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Shapley Inequality Decomposition by Factor 
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Decomposition analysis provides help in the difficult task of explaining how 
economics trends and government policies affect the distribution of income. 
In this context, recent studies have proposed the application of the "Shap- 
ley Value" allocation method, a concept from cooperative game theory, to 
the decomposition of inequality. This paper examines the "Shapley inequal- 
ity decomposition" by factor components focussing in particular on some 
methodological issues that cannot be solved from a theoretical point of view. 
Following an inductive approach, the empirical evidence obtained by apply- 
ing several variants of the Shapley decomposition to the UK and US income 
distributions suggests an answer to some of the dilemmas faced by applied 
economists when implementing the Shapley decomposition technique. 
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1 Int roduct ion 

Assessing how different income sources affect income inequality cer- 
tainly appears  to be an important  issue for interpreting economic 
trends and designing economic policy. Markets of factors and thus 
mavket incomes such as eavnings or capital income ave differently al- 
tered by globalization and the technologies. The  impact  on economic 
inequality of the rising shave of women in the paid labor force, or of 
the increasing returns to human capital, ave common questions asked 
of economists. Many economic policies focus on a part icular  source 
of income through different tax and benefit instruments,  and the rel- 
ative impact  of these tavgeted measures on economic inequality often 
remains unknown. Providing a method of est imating how income 
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sources affect income inequality is therefore a central question in the 
field of inequality measurement. 

However, agreement does not exist on the best way to measure how 
an income source contributes to inequality. The traditional approach 
to the problem takes two forros. Some researchers have adopted global 
methods specific to each index. By a global method, we mean that  
contributions must be computed for all income components defined 
at  the outset. The sum of the components should also add up to 
the inequality to be "explalned". At least in one case, the variance, 
the global method is based on firm principles. Shorrocks (1982) has 
proved that  the method of decomposition that  assigns to each source 
its covariance with total income 1 is the only one which satisfies six 
attractive properties. Unfortunately, a by-product of this decompo- 
sition is less appealing. The same six axioms imply that  the relative 
contribution of a source---the contribution divided by the inequality of 
the income dis t r ibut ion--must  be independent of the inequality index 
chosen. In other words the decomposition according to the covariance 
should apply to all inequality measures. In applied work this solution 
has been neglected in favor of rather  ad-hoc methods. For example, 
the "natural" Gini decomposition by source is defined by the sum of 
the product  of three terms for each income component: the income 
share, the component 's own Gini, a n d a  ratio of correlations that  cap- 
tures the relationship between the income component and the rank 
in total  income. Although some interesting interpretations have been 
proposed to justify their use [see for example Lerman and Yitzhaki 
(1985)], ir is difficult to believe that  these solutions offer a definite 
answer to the problem of decomposing inequality by sources. 

In contrast, many authors prefer a local approach, aiming only to 
provide the contribution of a specific income component.  A popu- 
lar method consists in a before-after calculation 2 that  assigns to each 
source the difference between overall income inequality and the in- 
equality obtained ir we eliminate the income component whose effect 
is being assessed (or at least inequality from that  source). 

In view of its intuitive meaning, we defend the before-after ap- 
proach not only a s a  local method but also a s a  global method. A 
priori, this goal is relatively challenging since extending this method 
from a local scale to a global one raises two difficulties: the lack of 
exactness, i.e. the before-after contributions do not add to the total  

1The "natural decomposition" of its vaxiance. 
2See Cancian and Reed (1998) among others for a defense and an application. 
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amount that needs to be "explained". Another limitation is tha t - -  
except for cases with only two income sources considered--the con- 
tribution of a source depends on the elimination sequence and there 
is n o t a  unique or natural candidate. A solution to these drawbacks 
can be provided if the before-after approach is embedded in a more 
general framework provided by cooperative game theory. 

More specifically, by considering the formal similarities between the 
problem of assigning source contributions to inequality, and the classic 
question of cost allocation among a set of agents investigated by coop- 
erative game theory [see, for instance, Mirman, Tanbman and Zang 
(1985)1 , Chantreuil and Trannoy (1999) and Shorrocks (1999) have 
proposed applications of the Shapley Value allocation method [Shap- 
ley (1953)] to the decomposition of inequality by factor components. 
The Shapley Value is an allocation method that assigns the gains of 
a coalition of players among its members a s a  function of what they 
contribute to the coalition. As the contribution of a player depends 
on the order in which the player joins the coalition, the Shapley rule 
weights each possible coalition by its probability and assigns to every 
player the average of all marginal contributions that this individual 
can make to all coalitions. 

In the inequality decomposition context, this technique implies con- 
sidering the impact on overall inequality of eliminating each income 
source. But, since there is no natural order of elimination, we average 
these impacts over all possible sequences of elimination. Thus, in order 
to assess the effect of a given income source on overall inequality we 
apply the before-after concept to the set of all possible combinations 
of income sources, and take the average of all contributions. 

Despite of the internal consistency and attractive interpretation in 
terms of marginal contribution, empirical applications of the Shapley 
rule to inequality decomposition raise some dilemmas that cannot 
be solved solely on theoretical grounds. The purpose of this paper 
is to focus on these methodological issues. An inductive approach 
proves to be very useful to reveal the alternatives faced by applied 
economists. The empirical evidence obtained from several Shapley 
decomposition variants applied to UK and US income distributions 
drawn from the LIS database has helped us to propose a way of solving 
three dilemmas. 

1) According to the Shapley decomposition, the contribution of 
any given source of income to overall inequality can be interpreted as 
the expected marginal impact of the factor when such ah expectation 
is made over all possible sequences of elimination. This marginalist 



S4 M. Sastre and A. Trannoy 

interpretation of the Shapley rule can be considered in at least two 
possible ways: firstly, calculating the difference between overall in- 
equality and the inequality obtained ir we eliminate the income com- 
ponent whose effect is being assessed (zero income decomposition). 
Alternatively inequality from that  source of income can be eliminated 
(equalized income decomposition). Although the second calculation 
seems to be more in keeping with inequality measurement,  the a pri- 
ori reasons that  could favor either one or the other approach are not 
clear. Empirical analyses can thus help us to clarify the situation and 
to choose between the two methods. 

2) An important  shortcoming of the Shapley decomposition rule is 
that  it does not satisfy the principle of independence of the aggrega- 
tion level. Tha t  is to say, the contribution to inequality of a given 
income source depends on how the rest of the income components 
are treated. Two different approaches derived from cooperative game 
theory have been proposed to improve Shapley inequality decompo- 
sitions in respect of the independence requirement. The first is the 
Nested Shapley (Chantreuil-Trannoy 1999) and the other is the Owen 
decomposition (Chantreuil-Trannoy 1997 and Shorrocks 1999). Both 
methods require a hierarchical structure in which overall income is 
made up of a set of primary factors. Each of these is then divided 
into a group of secondary factors. This approach can of course be ex- 
tended to a sequence of source subgroup partitions. For the exercise 
to be meaningful it is obviously bet ter  if such partitions are given ex- 
ogenously and if they are relevant from an economic viewpoint. The 
discussion of the relative merits of the Nested-Shapley versus Owen 
solution is the second aim of this paper. 

3) Whichever of the above solution is chosen, a hierarchy of income 
sources needs to be defined. The economic relevance of such a tree is, 
of course, crucial. This paper tries to present the possible options. 

This paper is organized as follows. To make the paper self-contained, 
we star t  by recalling the definition of the Shapley value in the context 
of game theory. Section 3 points out the superiority of the equalized 
income decomposition in respect to the independence requirement. 
We then discuss the relative merits of the Nested Shapely and Owen 
decompositions in Section 4. Section 5 analyses the problem of choos- 
ing a hierarchical income structure. It also offers a discussion on the 
merits of several trees that  may appear to be obvious candidates. The 
last section summarizes the results obtained and suggests some rules 
of thumb. The Appendix contains a detailed description of the data  
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and some additional results for British and American income distri- 
butions. 

2 The Shapley Value 

We start  by recalling the meaning of the Shapley value in a cooperative 
TU-game 3 framework. We ate given a set of agents, N = {1, ,i, ,n}, 
and S C N denotes a potential subset of agents. The Shapley value 
at tempts  to describe a fair way to divide the gains from cooperation, 
taking for granted the strategic realities. These are captured by a 
function v called the characteristic function that  associates to every 
coalition S--belonging to the power set 2S-- the  payoff v(S) E R that  
the coalition S can achieve by itself. The number v(S) is known as 
the worth of the coalition S. A game in characteristic form is defined 
by (N, v). 

Several interpretations lead to the Shapley value. We only give the 
marginalist one which has a direct counterpart  in inequality decom- 
position analyses. For any coalition S and for any agent i E S the 
marginal contribution of this agent to the coalition S\{i} is defined 
by v(S)-v(S\{ i}) .  Coalitions are supposed to occur at random. Sup- 
pose now that  all agents ate arranged in some order, all orders being 
equally likely. Hence S\{i} is the set of agents which precede agent i 
and v(S) -v (S \ { i } )  represents i's marginal contribution to the set of 
players who precede hito. The agent i's payoff according to the Shap- 
ley value is simply computed as i 's expected marginal contribution to 
the coalition S\{i} when all orderings of agents ate held to be equally 
likely. Defining the Shapley value requires computing the probability 
that  in a random ordering a given coalition S C N, i E S, arises as the 
union of i and its predecessors. This is the product  of two probabili- 
ties. The first one is the probability that  i is in the Sth place which is 
simply 1In. The second one is the probability that  S\{i} arises when 
we randomly select 4 s - 1 members from the population N\{i}. This 
probability is (n - s)!(s - 1)!/(n - 1)!. 

The Shapley value denoted Sh(N, v) where Sh(N, v) E R n allo- 
cates a Shapley value payoff denoted Sh~(N, v) to the ith player which 
formula is given by: 

3Transferable utility (TU) game, there exists a numeraire than can be used to 
perform transfers of utility across agents. 
4The number of individuals in a coalition S is denoted s. 
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Shi(N, v) = Z (s - 1)!(n - 1)! ~! Ir(S) - v ( s \  {i})] (2.1) 
ScN,iES 

which can also be written: 

Shi(N,v)= ~ ( s ) ! (n - s -1 ) !  [v(SU{i})-v(S)] (2.2) 
n! 

ScN,iES 

The sum of the Shapley value payoffs over N is equal to v(N) which 
represents the total  amount  to be distr ibuted among the n agents. 

3 Equalized Versus Zero Shapley Decomposition 

An income distribution among a set of individuals N = {1, ..., i, ..., n}, 
according to a set of income sources K = {1, . . . , j ,  ..., k} can be de- 
scribed by a matr ix  X = [x~]. In what  follows we will not restrain 
x~ to be positive. Let us assume tha t  a speci¡ inequality index 
i : l~n _~ R has been selected. 5 The Shapley decomposit ion gives 
the contribution to inequality of any subset of sources. A subset of 
sources would be denoted S, the set of admissible subsets being the 
power set 2 k. 

Regarding the definition of the Shapley decomposition, at  least two 
calculations seem sensible. They differ in the t rea tment  of components  
not included in the considered subset. In the first one, defined as the 
zero income inequality decomposition, the components  not included 
in S are removed. In the second calculation, which leads to what  
is called equalized income inequality decomposition by Chantreuil-  
Trannoy (1999), the inequality from all components  not in S is re- 
moved. 

For the first calculation we can build a distribution of income 
among subsets of sources y : 2 K --+ R n such tha t  for all SE 2 K, S ~ 0, 

y(s) = [~ (x{ , . . . ,  x~)]lxN (3.1) 
jES 

and y(@) = [0]ixN by convention. 

5We should notice tha t  the Shapley decomposition calculations require agreement 
not only with the ordinal meaning of an inequality index, but  also with its c�91 
one. 
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In the second calculation the distribution of income among subsets 
of sources is obtained by equalizing complementary  sources, i.e. we 
define: y~ : 2 K -~ l~" such tha t  y~(0) -- [0]I~N, and for all S E 
2K, S # 0, 

jes j~s jes j~s 

(3.2) 

where #(x  j)  denotes the mean income from source j .  
The  contribution of source j according to the zero income Shapley 

decomposition is given by: 

S h j ( K , X , I )  = Z ( s - 1 ) ! ( k -  s)! I I " k! [ ( y ( S ) ) -  ( y ( S - b } ) ) ]  �9 
S C K  
j E s  

(3.3) 

According to this formula, the contribution of any given factor to 
overall inequality can be interpreted as the expected marginal  impact  
of the factor when the expectat ion is taken over all the possible elim- 
ination sequences. This decomposition rule satisfies some desirable 
properties. I t  leads to a perfect 6 symmetr ic  decomposit ion (in the 
sense tha t  the contribution assigned to any factor does not depend 
on the way in which factors are labeled), and it is sensitive to the 
choice of inequality index. The same comment  remains valid for the 
contribution of source j according to the equalized income Shapley 
decomposition defined by: 

S h i ( K ,  X ,  r) = Z (s - 1)!(k - s)! / o k! [ (y (S))  - I ( y e ( S  - {j}))] .  
ScK  
j E s  

(3.4) 
The distinction between both  calculations seems t ransparent ,  and 

maybe  the lat ter  one seems more in the spirit of inequality measure- 
ment.  From a theoretical point of view, the t rea tment  of ah equally 
distr ibuted component  of income represents a noticeable difference. 
Let us consider relative 7 inequality indices; eliminating an equally 
distr ibuted source from a subset of sources will increase inequality of 
tha t  subset. Hence the zero income Shapley contribution of an equally 

6The sum of the contributions adds up to the amount of inequality. 
TAn inequality index is relative if a proportional change in all incomes does not 
alter the level of inequality. 
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distributed source is negative, suggesting an equalizing effect of such 
a source. In contrast, the equalized Shapley decomposition assigns a 
zero impact to an equally distributed source; indeed the inequality of 
any subset of sources including an equally distributed component re- 
mains unchanged ir we remove this subset of sources in the equalized 
procedure. The equalized procedure is relevant here since a zero im- 
pact of an equally distributed source has been advocated by Shorrocks 
(1982) a s a  reasonable property of a decomposition rule. On the other 
hand, Chantreuil and Trannoy (1999) defend the view that  the treat- 
ment of an equally distributed source must be different according to 
the relative or absolute property of the inequality index. Since for 
absolute inequality indices, the contribution of an equally distributed 
source is always zero, whatever the approach chosen, the argument 
here is more in favor of the use of the zero income procedure. Thus 
the theoretical approach is rather inconclusive and we are looking for 
empirical results allowing us to make a choice on a firmer footing. 

By way of example, the relative contributions (the contribution 
divided by the overall inequality) for the two calculations present 
marked differences. The empirical exercise has been done using data  
from the 1995 United Kingdom Family Expenditure Survey and from 
1994 United States March Current Population Survey. s For the puf- 
pose of the presentation and discussion of the results 9, the Gini index 
has been selected, lo 

For the UK, the data available allow us to disaggregated house- 
hold income into three main components: (i) Earnings (E): i.e. wages 
and self-employment income, which represent about 72% of overall 
household income. (ii) Capital income(C), representing 11.4% of to- 
tal income. (iii) Transfers (T): including all kind of public and private 
transfers received by households. The income share of this source is 
16.8%. This is only one of all possible partitions, but it is very pop- 
ular in empirical works. According to equation (3.3), in order to 
calculate the zero Shapley contribution of the income sources we first 

8Available through the Luxembourg Income Study. For more information about 
this database that allows comparisoni of income distributions among different 
countries see http://lissy.ceps.lu. 
9The unweighted distribution of gross income is non adjusted by family size, as 
ir is usual in the empirical studies that decompose inequality by income sources 
(see Jenkins 1995 for instance). The unit of analysis is the household. See the 
appendix for a detailed description of the data. The inequality of a source takes 
into account the fact that household income is zero for many sources. 
l~ for other inequality Ÿ (available upon request) exhibit the same 
pattern. Therefore, the validity of the conclusions does not depend on the choice 
of the inequality index. 
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need to compute the inequality for each of the following eight subsets 
of compon~nts S : (E), (C), (T), (E U C), (E U T), (C U T), (0) and 
(EUCUT). 11 The following relative contributions have been obtained: 

ShE(K, X, I) = 24.9% 
Shc(K, X, I) = 60.9% 
ShT(K, X, I) = 14.2% 

to be compared with the following relative contributions in the equal- 
ized version: 

Sh~(K, X, I) = 83.6% 
Sh~(K, X, I) = 11.8% 
Sh~.(K, X, I) = 4.6% 

where the relevant distributions are: [E +/~(C U T)], [C + #(E U T)], 
[T + #(E U C)], [(EUT)+#(C)], [(C U T) + #(E)], [(E LJ C) + #(T)], 
and [(E U C O T)]. 

These results allow us to establish a relationship between relative 
contribution of a source and its income share, and to use the ratio 
of the former to the latter a s a  more easily interpretable measure of 
the impact of a source to overall inequality. Thus, in the above ex- 
ample, for the equalized version, the equalized Shapley contribution 
of earnings is substantially higher than its income share, capital in- 
come contributes to inequality in a slightly higher percentage than its 
weight in total income, and transfers contribute about one forth of 
its income share. The results are more amazing in the zero approach, 
since they tell us that earnings contribute slightly more than one third 
to its income share, the great responsibility of inequality bearing on 
capital incomes. The story is even more dramatic in the US exam- 
ple since the contribution of earnings to overall inequality is negative! 
(see second row of Table 2b). Considering the huge difference between 
both calculations, it seems that in empirical studies we have to select 
onty one of the two. z2 

To decide between the two ca/culations, the way they perform with 
respect to the major shortcoming of the Shapley value will be of par- 
ticular importance. Indeed the Shapley decomposition presents aa 

ll([O])lxN) : 0 
12The eqialized Shapley contributions are closer to those obtained with standard de- 
composition methods. Among other studies, see for instance Lerman and Yitzhaki (1985), 
for a decomposition of the Gini index by sources of income applied to the US and Jenkins 
(1995) that applies the natural decomposition of the variance to UK income data. Both stu- 
dies found that except for income transfers, which reduced inequality, the contribution of 
most sources was similar to their share of total income. See also Tables A.I a and A.I b in the 
Appendix. 
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Gross Income 
Market Income 
1Sh=94.5 I 
Earnings 
] Sh=83.6 I 
Earnings 

[ Sh=83.1 I 
Wages 

I Sh=65.9 I 
Wages 

I Sh=66.5 I 

Self- 
employment 
ISh=lS.51 
Self- 
employment 
[ Sh----17:8 I 

Capital 
Ish=11.sl 
Capital 

{ Sh=11.4 I 
Capital 

I Sh=11.5 I 
Capital 

I sh=~0.41 

Transfers 

Ish=5.51 
Transfers 
I Sh--4.6 ] 

P~eplace- Non-contri- 
ment Inc. butory Benefits 
Sh---3.2 I I Sh=2.3 I 

Transfers 

I Sh=4.1 I 
Replace- Non-contri- 
ment Inc. butory Benefits 

Sh=3.2 I I Sh--2.1 I 

Table la: Relative Contributions for the Equalized Shapley Decomposi- 
tion of the Gini Index. United Kingdom 1995 (Household Non-adjusted 
Distribution). 

important failure: the contribution assigned to any income source is 
not independent from the level of disaggregation, i.e. it is sensitive to 
the way in which other sources ave clustered) 3 In the following we 
will explore the intensity of that dependence regarding the alternative 
selected. 

The disaggregation of overall household income presented above is 
only one of the multiple pavtitions in which income sources could have 
been gathered together. Let us go back to that example and focus on 
the contribution of income from transfers in the UK. Assume that 
eavnings and capital income are combined in a unique source called 
"mavket income". In this case, the Shapley contribution of transfers 
to total inequality jumps from 14.2% to 47.2% in the zero approach 
while it increases from 4.6% to 5.5% in the equalized version. The 
following Tables display the kind of problems raised by the lack of 
independence with a greater detail. 
The results exhibited for finer partitions of household income reflect 
the extremely high volatility of the zero inequality decomposition con- 
tributions. An extreme example of this vaviability is the contribution 
of transfers in the UK. In the case of splitting income into only two 
sources, its contribution is about one half of overaU inequality. How- 

13For & detailed discussion of the properties of the Shapley decomposition see 
Chantreuil and Trannoy (1999) or Shorrocks (1999). 
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Gross Income 
Market Income 
Ish=9o.~l 
Earnings 
]Sh=Sl.2 I 
Earnings 

[ Sh=80.8 ] 
Wages 

I sh--74.7 I 
Wages 

[ Sh=74.8 ] 

Self- 
employment 
I Sh=7.l [ 
Self- 
employment 
Ish=6.71 

Capital 
[Sh=X0.0 I 
Capital 

[ Sh=9.8 ] 
Capital 

I Sh=9.8 [ 
Capital 

[ Sh=9.3 ] 

Transfers 

Transfers 

Ish=s.~l 
?~eplace- Non-contri- 
nent Inc. butory Benefits 
Sh=6.5 I ] Sh--2.9 ] 

Transfers 

] Sh=8.4 I 
?~eplace- Non contri- 
nent Inc. butory Benefits 
Sh=6.4 I I Sh=2.8 1 

Table lb: Relative Contributions for the Equalized Shapley Decompo- 
sition of the Gini index. United States 1994 (Household Non-adjusted 
Distribution). 

Gross Income 
Market Income 
] Sh=52.8 I 
Earnings 
Ish=~4.gl 
Earnings 

Capital 
[sh=~0.9J 
Capital 

[Sh:8.3] ISh=42.31 
Wages Self-employment Capital 
[ Sh=4.8~ [ Sh=56.9 1 ] Sh=40.8 I 
Wages Self- Capital 

employment 

Transfers 

I Sh--47.2 ] 
Transfers 
Ish=14.21 

Replace- Non-r 
ment Ine. butory Benefits 
Sh--21.81 ] Sh=2T.5 [ 

Transfers 
I Sh=2.5 I 

Replace- Non contri- 
ment Inc. butory Bene¡ 

Ish=5.il [sh=46.61 ISh-:29.4[Sh=11.4[ [sh--17.61 
Table 2a: Relative Contributions for the Zero Shapley Decomposition 
of the Gini index. United Kingdom 1995 (Household Non-adjusted 
Distribution). 
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Gross Income 
Maxket Income 

[sh--3o.9 I 
Earnings 

Ish:o.os[ 
Earnings 

] Sh:15.4 ] 
Wages 

I Sh=16.9 I 
Wages 

[ Sh:4:8 [ 

Self- 
employment 

Ish:56.61 
Self- 
employment 

lSh--4.81 

Capital 

[ Sh=67.9 I 
Capital 

I Sh:49.7 [ 
Capital 

I sh:4s0l 
Capital 

I Sh=4.81 

Transfers 

I Sh=69.1 I 
Transfers 

P~eplace- Non-contri- 
ment Inc. butory Benefits 

Sh--34.3 ] [Sh=31.4 ] 
Transfers 

I Sh=12.3 I 
P~eplace- Non contri- 
aaent Inc. butory Benefits 

sh:481 I sh--48J 
Table 2b: Relative Contributions for the Zero Shapley Decomposition 
of the Gini index. United States 1994 (Household Non-adjusted Distri- 
bution). 

ever, a further disaggregation of income components makes the con- 
tr ibution of transfers to inequality negative (see forth row of Table 
2a). Thus we can conclude that  zero contributions ave much more de- 
pendent on the level of disaggregation than the equalized ones. This 
empirical fact which is invaviant to the inequality index or the country 
chosen lead us to favor the equalized approach in the following, la 

Let us comment a little bit more on the results for the equalized 
case and let us focus on the contribution of capital income for in- 
stance. The Shapley contribution of this source is sensitive to the 
way other factors ave handled. Thus, the contribution assigned to 
capital income is not the same if eavnings ave considered as a single 
entity or decomposed in two components: wages and self-employment 
income. The contribution of capital to overall inequality is also af- 
fected by the way transfers ave clustered. Indeed, in the UK, the 
impact of capital income vavies from 11.8% when considering three 
income sources, to 10.4% when disaggregating overall income into five 
components. Other sources ave altered in the same way. For instance 
the contribution of transfers to overall inequality varies from 4.1% to 
5.5% depending on the disaggregation of mavket income. 

14Results for other partitions of household income, different inequality indices and 
data sets reveal a similar pattern of very high dependence of zero contributions on 
the level of aggregation. These results are available from the authors on request. 
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As a consequence of its dependence on the level of disaggregation, 
the Shapley decomposition does not guarantee that  the contributions 
assigned to the components of a given source of income sum up the 
contribution to inequality of that  income source t reated as a single 
unit. For instance it would be interesting to study the impact on 
inequality of the public system of pensions and unemployment benefits 
(what we have called '?eplacement income"15), independently from 
the rest of public transfers programs)  6 By doing so with the Shapley 
inequality decomposition, two points should be stressed. Firstly, as 
mentioned previously, the contribution of that  source will depend on 
how market  income is treated. Secondly, as can be seen in the last two 
lines of Tables 2a and 2b, the sum of the contributions of replacement 
income and the rest of transfers do not equal the contribution of total 
transfers when it is considered a s a  single entity in the decomposition 
that  treats market income in the same way. 

Although the consequences of the dependence on the aggregation 
level are retatively modera te - - the  differences between the ex ante con- 
tributions and the ex post contributions ate not higher than 1.4 per- 
centage poin ts - -a  general trend can be detected regarding the im- 
pact of disaggregation on the vector of contributions. On average, 
the contribution of a given component decreases with the successive 
disaggregations of complementary sources. However, this cannot be 
considered a s a  general property of the Shapley rule: for example the 
relative contribution of wages to overall inequality is slightly higher 
when transfers are disaggregated into two components than when they 
are considered a s a  single source. Another general empirical s tatement 
emerges: the coarser the parti t ion is, the more volatile are the results 
relative to a finer partition. 

An important  remark about the interpretation of the Shapley con- 
tributions opens the way to a refinement of this decomposition method. 
As was mentioned before, the contribution of any given factor to over- 
all inequality can be interpreted as the expected marginal impact of 
the factor when the expectation is taken over all the possible elimina- 
tion sequences. Thus, it is important  tha t  the elimination sequences 
or, equivalently, the subsets of components considered in the calcu- 
lation, have an economic appeal. But this is not always the case. 
Of course, the interpretation of the subset earnings-capital income as 

15Replacement income is the  sum of unemployment ,  re t i rement  and other  public 
subsidies related to pas t  economic activity. 
16Including means  tes ted and other  public t ransfers  not  linked to economic activ- 
ity, as well as private t ransfers  received from other  households  or inst i tut ions.  
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market income is straightforward. Nevertheless, the interest in consid- 
ering the subsets earnings-transfers, and capital-transfers is not that 
clear, which raises doubts about the interpretation of Shapley contri- 
butions. As long as the level of disaggregation increases, the risk of 
having 'Ÿ subsets of sources becomes higher, and interpreta- 
tion of the results may be puzzling. Introducing ah explicit structure 
on the set of sources can help to mitigate this difficulty as well as to 
reduce the dependence of source contributions to the way in which 
other sources are grouped. 

4 Nested Shapley Versus Owen 

The structure we introduce takes the general form of a nested tree 
or a hierarchy and the simplest example would be a partition of the 
set of sources. A partition of the set of income sources K is the set 
PK = {$1, ..., St, ..., Sin} such that for all Sh, St e PK, Sh [7 St = 0 
and: 

m 

U S h = K  (4.1) 
h = l  

with 1 < m < k. For the sake of illustration let us consider the fol- 
lowing example: suppose that the data available allow us to disaggre- 
gate overall household Ÿ (X) into four elementary components, 
and that this partition is given exogenously and is relevant from an 
economic view: 17 (i) Earnings (E), (ii) Capital income (C), (iii) Re- 
placement income (R) and (iv) Non-contributory benefits (B). These 
sources may be divided naturally into two main aggregated factors: 
Market income (M), formed by earnings and capital income, M--EOC, 
and Transfers (T) T= RUB, which includes all kinds of transfers. 

Consider the contribution of an elementary factor, for instance, 
capital income. With the Shapley decomposition, we have shown in 
the previous section that its contribution depends on the number of 
subgroups considered, not only in the disaggregation of market in- 
come, but also in the disaggregation of transfers. Therefore, the Shap- 
ley value that ignores the additional information about the structure 
of household income is not ah appropriate tool for the decomposi- 
tion analysis. A desirable requirement would be that the contribu- 

17We can object tha t  the sources considered are not exogenous from each other (for 
example transfer income certainly depends on earnings). But  any finer parti t ion 
will face a problem of endogeneity. In quoting Gottshalk and Smeeding (1997, p. 
668) "a major  drawback of this source decomposition exercice is tha t  they can be 
easily misinterpreted because they do no make a distinction between endogenous 
and exogenous factors". 
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tion of capital income is at least independent from the disaggregation 
of transfe~s. In this section, we perform ah empirical illustration of 
two different methods, derived from the Shapley va/ue, satisfying the 
milder requirement of independence. 

4.1 The Nested-Shapley Inequality Decomposition 

The components of a partitioned decomposition problem is now the 
vector (K, PK, X, I). The Nested-Shapley procedure [see Chantreuil 
and Trannoy (1999)] uses the nested structure of a partition and the 
calculation procedure can be simply described a s a  two-stage proce- 
dure. In a first stage, called the "between stage", the contribution of 
any subgroup of sources is calculated using the Shapley formula given 
by (3.4). In other words, each subset of sources St 6 P~ is considered 
as an elementary source. If we denote the Nested Shapley contribu- 
tion of source j in ma equalized procedure NSh~, we can write the 
following identity: 

NSh e & (K, PK, X, I) =_ Shes, (7:'K, X, I), VS, 6 PK (4.2) 

In a second stage, called the "within stage", the contribution of any 
elementary source is computed along the Shapley procedure providing 
that the contributions of the elementary sources belonging to some 
subset add up to the Nested-Shapley contribution of the subset. Let j 
be an elementary source belonging to some aggregated factor Si and 
let si denote the dimensionality of Si. The general formula for the 
Nested Shapley contribution of source j is given by: 

NSh~(K,7)K,X,I) = (4.3) 

E (s -1) ! ( s t - s  I 
~~! ):[l(y~(s)) - 1(y~ - {j}))] 

SC_S, 
js 

+ l[NSh~s, (K, PK, X, I) -- i(ye (Si)] 

The first term on the RHS in expression (4.3) is much the same 
as the simple equalized Shapley contribution of source j in the sub- 
decomposition problem of the aggregated factor St. The slight dif- 
ference between both computations comes from the fact that while 
inequality of aggregated factors different from SI have been removed 
in the Nested Shapley approach, aggregated factors are ignored in the 
simple Shapley contribution of source j in the decomposition of St. 
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Using (4.2) the second term on the RHS in expression (4.3) com- 
puted the difference between the Shapley contribution of the aggre- 
gated factor St and the inequality of this source. An equal split of 
this difference between all elements of the aggregated factor ensures 
the exactness of this decomposition method. 

The %vithin stage" only considers subsets of elementary sources 
belonging to the same aggregated factor. As long as the part i t ion 
used is relevant from an economic view, the subsets in question will 
also have an economic interpretation. Here, to keep notat ion to a 
mŸ two stage trees have been considered. Obviously this chain 
calculation can be extented to as many stages as desired. 

Under the Nested-Shapley extension the equalized procedure can be 
viewed in two different ways. The usual one, is the one followed in the 
above formula, computes the inequality of a subset of sources assuming 
that  inequality is removed in all income components not included in 
the subset. However, it is conceivable to imagine another calculation 
that  removes inequality only for income components in the same level 
of the income structure. This second procedure will be termed the 
semi-equalized Nested Shapley method. In the "within stage", the 
semi-equ~Iized distribution of income according to a subset of sources 
S belonging to the aggregated factor Si is obtained by equalizing 
complementary sources belonging to Sz, while income coming from 
other aggregated sources than St is ignored. 18 Let us define ySe : 
2 s -+ 1~'~, such that  y~e (0) = [0]lxN and for all S e 2Ÿ S • 0, 

yse/s) =/~E x{ + ~E , /x i ) , .  ~E x~ + Z ,(xi/). 
j@S j ~ S  j E S  j ~ S  

j e &  jESz  

(4.4) 

The contributions of the elementary sources for this semi-equalized 
version of the Nested Shapley decomposition will be given by: 

lSThe example used in Section 4.1 allow us to illustrate the distinction between 
both approaches. Let S be the subset of income sources that includes earnings (E). 
The semiequalized distribution ySe (E) is given by ySe (E) = (xŸ q- #(x c),..., x ¡ -b 
/t(xC)), while the equalized distribution is given by: ye(E) = (xŸ -b ~u(x C) + 
IZ( x T  ) . . . . .  X¡  "~- I't( xC ) "[- IA( g~r ) ) . r 
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N S h ;  ~ (K, "PK, X ,  I)  = 

~ ]  (s - 1)!(__sz - s)! [Z(ySe(S)) _ i (ySe(S _ {j}))] 
si! 

S C S ~  
j-~ s 

+ I [NSh~~  (K, 7~K, X ,  I)  -- I(ySe(Sl))] (4.5) 

Expressions (4.3) and (4.5) are similar except that the various equal- 
ized income distributions in equation (4.3) have been substitute for 
the semi-equalized income distributions in expression (4.5). The first 
term on the RHS in expression (4.5) is now identical to the simple 
equalized Shapley contribution of source j in the sub-decomposition 
problem of the aggregated factor St. With this procedure, this term 
does not depend on any data related to sources which do not belong 
to the same aggregated component. However, as shown by Tables 3a 
and 3b, the semi-equalized procedure produces a negative contribu- 
tion of capital income for the U.S. and the U.K, which seems an odd 
result since capital income is one of the more  unequally distributed 
source. For that reason it seems preferable to work with the equalized 
procedure. 

Gross Income 
Market Income I Transfers 

I NSh=94.5[ [ NSh=5.51 
Nested Shapley Equalized 

Earnings Capital Replacement Inc. Non-contri- 
butory Benefits 

INsh=~9.01 INsh=5.5l LNsh=3.81 INS~=l.Tl 
Nested Shapley Semi-Equalized 

Earnings Capital Replacement Inc. Non-contri- 
butory Benefits 

[NSh=97.41 I NSh=2.9] I NSh=9.1[ I NSh=3.6] 

Table 3a: Relative Contributions to the Equalized and Semi- 
equalized Nested-Shapley Decompositions of the Gini Index. United 
Kingdom 1995 (Household Non-adjusted Distribution). 

4.2 T h e  Owen  Decompos i t i on  

Chantreuil and Trannoy (1997) and Shorrocks (1999) have considered 
an application of the Owen Value (1977). A direct application of 
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Gross Income 
Market Income Transfers 

[ NSh=90.2 ] 
Nested Shapley Equalized 

Earnings 

[ NSh--89.0 ] 

Capital Replacement Inc. 

] NSh=I.I ] ] NSh=8.2 ] 
Nested Shapley Semi-Equalized 

Earnings Capital Replacement Inc. 

[NSh=97.2[ INSh=7.31 [NSh-23.4[ 

[ NSh=9.8 [ 

Non-contri- 
butory Benefits 

]NSh=161 
Non-contri= 
butory Benefits 
[ NSh=I3.3 ] 

Table 3b: Relative Contributions to the Equalized and Semi- 
equalized Nested-Shapley Decompositions of the Gini Index. United 
States 1994 (Household Non-adjusted Distribution). 

the Owen 19 formula in an equalized procedure gives the following 
contribution to inequality of source j :  

K-~ ~ g!(s, -g- l)!s!(m- s - i)! 
Ow~(K, P K , X , I )  /__, A.., st!rol sc_Pk GESI 

Szr j$e  

[ I ( y e ( S U G O { j } ) ) - I ( y e ( ( S U G ) ) ]  (4.6) 

where g denotes the dimensionality of G. 
This expression is rather complex at first glance, but it can again 

be interpreted as the expected marginal contribution of ah elemen- 
tary source j belonging to some aggregated factor St. The kind of 
subset of sources considered here is composed of a union of a subset 
of sources. The first one, S, is a subset of aggregated factors while 
the second one, G, is a subset of the elementary sources which be- 
longs to Si. The coefficient in expression (4.6) can be interpreted as 
the probability that  the subset S t2 G will precede source j in some 
ordering of the elementary sources compatible with the partition PK. 
This probability is the product of two probabilities: g!(st - g -  1)!/st!, 
which is the probability that  G precedes j in the aggregated factor SI; 
and s!(m - g - 1)!/m! which is the probability that  S precedes St in 
the partition PK. 

The discussion of the differences between the Owen contribution 
and the Nested-Shapley one will be pursued through the example 

19For a generalization of the Owen decomposition that considers situations in 
which the set of sources is decomposed into a level structure see Chantreuil (19w 
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given in Section 4.1. The Owen contribution of earnings (E) according 
to this decomposition rule is given by: 

1 Ow• = ~ [I(ye(E)) + I(ye(M)) - I(ye(C))] 

1[ 
+ -~ I ( y " ( E U T ) ) - I ( y ~ ( T ) ) + I ( y ~ ( X ) )  

- I (ye (C U T))] (4.7) 

There are four admissible subsets of sources relative to which we have 
to compute the marginal contribution of eaxnings: the empty set, 
capital income (C), transfers (T), and transfers augmented by capital 
income (T U C). 

A direct application of formula (9) gives for the Nested Shapley 
contribution of earnings: 

1 NSh•  = ~ [I(y~(M)) + I(ye(E)) - I(ye(C))] 

+ l { l [ I ( y ~ ( X ) ) + ' ( y e ( M ) )  

-I(y ' (T))]  - I(ye(M)) }" (4.8) 

The first term is simply the equalized Shapley contribution of eaxn- 
ings in the sub-decomposition of market income while the second term 
stands for half the difference between the equalized Shapley contribu- 
tion of market income and the market income inequality. 

To understand the general difference between the Owen and the 
Nested-Shapley methods, we need to focus on the subgroups of com- 
ponents considered in the calculation. The Nested-Shapley rule only 
takes account of subgroups of sources at the same level, i.e. either 
subgroups of elementary income sources or collections of aggregated 
factors. The interpretation of those subgroups is straightforward ir the 
partition PK is relevant from an economic point of view. The Owen 
rule, however, consideres subgroups that mix elementary as well as 
aggregated components of income. For example, to obtain the contri- 
bution of earnings to inequality according to the Owen procedure, we 
have to compute inequality of the subset formed by earnings and all 
kinds of transfers (EUT), as well as inequality of the subset formed by 
capital income and transfers (C ti T). These two sets of sources have 
a doubtful economic meaning. This feature reduces the interest of the 
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latter decomposition rule, and favors the Nested-Shapley approach, 
that will be used in the following section. 

Tables 4a and 4b present the differences between the values of the 
Owen and Nested-Shapley contributions for the British and American 
income distributions. These differences are significant (particularly 
important for the contribution of capital) and show the importance 
of the selection of the decomposition method. 

Gross Income 
Maxket Income [ Transfers 

I NSh=Ow=94.51 I t NSh=Ow=5.5 I 
Nested Shapley Equalized 

Eaxnings Capital Replacement Inc. Non-contri- 
butory Benefits 

INSh=Sg.01 INSh=5.51 INSh:3.S I INSh=I.7 I 
Nested Shapley Semi-Equalized 

Earnings Capital Replacement Inc. Non-contri- 
butory Benefits 

Iow:s3.11 lOw=11.41 Iow--~.21 1Ow=2.31 
Table 4a: Relative Contributions to the Equalized Nested-Shapley 
and Owen Decompositions of the Gini Index. United Kingdom 1995 
(HousehoId Non-adjusted distribution). 

Gross Income 
Market Income Transfers 

I NSh=Ow=90.21 NSh=Ow=9.S  
Nested Shapley Equalized 

Earnings 

I ~sh=8o o I 

Eaxnings 

I 0w=80.7 I 

Capital Replacement Inc. 

I.Sh=l.11 INSh:a.~l 
Nested Shapley Semi-Equalized 

Capital Replacement Inc. 

LOw:9.51 I0w:6.91 

Non-contri- 
butory Benefits 

INsh--1.61 

Non-contri- 
butory Benefits 

Iow=3.ol 
Table 4b: Relative Contributions to the Equalized Nested-Shapley 
and Owen Decompositions of the Gini Index. United States 1994 
(Household Non-adjusted distribution). 
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5 Alternative Groupin8 Solutions 

In order to'apply the Nested-Shapley rule to real data, it is necessavy 
to define an adequate income structure which leads to a meaningful 
decomposition of inequality by income components. We first focus on 
the disaggregation of gross income before tackling the question ralsed 
by the introduction of taxes. In this section, definite solutions ave not 
offered. We aim only to expose some additional problems avising in 
the Ÿ of the Shapley procedure. 

5.1 Gross Income Decomposition 

In most countries, microeconomic datasets allow us to disaggregate 
household income into at least eleven elementary sources whose im- 
pact on inequality ave interesting in some respect: wages and salavies 
of household heads, wages of other household members, self-employ- 
ment income, private pensions, cash property income, social retire- 
mentor  public pensions, other replacement income, means-tested ben- 
efits, other benefits, private transfers and direct taxes. 2o However, 
among this set of sources, the hierarchy of factors seems ambiguous 
and somewhat different hierarchical or tree structures can be defended 
depending on the criteria considered to split income sources. Further- 
more the nature of income (gross versus net) influences the structure 
we have in mind. This paves the way to differences in results con- 
cerning the contribution of income sources to overall inequality. The 
ideal structure would be one that takes into account all relevant eco- 
nomic links but does not include any non pertinent subset of income 
sources. The following graph indicates which links between income 
sources seem relevant. The impossibility of reducing the structure of 
economic links to a hieravchy emerges quite naturally from the picture. 

Consider for instance the case of replacement income. As it forms 
part of pu.blic sector transfer programs, and, at least in some coun- 
tries, also includes a redistributive component, a first solution would 
be to place it alongside purely redistributive transfers (means-tested 
and other benefits). Although the redistributive feature of replace- 
ment income cannot be denied, some authors like Bourguignon (1999) 
prefer to focus on their social insurance roots. Since in most coun- 
tries social retirement and unemployment benefits ave linked to the 
eavnings obtained by workers when active through social security con- 
tributions, they can be viewed asa  form of delayed salavies. Moreover, 

2~ detailed description of each income source is given in the Appendix. 
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differences in the coverage of social security programs among devel- 
oped countries, along with the substitution between public and private 
insurance, have driven researchers to limit redistributive analysis to 
non-contributory social benefits and taxes. 21. This line of reasoning 
leads to a second solution where it is convenient to include replace- 
ment income within the 'qinked to labor" income subset. But this 
option has some limitations: it would be impossible to assess the joint 
impact of a subset traditionally analyzed in this kind of study, namely 
'Ÿ  income". The same kind of difficulty arises when analyzing 
the effect of income from private pensions. On the one hand, it can 
be seen as replacement or insurance income; on the other hand, since 
it comes f rom savings, it seems quite natural  to include it with the 
rest of proper ty  income. I t  is difficult to decide between these two 
alternatives. 

N E  l a  / i 

i . . . . . . .  
1 l . 

i t ~ m  T m ~  

. .  \ . , J  

" ' Tmm~m I ......... "~ TA~S 
~iEou 

!--,-i 

Fig. 1: Relevant links between elementary sources 

SiSee Bourguignon (1999) for further details. 
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These ave the kind of decisions we have to face when trying to 
define an income tree for ah empirical decomposition of inequality. 
The applied analysis requires the caveful definition of the subsets con- 
sidered more relevant to our objectives and the selection of the tree 
structure consistent with them. As there is no ideal income structure, 
it is important to assess the extent to which the selection of the tree 
affects the results. 

Nested-Shapley inequality contributions to households gross in- 
come inequality have been computed for ten elementavy sources ac- 
cording to three appealing income structures. The first tree follows 
the traditional approach that splits household income in two main 
sources: mavket income and transfers. Then, market income divides 
into eavnings and property income, and we have distinguished between 
replacement income (made of social retirement benefits and unem- 
ployment and other replacement income) and redistributive transfers 
(subdivided into public--or non contributory benefits--and private 
transfers). See Figures A.la and A.lb in the Appendix. The other 
proposed trees adopt a restrictive definition of redistribution limited 
to non-contributory benefits, and consider replacement income a s a  
"linked to labor" income. They differ regavding the treatment given 
to private pensions. In the second tree, income from pensions funds 
is combined with replacement income (see Figures A.2a and A.2b in 
the Appendix), while the third tree emphasizes the link between that 
source and the rest of property income (see Figures A.3a and A.3b in 
the appendix). 

Nested-Shapley contributions according to these three trees exhibit 
moderate volatility. As expected, the sources treated differently in 
the alternative structures, and the sources directly related to them ave 
most affected. Thus, the Nested-Shapley contributions of the different 
types of eavnings ave very little affected by the disaggregation of the 
rest of factors. However, the impact is higher for replacement income, 
redistributive transfers and property income. For instance, for the 
United Kingdom, the contribution of replacement income vavies from 
-1.8% when this source is regavded as income-linked to production 
factors, to 3.8% when they ave merged with the rest of transfers. The 
contribution of"cash property income" to inequality oscillates between 
2.3 and 0.6%, while that of private pension contributions vavies from 
4.9% to 7.6%. Even ir the magnitude of the changes is not huge in 
absolute terms, the picture is less favorable in relative terms since the 
components in question have a rather small income shaves. Therefore, 
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it seem impossible to escape the conclusion that  the choice of a tree 
has a critical impact on the decomposition results. 

5.2 Introducing Taxes: A Dif¡ 

In all the previous examples, income has been de¡ in gross terms, 
i.e., before deducting direct taxes. We now investigate the conse- 
quences of including direct taxes 22 in the analysis. Are the contri- 
butions of income sources to net income inequality different from the 
contributions obtained when decomposing gross income inequality?. 
Results of the decomposition of net income ave displayed in Tables 5a 
and 5b. 

Net Income 
Gross Income Taxes 

NSh=98.8 
Maxket Income 

I NSh=109.1 I 
Earnings Capital 

I NSh=ln.S I [NSh=2.7 ] 

Transfers 

INSh=I0.3 I 
Replace- Non-contribu- 
ment Inc. tory Benefits 

I NSh=3.7 [ I NSh=~.61 

I Nsh=121 

Table 5a: Relative Contributions to the Equalized Nested-Shapley De- 
compositions of the Gini Index. United Kingdom 1995 (Household non- 
adjusted distribution). 

Net Income 
Gross Income 

NSh=100.8 
Market Income 

INSh=10601 
Earnings- Capital 

INSh=115.0 I INSh--9.01 

Transfers 
[ NSh=5.i I 

Replace- Non-contribu- 
ment Inc. tory Benefits 

I NSh=2.1] ] NSh=7.2 I 

T�91 

Table 5b: R, elative Contributions to the Equalized Nested-Shapley Decom- 
positions of the Gini Index. United States 1994 (Household non-adjusted 
distribution). 

Including taxes influences the sign as well as the magnitude of the 
relative contributions. Comparison of the Table 5a and 5b results with 

22According to LIS, taxes include: income taxes (personal income tax liabilities), 
mandatory contributions for self-employed and mandatory employee contributions. 
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those in Tables 4a and 4b shows us that the relative contribution of 
transfers becomes negative, while the relative contribution of maxket 
income exceeds 100. Moreover the results concerning the contribution 
of capital income are perturbed in an unpleasant way. The contribu- 
tion of capital income becomes negative, a rather bizarre result since 
capital is one of the more unequally distributed source of income (see 
Table 0 in the Appendix). These changes are a by-product of the 
lack of independence of the Shapley approach from the degree of dis- 
aggregation. More specifically Nested Shapley contributions ate not 
invariant to adding a starting stage in the tree of components. Inspec- 
tion of formula (9) helps us to understand why this is so. Suppose that 
source j is capital income. The second term on the RHS in expression 
(9) depends on the Nested Shapley contribution of the aggregated fac- 
tor to which capital income belongs, i.e., market income. But adding 
an initial stage changes the Nested Shapley contribution of market 
income and consequently the contribution of capital income. In view 
of this flaw of the Nested Shapley method, it might be sensible to 
require of a decomposition method to respect the following property: 
the ratio of relative contributions at some stage must be independent 
from what happens on previous stages of the tree. 

6 Concluding Comments 

As the results have shown, mechanically applying the Shapley decom- 
position rule may give odd results [fora rough application to French 
data see Auvray and Trannoy (1992)]. The major shortcoming comes 
from the lack of independence from the level of disaggregation. Some 
empirical solutions can circumvent the problem but not cure the ill- 
ness. As far as the decomposition of gross income is concerned the 
proposed solutions are the following: 

1) To avoid the use of the zero income decomposition. Indeed our 
results obtained by the zero approach show that the contributions of 
income sources to overall inequality are highly volatile. These con- 
tributions are much more dependent on the level of aggregation than 
those obtained through the equalized method. 

2) To apply the Nested Shapley rule. In both, Nested Shapley 
and Owen decompositions, the contribution to overall inequality of a 
secondary factor is dependent on the treatment given to the primary 
factor it belongs to. Nevertheless, i t i s  independent of the remaining 
factors' disaggregation. Although the Nested Shapely and Owen rules 
satisfy this milder independence requirement, the Owen contribution 
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needs to consider the coalitions of elementary sources to aggregated 
sources to which they do not belong. Hence, the Owen contribution 
intrinsically considers some subsets whose meaning is doubtful. The 
Nested-Shapley decomposition therefore seems to be more adequate. 

3) Careful design of the income tree. Once the Nested-Shapley 
procedure is chosen, it is necessary to define a hierarchical income 
structure tha t  allows a meaningful marginalist interpretation of the 
decomposition rule. We show that  the structure of economic links 
between income sources cannot be easily reduced to a tree. An ideal 
tree is consequently difficult to imagine. Nevertheless, the differences 
between the alternatives are not that  great. Introducing a more struc- 
tural  model generating the hierarchy of sources before applying the 
Shapley procedures could be useful. 

Once these principles have been respected, one may hope to have 
sensible results tha t  can be compared to those obtained with "natu- 
ral" decompositions. In a companion paper (see Sastre and Trannoy 
2000) we apply the lessons gathered here and compare the Shapley de- 
composition results to those obtained with more standard methods. 
For the decomposition of net income, there is still a difficulty which 
can be solved if we are looking for methods requiring ah additional 
property: the ratio of relative contributions at some stage must be 
independent from what happens on previous stages of the tree (see 
the above quoted paper for more details). 
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I N C O M E  D E F I N I T I O N  
S O U R C E *  

T O T A L  E A R N I N G S  (1) 

Wages  

Self- 
e m p l o y m e n t  
Income  

Includes all forms of cash wage and salary income, in- 
cluding employer bonuses, 13th month bonus...gross 
of employee social insurance contributions/taxes but 
net of employer social insurance contribution/taxes 

Gross of social insurance contributions 

R E P L A C E M E N T  I N C O M E  (2) 

Social Re-  
t i r emen t  

O the r  re- 
p l acemen t  
income 

Social retirement benefits (Cash social security ben- 
efits for old age or survivors (widows/widowers) and 
public sector pensions (these include pensions for 
public employees and do not include amounts com- 
ing from social security benefits for the aged or sur- 
vivors). 

Cash sickness insurance benefits (sick pay). Acci- 
dent pay (cash accidents of injury payments, only 
short term public stipends for injured workers are in- 
cluded). Disability pay (long-term cash benefits for 
partial or total permanent disability of permanent 
injury). Unemployment compensation (cash pay- 
ments insurance benefits in case of unemployment: 
LIS excludes means-tested unemployment bene¡ 
Maternity allowances (LIS excludes means-tested or 
non mandatory employer provided benefits). Mili- 
tary/vet /  war benefits (Cash veteran's or military 
benefits for old age, military disability, etc. LIS also 
includes cash benefits provided to dependents of the 
military as long as they ate non means-tested). 
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Other social insurance (other cash or neav cash ben- 
efits that ave not included in the more specific cash 
benefit vaviables, such as other social insurance, e.g. 
education training of retraining allowances as long as 
they ave non means-tested, also scholavships). 

P R O P E R T Y  I N C O M E  (3) 

Cash  prop- Includes cash interest, rent, dividends, annuities, 
erty in- royalties, etc, but excludes capital galns, lottery win- 
come nings, inheritances, insurance settlements and all 

other forms of lump sum payments. 
Private 
pensions  

Employer payments for retirement that may (or 
may not) supplement social security transfers. Self- 
employment pension plans ave included if they ave 
designed to supplement social security, e.g. individ- 
ual retirement accounts. 

L I N K E D  TO FA CTO RS I N C O M E  (1-}-2+3) 
I 

N O N - C O N T R I B U T O R Y  B E N E F I T S  (4) 

Means- 
tes ted  
bene¡  

Other ben- 
efits 

Means-tested cash benefits (means-tested or so called 
"emergency" benefits and benefits for long term un- 
employed if means-tested). LIS includes also manda- 
tory cash transfers not tied to some form of in-kind 
benefits, e.g. not tied to food or education). All neav 
cash benefits (includes all forms of transfers that ave, 
in a strict sense, in kind payments) but have a cash 
equivalent value equal or neavly equal to the mavket 
value, including near-cash housing benefits. 

Child or family allowances (cash payments for child 
of family allowances. This may include refundable 
tax credits as long as they ave not means-tested. 
Value of food, housing, medical, heating and edu- 
cations benefits. 
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P R I V A T E  T R A N S F E R S  (5) 

Private  
t ransfers  

Alimony or child support received (these are counted 
apart from child or family allowances even if gov- 
ernment mandated). Other regular private income 
(regular, cash private inter-household transfers, in- 
cluding from friends and relatives, but not including 
one time cash gifts). Other cash income (rest of vari- 
ables in which LIS puts all cash income that can not 
be classified in one of the previous variables). 

T A X E S  (6) 

T a x e s  Mandatory contributions for self-employed (all forms 
of social insurance contributions paid by the self- 
employed: social security, medical insurance, un- 
employement, etc. This information is rarely avail- 
able). Income taxes (personal income tax liabili- 
ties). Mandatory employee contributions (payroll 
taxes from wage and salary workers for all forms of 
social insurance: social security, health plans, unem- 
ployement insurance, etc.) 

G R O S S  I N C O M E *  ( 1 + 2 + 3 + 4 + 5 )  
I 
N E T  I N C O M E *  ( 1 + 2 + 3 + 4 + 5 - 6 )  

I 
*AII income variables ate recorded as yearly amounts. LIS imputes 
yearly amounts if not provided in original survey. 



82 M. Sastre and A. Trannoy 

Income Gini Coeff. N.Decom.N.Decom. 
Share ( %)indexVariationVariance Gini 

Household 40.0 0.70 274.4 40.0 50.1 
head wages 
Rest of 19.4 0.80 334.3 21.8 28.2 
wages 
Self-employment 12.3 0.94 808.4 32.8 20.5 
Cash pro- 4.7 0.90 731.8 7.4 5.3 
perty income 
Private 6.7 0.90 528.2 2.9 3.6 
Pensions 
Social 6.2 0.74 304.9 -2.7 -4.2 
ret irement 
Other  replace- 3.2 0.90 483.8 -0.5 -0.1 
ment  income 
Means-tested 4.7 0.86 394.7 -3.0 -4.6 
benefits 
Other  1.5 0.75 296.0 0.3 0.5 
bene¡ 
Private 1.0 0.97 1435.3 0.8 0.7 
transfers 
Gross Income 100 0.42 164.5 100 100 

Table A. 1 a: Basic Statistics: lncome Share, Inequality and Sources Relative 
Contribu¨ (%) to Inequality According to Natural Decompositions of 
Va¡ and Gini. United Kingdom 1995 (Household Nonadjusted Distri- 
bution) 
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Income Gini Coeff. N.Decom.N.Decom. 
Share (%)indexVariationVariance Gini 

Household 48.8 0.61 5450.3 54.5 55.4 
head wages 
Rest of 22.3 0.74 7452.1 25.9 29.6 
wages 
Self- 5.3 0.96 22104.2 9.2 7.2 
employment  
Cash pro- 5.3 0.89 15970.3 10.1 7.5 
per ty  income 
Private 2.1 0.95 20415.8 1.4 1.6 
Pensions 
Social 8.2 0.81 8476.6 0.3 0.7 
ret irement 
Other  replace-l .3 0.92 19663.2 0.2 0.3 
ment  income 
Means-tested 1.3 0.93 15555.5 -0.8 -1.5 
benefits 
Other  benefits4.7 0.75 6924.0 -1.0 -1.4 
Private 0.7 0.97 33877.6 0.2 0.3 
transfers 
Gross Income 100 0.41 3574.9 100 100 

Table A.lb: Basic Statistics: Income Share, Inequality and Sources Relative 
Conlributions (%) to Inequality According to Natural Decompositions of 
Variance and Gini. United States 1994 (Household Nonadjusted Distribution) 



GR
OS

SIN
CO

ME
 

i 
..

..
..

 
[ 

.
.

.
.

 
J 

]_
 .

...
. 

j - 
a

m
i~

 

L 
NS

~.-
89

~ 

.
.

.
.

.
.

.
.

 
1 

...
...

...
. 

1_
 ...

.
.

.
.

.
.

.
.

.
.

.
 

Ma
rke

t Inc
om

e 
i 

Tra
nsf

ers
 (re

pla
cem

ent
 an
d re

d~
~.)

 ii 
i 

NS
h=

94
.5 

i 

i- 
NS

h--
5.5

 
i I J 

1 
_

_
 

I 
I 

__
_I

ra
 

~ 
C

a~
lim

 
Ir

a 
! R

dw
i~

 T
r, r~

 i 
J 

NS
h=5

5 
i 

i 
i 

, 
I 

NS
ll=3

~8 
I 

N~
1.7

 
', 

--
I 

I 
T 

_L
 

r 
1 

. 
I 

I 
--

-1
- 

I 

PI
 ;>
 

Fi
g.

 A
. 1

 a:
 N

es
te

d 
Sh

ap
le

y 
E

qu
al

iz
ed

 D
ec

om
po

si
ti

on
. 

G
in

i 
In

de
x.

 U
ni

te
d 

K
in

gd
om

 1
99

5 
(H

ou
se

ho
ld

 N
on

ad
ju

st
ed

 D
is

tr
ib

ut
io

n)
 



j 
Gn

OS
SIN

C~
 i 

E 

r 

Ma
rlel

lnc
om

e 
1 

Ÿ 
(rep

lac
me

nt and
 red

il,) i
 

' 
/ 

NS
h=9

.9 
L 

i 
i_

 ..
...

...
...

.. 

[ 
~-

�8
9 

];~~
 

I 
l 

r-
-I 

...
. ]

---
- 

i 
NS

~tl
 

' 
[ 

NS
~2

 
i 

I 
NS

~-1
,7 

! 

t~
 P_
 

i..
,~

 

Z7
 

o 2.
 

Fi
g.

 A
. l

b:
 N

es
te

d 
Sh

ap
le

y 
E

qu
al

iz
ed

 D
ec

om
po

si
tio

n.
 G

in
i 

In
de

x.
 U

ni
te

d 
St

at
es

 1
99

4 
(H

ou
se

ho
ld

 N
on

ad
ju

st
ed

 D
is

tr
ib

ut
io

n)
 



GR
OS

S 
IN

CO
ME

 
...

...
...

.. 
[ ..

...
...

...
...

. 

Lin
ke

d 
Ma

rke
t I

nc
om

e 
Re

dis
trib

uli
ve

 T
ran

sfe
rs 

i 
NS

h=
96

.3 
i 

NS
h--

3.5
 

.
.

.
.

.
.

.
.

 
] 

..
..

..
..

..
..

..
..

. 
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
. 

.
.
.
.
.
.
.
.
.
.
.
.
.
 

] 
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
 L
 
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
 
I .

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
 

l ..
.
.
.
.
.
.
.
.
.
.
.
.
.
 

i L
int

ed
 to

 I~
lx~

r In
r 

(ir~
l.w

iva
te 

pe
r~

o~
 i 

i 
Ca

pit
al 

Int
ern

e 
, 

�9 
No

n<
of

ltr
i~

or
y 

be
ne

flts
 

P~
iva

te T
ra

nd
m 

i 
NS

h-.
~.0

 
ii 

NS
~=

2.3
 

, 
~ 

,S
~,

3 
NS

~.2
.8 

i 

'- .
.

.
.

.
.

.
.

.
 

F 
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

 
" .

.
.

.
.

.
.

.
 

l 
..

..
..

..
..

..
..

..
 

" 
" .

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
 

.
.

.
.

.
.

.
 

I 
..

..
..

..
..

 i
 

..
..
..
..
..
..
 l
_ .

..
..

..
..

 ~
 

..
..

. 
l .

..
..

..
..

..
..

..
..

..
..

. 
I 

.
.

.
.

.
.

.
.

 

,.~
.s

 
~ 

i 
,s,

.7.
s 

j 

! ..
..
. ~_
,_
~L
 

..
..
..
..
. Jt
 ..
..
 ,_
-J

I_
~J

t 
..
..
. d 

! 
Me

an
s.t

es
ted

 be
ne

~s
 

:I 
O~

le~
 be

~le
fits

 
! 

i 
NS

h~
.5 

I 
~S
h=
-0
.2
 

I 

O
 

Fi
g.

 A
.2

a:
 N

es
te

d 
Sh

ap
le

y 
E

qu
al

iz
ed

 D
ec

om
po

si
fio

n.
 G

in
i I

nd
ex

. U
ni

te
d 

K
in

gd
om

 1
99

5 
(H

ou
se

ho
ld

 N
on

ad
ju

st
ed

 D
is

t¡
 



GR
OS

S IN
CO

NE
 

I 
...

...
...

...
.. 

_L
 .

..
..

..
..

..
..

..
..

..
. 

I 
; 

Lin
ked

 Ma
rke

t In
co

me
 

,i 
Re

dis
~ib

,,ti
ve T

ran
sfe

rs 
NS

h--
96

.1 
i 

NS
h--

3,9
 

i 

r-
 ..

..
..

..
..

. 
l 

..
..

..
..

..
..

..
. 

~ 
f .

..
..

..
..

..
..

..
 

_L
 ..

..
..

..
..

..
..

..
 

r 
.

.
.

.
.

.
 

l 
..

..
..

..
..

..
..

..
..

..
. 

l
-

-
 

ii I.i
nlt

ed
 to 

La
bo

r Irr
 

(in
d,p

ma
le ~

 
i 

[ 
Ca

pit
al I~

.,o
me

 
r 

No
n-r

 
be

ne
fits

 
Pr

iva
te T

ran
~m

 
l_

 
NS

~l
S 

I[
 

NS
h:

, 
j J

 
NS

~6
 

NS
h:.

27
 

..
..

..
..

. 
-1

- 
'-

'-
 

..
..

..
 

J 
L 

..
..

..
..

..
..

..
..

..
..

..
. 

t .
..

..
..

..
..

..
 

] 
..

..
..

..
..

..
..

..
. 

;~
_ 

..
..

..
..

..
..

..
..

..
..

. 

,.
 ..

..
..

. 
_

_
l 

.
.

.
.

.
.

.
.

.
.

.
.

 
_

t 
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

 
L 

..
..

..
..

..
..

..
..

..
..

..
. 

1 
..

..
..

..
. 

F 
t,~

rs
-tn

~ 
~r

~ 
i 

0t
he

r~
~s

 
[ 

Ea
m~

s 
l~

e~
l(i

nc
pr

ivm
 p

e~
~n

s) i 
NS

tr-S
E2

 
I 

| 
k<

Jl=
5.3

 
! 

I 
NS

I'=0
.5 

1 
NS

h=
6.I 

i 
i 

L
 .

.
.

.
.

 
J 

, 
_J

 :
._

 ..
..

..
..

..
..

..
..

. 

F
ig

. 
A

.2
b:

 N
es

te
d 

Sh
ap

le
y 

E
qu

al
iz

ed
 D

ec
om

po
si

ti
on

. 
G

in
i 

In
de

x.
 U

ni
te

d 
K

in
gd

om
 1

99
5 

(H
ou

se
ho

ld
 N

on
ad

ju
st

ed
 D

is
tr

ib
ut

io
n)

 



O
0 

O
0 

1 
I L

ink
ed

 to 
La

bo
r In

co
~ 

:. 
NS

h--
87

.5 
L 

! 
GR

OS
SlN

CO
ME

 
i 

..
..

..
. 

L 
..

..
..

. 

Lin
ke

d F
ac

tor
 Inc

om
e 

NS
h=

96
,4 

i- ! 
Ca

pit
al In

com
e 

L 
NS

h--
8.9

 

Re
dts

trlb
uti

ve
 Tr

an
sfe

rs 
i 

NS
h=

3.5
 

! N
on

.co
ntr

ibr
 

~n
efi

ts 
Pri

va
te T

ran
sfe

rs 
NS

h=
6,3

 
NS

h=
-2.

8 

I 
I 

...
...

...
...

. 1
 ..

...
...

...
...

...
...

...
...

...
. 

I 
t-

 
I 

[ - 
j 

he
rCa

pita
llnc

om
e I 

' 
Re

pla
cem

en
t 

] 
! O

t '--
-L

~ 
...

. 
] .

...
...

...
...

...
 

l ..
...

...
.. 

l 
J 

Ea
mi

ng
s 

' 
Pri

vat
e P

em
io~

 
Me

an
s-t

es
ted

 be
ne

fits
 

Oth
er b

en
(nt

s 
[ 

HS
h-~

.3 
. 

NS
h=

-18
 

Ii 
NS

h=
2 3 

I! 
NS

h=
6.6

 
i 

NS
h=

6,5
 

NS
h=

-0.2
 

[ 
__

= 
" .

....
... 

' ...
...

 

~
~

 
NS

h=
13

 
i,

 
NS

h=
'3.

1 
J 

' 
L ..

...
...

...
 

! 
...

...
...

...
 

J 

> O
 

Fi
g.

 A
.3

a:
 N

es
te

d 
Sh

ap
le

y 
E

qu
al

iz
ed

 D
ec

om
po

si
tio

n.
 G

in
i 

In
de

x.
 U

ni
te

d 
K

in
gd

om
 1

99
5 

(H
ou

se
ho

ld
 N

on
ad

ju
st

ed
 D

is
t¡

 



GR
OS

S INC
OM

E 
i J 

I 
I 

....
....

....
. J 

I i
i¡ 

~ 
- .

...
.. 

I R
edi

str
ibu

tive
 Tra

nsf
ers

 ! 
NS

h=
96.

0 
NS

h=
3.9

 
i 

t, 
I 

T 
T 

J 
I 

__
[ 

I 
Lin

ked
 to 

Lab
or In

com
e 

Ca
pita

l Inc
om

e 
j 

No
n-c

on
lri~

ory
 ~n

efit
s ]

 
Nv

ate
 Tr

ans
fm

 
] 

NS
t~

,I 
NS

~6
.9 

I 
i 

NS
~6

,6 
! 

NS
h:.

2,7
 

f .
..

..
 

.1
 .

..
..

..
. 

~~
~ 

'~~~
 ..
..

. 

E
 

i.
..

,.
 

t<
 

t~
 o o i.

.~
~ 

c.
.I.

- 

o 

Fi
g.

 A
.3

b:
 N

es
te

d 
Sh

ap
le

y 
E

qu
al

iz
ed

 D
ec

om
po

si
ti

on
. G

in
i 

ln
de

x.
 U

ni
te

d 
St

at
es

 1
99

4 
(H

ou
se

ho
ld

 N
on

ad
ju

st
ed

 D
is

tr
ib

ut
io

n)
 

,,~
 


