t,t'] such that ®(wj,t,0) = ®(wj,t,w) and ®(wg,t,0) = P(wg, t,w) for
some & € Ryy. Since fP*(t,wy) < ftq)j (t,w;) we must have, by definition
of t7, that

—n =1

P wp) > £ (), wj) (10)

where @) = ®(wp, t", ") for h = j, k. Yet inequality (10) is incompatible
with lemma 5. The proof for the other cases is similar. m

5 Conclusion

The main object of this note was the identification of a condition on house-
holds’ preferences for public and private good that is necessary and sufficient
to guarantee the wealth stratification of the result of endogenous processes
of jurisdiction formation. Using a simple model of jurisdiction formation in
which the only trade off made by households is that between the tax they
pay and the public good they get, we find a clear and easy-to-check con-
dition: Households’ preferences must consider the public good to be either
always a gross complement to, or always a gross substitute for, the private
good.

Yet the model we use provides a somewhat too stylized representation
of the process by which jurisdictions actually form in the “real world”. A
clearly missing ingredient is the housing market. While endogenous models of
jurisdiction formation with housing markets and intra-jurisdiction collective
decision making with respect to taxes and public good have been constructed
and studied, notably by [15], [16], [8] and [10], the efforts in the literature
have focused here again on the question of existence and Pareto optimality of
a (general) equilibrium for these models and have not specifically examined
the positive properties of this equilibrium with respect to stratification. Such
an examination is a priority for future research as it could also make more
precise the intuitive analysis of this case provided in Ellickson [4].
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