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1 Multisector optimal growth models

1.1 Some basic facts on one-sector models

Consider a standard discrete-time one-sector optimal growth model with

inelastic labor supply. Consider the following variables at time t:
- Lt: the labor supply which is proportional to population;
- Kt: the capital stock;
- Yt: the production which is given by a standard neo-classical technology
F (kt, Lt) homogeneous of degree one and concave;

- Ct: the consumption;
- It = Kt+1 − Kt: the net investment;
- µKt: the replacement investment with µ ∈ [0, 1] the rate of depreciation
of capital.

In a closed economy the equilibrium on the good market implies

F (Kt, Lt) = Ct + It + µKt ⇔ Kt+1 = F (Kt, Lt) + (1− µ)Kt − Ct

Assuming that population grows at a constant rate n, i.e. Lt+1 = (1+n)Lt,
we may rewrite the previous equation in intensive form with kt = Kt/Lt

and ct = Ct/Lt:

(1 + n)kt+1 = f(kt) + (1 − µ)kt − ct

with f (k) = F (k, 1). To simplify the exposition we assume that investment
is reversible.1

Assumption 1 . f(k) is C2 and such that for any k > 0, f ′(k) > 0,

f ′′(k) < 0, f(0) = 0, f ′(0) = +∞ and f ′(+∞) = 0.

We consider the existence of a representative consumer who maximises

the discounted sum of utility derived from consumption. His utility function
u(c) is given by:

Assumption 2 . u(c) is C2 and such that for any c > 0, u′(c) > 0,

u′′(c) < 0, u(0) = 0, u′(0) = +∞ and u′(+∞) = 0.

The maximisation program is

max
{ct}+∞

t=0

+∞∑

t=0

δtu(ct)

s.t. (1 + n)kt+1 = f(kt) + (1− µ)kt − ct

k0 given

(1)

1This assumption does not fundamentaly modify the results.
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with δ ∈ (0, 1] the discount factor which characterizes the rate of time pref-
erences. We may then define the indirect utility function

V (kt, kt+1) = u(f(kt) − (1 + n)kt+1 + (1 − µ)kt)

Under Assumptions 1-2, V (x, y) is increasing with respect to x, decreasing
with respect to y and strictly concave. The maximisation program (1) may
be written as follows

max
{kt}+∞

t=0

+∞∑

t=0

δtV (kt, kt+1)

s.t. (kt, kt+1) ∈ D
k0 given

with

D =

{
(kt, kt+1) ∈ R2

+/
(1 − µ)kt

1 + n
≤ kt+1 ≤ f(kt) + (1− µ)kt

1 + n

}

the set of admissible paths. The first order condition for an interior maxi-
mum is given by the Euler equation

V2(kt, kt+1) + δV1(kt+1, kt+2) = 0

which is a second-order non-linear implicit difference equation. We also need
to satisfy the transversality condition

lim
t→+∞

δtktV1(kt, kt+1) = 0

It is therefore easy to derive

V1(kt, kt+1) = u′(ct)[f
′(kt) + 1 − µ]

V2(kt, kt+1) = −(1 + n)u′(ct)

The steady state is obtained considering kt+1 = kt = k∗
δ in the Euler equa-

tion. The modified golden rule k∗
δ is obtained as the unique solution of:

f ′(k∗
δ ) =

1 + n

δ
− (1 − µ)

Notice that if δ = 1 we get the well-known golden rule f ′(k∗
δ) = µ + n. We

also get c∗δ = f(k∗
δ) − (µ + n)k∗

δ > 0.
Linearizing the Euler equation around the modified golden rule gives the

following characteristic polynomial

P (λ) = λ2 + λ
δV ∗

11 + V ∗
22

δV ∗
12

+ δ−1 = 0

with V ∗
ij = Vij(k

∗
δ , k

∗
δ ). We then derive that the two roots λ1 and λ2 satisfy
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λ1λ2 = δ−1 ≥ 1

λ1 + λ2 = −δV ∗
11 + V ∗

22

δV ∗
12

From the definition of the modified golden rule we get

V ∗
12 = −(1 + n)2u′′(c∗δ)δ

−1 > 0

It follows that both roots are positive and at least one is greater than 1.
Considering that

V ∗
11 = (1 + n)2u′′(c∗δ)δ

−2 + u′(c∗δ)f
′′(k∗

δ)

V ∗
22 = (1 + n)2u′′(c∗δ)

we get

P (1) = −
δu′(c∗δ)f

′′(k∗
δ )

(1 + n)2u′′(c∗δ)
< 0

Since P (0) = δ−1 > 0 and limλ→+∞ P (λ) = +∞, we conclude that one root
is necessarily less than 1. The steady state is thus saddle-point stable and
uniqueness allows to state the following Turnpike Theorem:2

Theorem 1 . Under Assumptions 1-2, for any given k0 and δ ∈ (0, 1],

there exists one unique optimal path which monotonically converges to the
modified golden rule k∗

δ .

1.2 Two-sector models

We consider now a two-sector optimal growth model with one pure con-
sumption good y0 and one capital good y. The labor supply is still assumed
to be inelastic. Total labor is normalised to 1 and each good is produced

with a standard constant returns to scale technology:

y0 = f0(k0, l0)

y = f1(k1, l1)

with k0 + k1 ≤ k, k being the total stock of capital, and l0 + l1 ≤ 1.

Assumption 3 . Each production function f i : R2
+ → R+, i = 0, 1, is C2,

increasing in each argument, concave, homogeneous of degree one and such
that for any x > 0, f i

1(0, x) = f i
2(x, 0) = +∞, f i

1(+∞, x) = f i
2(x,+∞) = 0.

2See Michel [23] for a presentation of the decentralized equilibrium and for a discussion
of the influence of debt and public spending on the equilibrium.
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For any given (k, y), we define a temporary equilibrium by solving the
following problem of optimal allocation of productive factors between the
two sectors:

T (k, y) = max
k0,k1,l0,l1

f0(k0, l0)

s.t. y ≤ f1(k1, l1)

k0 + k1 ≤ k

l0 + l1 ≤ 1

k0, k1, l0, l1 ≥ 0

(2)

The value function T (k, y) is called the social production function and de-
scribes the frontier of the production possibility set. Since Benhabib and

Nishimura [5], we know that because of the constant returns to scale of
technologies, T (k, y) is concave non-strictly so that its Hessian matrix

HT =

(
T11 T12

T12 T22

)

is singular, which means |HT | = T11T22 − T 2
12 = 0. Moreover, in another

contribution, Benhabib and Nishimura [4] have shown that T (k, y) is C1.
We will assume in the following that T (k, y) is at least C2.

We introduce a slightly different assumption for the preferences of the
representative agent in order to have the possibility to consider a linear

utility function.

Assumption 4 . u(c) is C2 and such that for any c > 0, u′(c) > 0,
u′′(c) ≤ 0, u(0) = 0.

T (k, y) gives the maximum production level of the consumption good
which will be entirely consumed by the representative agent. Under Assump-
tion 4, we have indeed ct = T (kt, yt) at each time t ≥ 0. The maximisation

program of the representative agent is

max
{yt}+∞

t=0

+∞∑

t=0

δtu(T (kt, yt))

s.t. (1 + n)kt+1 = yt + (1 − µ)kt

k0 given

(3)

As in the previous section, we may define the indirect utility function:

V (kt, kt+1) = u(T (kt, (1 + n)kt+1 − (1 − µ)kt))

and the maximisation program (3) may be written as follows
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max
{kt}+∞

t=0

+∞∑

t=0

δtV (kt, kt+1)

s.t. (kt, kt+1) ∈ D
k0 given

with

D =

{
(kt, kt+1) ∈ R2

+/
(1 − µ)kt

1 + n
≤ kt+1 ≤ f1(kt, 1) + (1 − µ)kt

1 + n

}

the set of admissible paths. The first order condition for an interior maxi-
mum is given by the Euler equation

V2(kt, kt+1) + δV1(kt+1, kt+2) = 0

which is a second-order non-linear implicit difference equation. We also need
to satisfy the transversality condition

lim
t→+∞

δtktV1(kt, kt+1) = 0

Before going into the analysis of the dynamical properties of the Euler equa-
tion, we need to characterise precisely the properties of the social production
function T (k, y).

1.2.1 A characterisation of T (k, y)

Consider the optimisation program (13). The associated Lagrangian is

L = f0(k0, l0) + q[f1(k1, l1)− y] + w[k − k0 − k1] + w0[1 − l0 − l1]

with q the price of the investment good, w the rental rate of capital and w0

the wage rate, all in terms of the price of the consumption good. The first
order conditions for a maximum are as follows:

∂L
∂k0

= f 0
1 (k0, l0) − w = 0

∂L
∂l0

= f 0
2 (k0, l0) − w0 = 0

∂L
∂k1

= qf1
1 (k1, l1) − w = 0

∂L
∂l1

= qf1
1 (k1, l1) − w0 = 0

(4)

We derive easily from all these conditions
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w = f0
1 (k0, l0) = qf1

1 (k1, l1)

w0 = f0
2 (k0, l0) = qf2

1 (k1, l1)

q =
f0
1 (k0, l0)

f1
1 (k1, l1)

=
f0
2 (k0, l0)

f1
2 (k1, l1)

(5)

Moreover, solving the first order conditions give optimal demand functions

for capital and labor, namely k0(k, y), l0(k, y), k1(k, y) and l1(k, y). We get:

T (k, y) = f0(k0(k, y), l0(k, y))

y = f1(k1(k, y), l1(k, y))

k = k0(k, y) + k1(k, y)

1 = l0(k, y) + l1(k, y)

(6)

We may thus compute the first partial derivatives of T (k, y).

T1(k, y) = f0
1 (k0(k, y), l0(k, y))

∂k0(k, y)

∂k
+ f0

2 (k0(k, y), l0(k, y))
∂l0(k, y)

∂k

T2(k, y) = f0
1 (k0(k, y), l0(k, y))

∂k0(k, y)

∂y
+ f0

2 (k0(k, y), l0(k, y))
∂l0(k, y)

∂y

From (6) we obtain:

∂k0(k, y)

∂k
= 1−

∂k1(k, y)

∂k
,

∂k0(k, y)

∂y
= −

∂k1(k, y)

∂y

∂l0(k, y)

∂k
= −

∂l1(k, y)

∂k
,

∂l0(k, y)

∂y
= −

∂l1(k, y)

∂y

1 = f1
1 (k1(k, y), l1(k, y))

∂k1(k, y)

∂y
+ f1

2 (k1(k, y), l1(k, y))
∂l1(k, y)

∂y

0 = f1
1 (k1(k, y), l1(k, y))

∂k1(k, y)

∂k
+ f1

2 (k1(k, y), l1(k, y))
∂l1(k, y)

∂k

Substituting this into T1(k, y) and T2(k, y), and using (5), we get

T1(k, y) = f0
1 −

(
f0
1
∂k1(k, y)

∂k
+ f0

2
∂l1(k, y)

∂k

)

= f0
1 − q

(
f1
1
∂k1(k, y)

∂k
+ f1

2
∂l1(k, y)

∂k

)

= f0
1 (k0(k, y), l0(k, y))

= qf1
1 (k1(k, y), l1(k, y))

= w(k, y)
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T2(k, y) = −f0
1
∂k1(k, y)

∂y
− f0

2
∂l1(k, y)

∂y

= −q

(
f1
1
∂k1(k, y)

∂y
+ f1

2
∂l1(k, y)

∂y

)

= −f0
1 (k0(k, y), l0(k, y))

f1
1 (k1(k, y), l1(k, y))

= −f0
2 (k0(k, y), l0(k, y))

f1
2 (k1(k, y), l1(k, y))

= −q(k, y)

Therefore T1(k, y) gives the rental rate of capital and T2(k, y) minus the price
of the investment good. We have now to compute the second derivatives of
T (k, y). As already mentioned above, we know that T (k, y) is a concave
function. It follows that:

T11(k, y) =
∂w

∂k
(k, y) ≤ 0

T22(k, y) = −
∂q

∂y
(k, y) ≤ 0

However the sign of the cross derivative is not obvious:

T12(k, y) =
∂w

∂y
(k, y) = T21(k, y) = −

∂q

∂k
(k, y)

To study this derivative we start from the homogeneity property of the
production functions. We have:

y0 = k0f
0
1 + l0f

0
2

y1 = k1f
1
1 + l1f

1
2

⇔
1 =

k0

y0
w +

l0
y0

w0

1 =
k1

y1

w

q
+

l1
y1

w0

q

We finally obtain:

( w0 w )

(
a00 a01

a10 a11

)
= ( 1 q ) (7)

with
a00 = l0/y0, a10 = k0/y0, a01 = l1/y1, a11 = k1/y1

the capital and labor coefficients in each sector. Equation (7) gives the
factor-price frontier and corresponds to the equality between price and cost.
Differentiating this equation gives:

( dw0 dw )

(
a00 a01

a10 a11

)
+ ( w0 w )

(
da00 da01

da10 da11

)
= ( 1 dq ) (8)

By definition we have

7



da00 =
y0dl0 − l0dy0

(y0)2
, da10 =

y0dk0 − k0dy0

(y0)2

da01 =
y1dl1 − l1dy1

(y1)2
, da11 =

y1dk1 − k1dy1

(y1)2

Substituting this into the second term in the l.h.s. of equation (8) gives:

( w0 w )

(
da00 da01

da10 da11

)
=




y0(w0dl0 + wdk0)− dy0(w0l0 + wk0)

(y0)2

y1(w0dl1 + wdk1)− dy1(w0l1 + wk1)

(y1)2




t

Using again the homogeneity property together with the price equations (5),
we obtain

y0 = wk0 + w0l0

qy1 = wk1 + w0l1

Then we get after substitution

( w0 w )

(
da00 da01

da10 da11

)
=




w0dl0 + wdk0 − dy0

y0

w0dl1 + wdk1 − qdy1

y1




t

Considering finally the technologies y0 = f0(k0, l0) and y = f1(k1, l1), total
differenciation taking into account the first order conditions (27) gives

dy0 = wdk0 + w0dl0

qdy1 = wdk1 + w0dl1

Then3

( w0 w )

(
da00 da01

da10 da11

)
= 0

so that

( dw0 dw )

(
a00 a01

a10 a11

)
= ( 1 dq )

Eliminating dw0 we can solve this system to get

dq

dw
= a01

(
a11

a01
− a10

a00

)
≡ b

b is a relative capital intensity difference. The sign of b is thus positive if
and only if the investment good is capital intensive. Now consider the cross
derivative T12(k, y). We can write:

3This result is a direct consequence of the envelope theorem.
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T12 = −
∂q

∂w

∂w

∂k
= −T11b

We conclude therefore that the sign of T12(k, y) is given by the sign of b.
Notice also that T22(k, y) may be written as

T22 = −
∂q

∂w

∂w

∂y

=

(
∂q

∂w

)2
∂w

∂k

= T11b
2

Remark : The derivative dw/dq is well-known in trade theory as the
Stolper-Samuelson effect. It follows from the above computations that

dw

dq
= (b)−1

Considering also the full employment equation derived from the stock con-
straints in program (13), we get the factor market clearing equation

(
a00 a01

a10 a11

) (
y0

y

)
=

(
1
k

)

At constant prices, the input coefficients remain fixed and we obtain the
associated Rybczinski effect

dy

dk
= (b)−1

We therefore find the well-known duality between the Rybczinski and Stolper-

Samuelson effects.

1.2.2 Dynamical analysis

We may now consider the Euler equation. It is easy to derive

V1(kt, kt+1) = u′(ct)[T1(kt, yt) − (1 − µ)T2(kt, yt)]

V2(kt, kt+1) = −(1 + n)u′(ct)T2(kt, yt)

The steady state is obtained considering kt+1 = kt = k∗
δ , yt+1 = yt = y∗δ =

µk∗
δ in the Euler equation. At the steady state the Euler equation becomes

(1 + n)T2(k
∗
δ , µk∗δ) = δ[T1(k

∗
δ , µk∗

δ) − (1− µ)T2(k
∗
δ , µk∗δ)] (9)

Then we get:
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−
T1(k

∗
δ , µk∗

δ )

T2(k
∗
δ , µk∗

δ )
=

1 + n

δ
− (1 − µ)

⇔ f1
1 (k1(k

∗
δ , µk∗δ), l1(k

∗
δ , µk∗δ)) =

1 + n

δ
− (1 − µ)

(10)

This formula provides a generalization of the modified golden rule defined
in the one-sector model. The l.h.s. of the previous equation is indeed the
marginal productivity of capital in the investment good sector. Applying
the proof of Theorem 3.1 in Becker and Tsyganov [1] to the case of one
homogeneous agent applies, we get the same result as in the standard one-

sector Ramsey model:

Proposition 1 . Under Assumptions 3-4, there exists a unique steady state
k∗ solution of equation (10).

We have now to linearize the Euler equation around the modified golden
rule. As in the previous section we derive the following characteristic poly-
nomial

P (λ) = λ2δV ∗
12 + λ(δV ∗

11 + V ∗
22) + V ∗

12 = 0

with V ∗
ij = Vij(k

∗
δ , k∗

δ). Provided V ∗
12 6= 0, the two roots λ1 and λ2 satisfy

λ1λ2 = δ−1 ≥ 1

λ1 + λ2 = −δV ∗
11 + V ∗

22

δV ∗
12

Notice first that contrary to the one-sector model, the sign of the cross
derivative is not obvious. Using equation (9), we have indeed

V ∗
12 = −

(1 + n)2

δ
u′′(c∗δ)(T

∗
2 )2 + (1 + n)u′(c∗δ)[T

∗
12 − (1− µ)T ∗

22] (11)

It follows easily that if at the steady state the investement good is capital
intensive, i.e. if T ∗

12 ≥ 0, then the cross derivative V ∗
12 is positive. In this case,

as in the one-sector model, the two roots are positive and one is necessarily
greater than 1. Moreover, the optimal path is monotone. However, as we

will show later on local stability depends on the value of the discount factor
δ. If at the steady the consumption good is capital intensive, i.e. T ∗

12 < 0,
the cross derivative may be negative when the utility function is not too
concave. If this case appears, the optimal path oscillates. Using again
equation (9), we also have:

V ∗
11 =

(1 + n)2

δ
u′′(c∗δ)(T

∗
2 )2 + u′(c∗δ)[T

∗
11 − 2(1 − µ)T ∗

12 + (1 − µ)2T ∗
22] ≤ 0

V ∗
22 = (1 + n)2u′′(c∗δ)(T

∗
2 )2 + (1 + n)2u′(c∗δ)T

∗
22 ≤ 0
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We know that T (kt, yt) is concave non-strictly. By construction, the indirect
utility function V (kt, kt+1) is thus concave. However strict concavity is not a
priori ensured. This will be however enough to characterise the discriminant

of the characteristic polynomial:

∆ = (δV ∗
11 + V ∗

22)
2 − 4δ(V ∗

12)
2

= (δV ∗
11 + V ∗

22 + 2
√

δV ∗
12)(δV

∗
11 + V ∗

22 − 2
√

δV ∗
12)

= ( 1
√

δ )

(
V ∗

11 V ∗
12

V ∗
12 V ∗

22

)(
1√
δ

)
( 1 −

√
δ )

(
V ∗

11 V ∗
12

V ∗
12 V ∗

22

) (
1

−
√

δ

)

Since the Hessian matrix of V is negative semi-definite, we conclude that
∆ ≥ 0, and the roots are real.

Consider now the characteristic polynomial when δ = 1. We have:

λ1λ2 = 1

P (1) = V ∗
11 + V ∗

22 + 2V ∗
12

= ( 1 1 )

(
V ∗

11 V ∗
12

V ∗
12 V ∗

22

) (
1
1

)
≤ 0

P (−1) = −(V ∗
11 + V ∗

22 − 2V ∗
12)

= −( 1 −1 )

(
V ∗

11 V ∗
12

V ∗
12 V ∗

22

)(
1
−1

)
≥ 0

Generically, even if a function is not strictly concave, a quadratic form de-
rived from its Hessian matrix evaluated at some point, here the steady state,
will be different from zero so that there does not exist any unit root. This
property may depend on wether the utility function u(c) is strictly concave

or not. It follows that when δ = 1 there is one root inside the unit circle
and one root outside the unit circle. The steady state is thus saddle-point
stable and we find the same turnpike property as in the one-sector model.

Consider now the case δ ∈ (0, 1). We have

λ1λ2 = δ−1

P (1) = δV ∗
11 + V ∗

22 + (1 + δ)V ∗
12

P (−1) = −(δV ∗
11 + V ∗

22 − (1 + δ)V ∗
12)

As was originally proved by Kurz [18] and Levhari and Liviatan [19], if λ is

a characteristic root, then (δλ)−1 is also a characteristic root. To get more
precise results, we have to discuss two cases depending on the sign of V ∗

12.
- Assume first that V ∗

12 > 0. Then P (−1) > 0 and a necessary and
sufficient condition for the saddle-point property is P (1) < 0.
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- Assume now that V ∗
12 < 0. Then P (1) < 0 and a necessary and suffi-

cient condition for the saddle-point property is P (−1) > 0.
Despite these general properties, it may be proved for two-sector optimal

growth models that if the indirect utility function satisfies V ∗
12 > 0, unique-

ness and monotone convergence of the optimal path are obtained for any
value of the discount factor.4

Theorem 2 . Under Assumptions 3-4, let k0 be in a neighbourhood of the
steady state k∗

δ and V ∗
12 > 0. Then the optimal path is unique and converges

toward k∗
δ for any δ ∈ (0, 1].

Notice that this result will hold when the investment good is capital intensive

at the steady state, i.e. b > 0. We derive indeed from equation (11) that
b > 0 implies V ∗

12 > 0.
We have also the following local turnpike theorem when V ∗

12 < 0:

Theorem 3 . Under Asumptions 3-4, let k0 be in a neighbourhood of the
steady state k∗

δ and V ∗
12 < 0. There exists δ∗ ∈ (0, 1) such that for any δ ∈

(δ∗, 1], the optimal path is unique and converges toward k∗
δ . This convergence

is oscillatory. Moreover, δ∗ is obtained as a solution of

δV ∗
11 + V ∗

22 − (1 + δ)V ∗
12 = 0

and the turnpike property holds as soon as

δV ∗
11 + V ∗

22 − (1 + δ)V ∗
12 < 0 (12)

When V ∗
12 < 0, we will see later on that some period-two cycles may appear

while the steady state becomes locally unstable. In this case, persistent
endogenous fluctuations arise. Notice from equation (11) that a necessary

condition for V ∗
12 < 0 is a consumption good capital intensive at the steady

state, i.e. b < 0.
In order to understand more precisely the conditions of Theorem 3, as-

sume that population is constant, n = 0, and that capital fully depreciates
within one period of time, µ = 1. Since the consumption good is capital

intensive at the steady state we have T ∗
12 < 0. Notice first that in this case

the Hessian matrix of V evaluated at the steady state is

H∗
V =

(
V ∗

11 V ∗
12

V ∗
12 V ∗

22

)
= u′(c∗δ)

(
T ∗

11 T ∗
12

T ∗
12 T ∗

22

)
+ u′′(c∗δ)

(
T ∗

1

T ∗
2

)
( T ∗

1 T ∗
2 )

4See for instance Bosi, Magris and Venditti [12] in which a proof of this result is given
for a more general formulation with endogenous labor.
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Using the Euler equation at the steady state, the determinant of H∗
V is

|H∗
V | = (u′(c∗δ))

2|H∗
T | + (u′′(c∗δ))

2

∣∣∣∣
(

T ∗
1

−δT ∗
1

)
( T ∗

1 −δT ∗
1 )

∣∣∣∣

+ u′(c∗δ)u
′′(c∗δ)( δT ∗

1 T ∗
1 )H∗

T

(
δT ∗

1

T ∗
1

)

= u′(c∗δ)u
′′(c∗δ)(T

∗
1 )2[δ2T ∗

11 + 2δT ∗
12 + T ∗

22] ≥ 0

As we suggested above, the Hessian matrix of V evaluated at the steady
state will be non singular as soon as the utility function u(c) is non linear.
In particular, if T ∗

12 < 0 then |H∗
V | > 0.

Now consider equation (12):

δV ∗
11+V ∗

22−(1+δ)V ∗
12 = u′(c∗δ)[δT

∗
11 +T ∗

22−(1+δ)T ∗
12]+2u′′(c∗δ)δ(1+δ)(T ∗

1 )2

It clearly appears that the curvature properties of the utility function and the
social production function are very important. When u(c) is very concave,

the condition for the saddle-point property will be satisfied. On the contrary,
when u(c) is close to a linear function, condition (12) becomes

δT ∗
11 + T ∗

22 − (1 + δ)T ∗
12 < 0

In order to give economic intuition consider the results provided in the pre-

vious section which introduces the relative capital intensity difference b. We
have indeed:

δT ∗
11 + T ∗

22 − (1 + δ)T ∗
12 = T ∗

11(1 + b)(δ + b)

When the consumption good is capital intensive, we have b < 0 and the
saddle-point property will hold as soon as b < −1 or b > −δ. Notice how-
ever that the optimal path oscillates while converging to the steady state.
On the contrary, when δ < 1 and b ∈ (−1,−δ), the saddle-point property
no longer holds and period-two cycles exist. An equivalent formulation in

terms of the discount factor δ could be: δ < δ∗ with δ∗ = −b < 1. Benhabib
and Nishimura [6] have indeed proved that under these conditions, δ∗ is a
Flip bifurcation value. Depending on some additional conditions based on
non linear terms of the Euler equation, period-two cycles will appear either
in a left or right neighbourhood of δ∗ and will be either saddle-point stable
or locally unstable.

Benhabib and Nishimura [6] provide an economic intuition for these re-
sults that can be summarised as follows. Assume that the consumption good
is capital intensive, i.e. b < 0, and consider an instantaneous increase in the
capital stock kt. This results in two opposing forces:
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- Since the consumption good is more capital intensive than the in-
vestment good, the trade-off in production becomes more favorable to the
consumption good. Moreover, the Rybczinsky effect implies a decrease of

the output of the capital good yt. This tends to lower the investment and
the capital stock in the next period kt+1.

- In the next period the decrease of kt+1 implies again through the Ry-
bczinsky effect an increase of the output of the capital good yt+1. This
mechanism is explained by the fact that the decrease of kt+1 improves the

trade-off in production in favor of the investment good which is relatively
less intensive in capital. Therefore this tends to increase the investment and
the capital stock in period t + 2, kt+2. Notice also that the rise of yt+1 im-
plies a decrease of the rental rate wt+1 and through the Stolper-Samuelson
effect an increase of the price qt+1.

So far the above discussion concerns the existence of oscillations but not that
of persistent cycles. For cycles to be sustained, the oscillations in relative
prices must not present intertemporal arbitrage opportunities. Thus possi-
ble gains from postponing consumption from periods when the marginal rate
of transformation between consumption and investment is high to periods

when it is low must not be worth it. In presence of a linear utility function,
whether this is the case or not depends on the discount rate. A minimum
level of myopia, i.e. a low enough value for the discount rate δ, is necessary.

1.3 Extensions to multisector models

Consider a multisector optimal growth model with one pure consumption
good y0 and n capital goods yj, j = 1, · · · , n. The labor supply is still

assumed to be inelastic. Total labor is normalised to 1 and each good is
produced with a standard constant returns to scale technology:

y0 = f 0(k10, · · · , kn0, l0)

yj = f j(k1j, · · · , knj, lj)

with kij the amount of capital good i used in the production of good j,∑n
j=0 kij ≤ ki, ki being the total stock of capital i, and

∑n
j=0 lj ≤ 1.

Assumption 5 . Each production function f i : R2
+ → R+, i = 0, 1, · · · , n,

is C2, increasing in each argument, concave and homogeneous of degree one.
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For any given (k, y) = (k1, · · · , kn, y1, · · · , yn), we solve the following
problem of optimal allocation of productive factors between the n+1 sectors:

T (k, y) = max
kij ,lj

f0(k10, · · · , kn0, l0)

s.t. yj ≤ f j(k1j, · · · , knj, lj) j = 1, · · · , n
n∑

i=0

kji ≤ kj j = 1, · · · , n

n∑

i=0

li ≤ 1

kij , li ≥ 0 i = 0, · · · , n, j = 1, · · · , n

(13)

As shown in Benhabib and Nishimura [5], the social production function
T (k, y) is concave non-strictly. We will use again Assumption 4 to describe
the preferences of the representative agent.

1.3.1 Discrete-time models

The maximisation program of the representative agent is:

max
{yjt}+∞

t=0

+∞∑

t=0

δtu(T (kt, yt))

s.t. (1 + n)kjt+1 = yjt + (1 − µ)kjt j = 1, · · · , n
kj0 given j = 1, · · · , n

(14)

with kt = (k1t, · · · , knt) and yt = (y1t, · · · , ynt). Without loss of generality,
the rate of depreciation of capital µ ∈ [0, 1] is assumed to be identical accross
sectors. As in the previous section, we define the indirect utility function:

V (kt, kt+1) = u(T (kt, (1 + n)kt+1 − (1 − µ)kt))

and the maximisation program (14) may be written as follows

max
{kt}+∞

t=0

+∞∑

t=0

δtV (kt, kt+1)

s.t. (kt, kt+1) ∈ D
k0 given

with the set of admissible paths

D =

{
(kt, kt+1) ∈ R2n

+ /
(1 − µ)

1 + n
kt ≤ kt+1 ≤ (1 + n)−1[g(kt) + (1− µ)kt]

}
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and g(kt) such that T (kt, g(kt)) = 0. The first order conditions for an interior
maximum are given by the Euler equations

∂V

kjt+1
(kt, kt+1) + δ

∂V

kjt+1
(kt+1, kt+2) = 0, j = 1, · · · , n (15)

which represent a set of n second-order non-linear implicit difference equa-
tions. We also need to satisfy the n transversality conditions

lim
t→+∞

δtkjt
∂V

kjt
(kt, kt+1) = 0, j = 1, · · · , n

Assumption 6 . For any δ ∈ (0, 1], there exists one steady state solution

k∗
δ = (k∗

1δ, · · · , k∗
nδ) of the system of Euler equations (15).

It is now well-known since the contribution of Scheinkman [30] that under
some non singularity conditions on the Hessian matrix of the indirect utility
function V (kt, kt+1) at the steady state, there exists δ∗ ∈ [0, 1) such that for

any δ ∈ (δ∗, 1], the steady state is saddle-point stable. When δ crosses δ∗

from above, the turnpike property is lost and there may exist some endoge-
nous fluctuations. Contrary to the two-sector case, some complex eigenval-
ues may exist so that we also need to discuss the possible existence of a
Hopf bifurcation. Extensions to this multisector framework of some results

available in two-sector models have been provided by Cartigny and Venditti
[15] and Venditti [32]. The main conclusions are the following:

Theorem 4 . Under Assumptions 4, 5 and 6, the following cases hold:
i) If the matrix V12(x, x) is symmetric negative semi-definite for any

(x, x) ∈ intD and the matrix [V22(x, x) − V12(x, x)] is positive definite for
any (x, x) ∈ intD, then the bound δ∗ ∈ (0, 1) is a Flip bifurcation value and
period-two cycles exist in a right or left neighbourhood of δ∗.

ii) If V12(x, x) is non symmetric and ȳtV22(x, x)y + |ȳtV12(x, x)y| > 0
for all (x, x) ∈ intD and all y ∈ Cn such that |y| 6= 0 with some complex

bifurcating eigenvalues, then the bound δ∗ ∈ (0, 1) is a Hopf bifurcation value
and quasi-periodic cycles exist in a right or left neighbourhood of δ∗.

This Theorem provides strong sufficient conditions for the existence of en-
dogenous fluctuations. Notice that the symmetry assumption in i) is not

necessary. It is introduced to rule out the existence of complex eigenvalues.
We may try now to get more economic intuition for these results. In partic-
ular, we are looking for similar interpretations in terms if capital intensity
differences as in two-sector models. Using the same technique as in Section
1.2.1, we can show that the first derivatives of the social production function

give the rental rates of capital and the prices of the investment goods:
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∂T

∂kj
(k, y) = wj(k, y), j = 1, · · · , n

∂T

∂yj
(k, y) = −qj(k, y), j = 1, · · · , n

(16)

Moreover, we have

T12(k, y) = −T11(k, y)B

= −T11(k, y)




b110 · · · b1n0
...

. . .
...

bn10 · · · bnn0







a01 0
. . .

0 a0n




(17)

where
bji0 =

aji

a0i
−

aj0

a00

is the relative intensity difference in capital j between the sector of capital
i and the consumption good sector. Notice that when n = 1, we get B = b
with b as defined in Section 1.2.1. Similarly, we get

T22(k, y) = BtT11(k, y)B

Assume for simplification that utility is linear u(c) = c and population is
constant n = 0. Then

V12(k, k) = −T11(k, µk)B − (1− µ)BtT11(k, µk)B

V22(k, k) − V12(k, k) = T11(k, µk)B + (2 − µ)BtT11(k, µk)B

Conditions i) in Theorem 4 require that B is a symmetric negative definite
matrix. Notice that this property is similar to the condition b < 0 in two-
sector models which means that the consumption good is capital intensive.
In a multisector framework, this condition is more difficult to interpret. It
implies however that the consumption good is relatively capital intensive

with respect to each investment good.
Concerning the existence of quasi-periodic cycles, assume also for sim-

plification that capital fully depreciates within one period µ = 1. We then
have:

ȳtV22y + |ȳtV12y| = ȳtBtT11By +
√

ȳtT11ByȳtBtT11y

Since T11 is negative semi-definite, conditions ii) require that B is non sym-

metric positive definite.

17



1.3.2 Continuous-time models

In continuous time, the optimisation program of the representative agent

becomes

max
{yi(t)}t≥0

∫ +∞

t=0
e−δtu(T (k(t), y(t))dt

s.t. k̇j(t) = yj(t) − (µ + n)kj(t) j = 1, · · · , n

kj(0) given j = 1, · · · , n

(18)

with δ ≥ 0 the discount rate, n ≥ 0 the rate of growth of population and
µ ≥ 0 the rate of depreciation of capital which is assumed to be identical
accross sectors. As in discrete-time models, we can define an indirect utility

function
U(k(t), k̇(t)) = u(T (k(t), k̇(t) + (µ + n)k(t)))

with k(t) = (k1(t), · · · , kn(t)). The program (19) then becomes

max
{yi(t)}t≥0

∫ +∞

t=0
e−δtU (k(t), k̇(t))dt

s.t. (k(t), k̇(t) ∈ D

k(0) given

(19)

with the set of admissible paths

D =
{
(k(t), k̇(t)) ∈ Rn

+ × Rn/ − (µ + n)k(t) ≤ k̇(t) ≤ g(k(t))− (µ + n)k(t)
}

and g(k(t)) such that T (k(t), g(k(t))) = 0. We now introduce the following
Hamiltonian function

H(k(t), p(t)) = max
k̇(t)

U (k(t), k̇(t)) + p(t)k̇(t)

with p(t) = (p1(t), · · · , pn(t)) the vector of shadow prices of the n capital

goods. It can be easily shown that since the indirect utility function is
concave, the Hamiltonian H(k(t), p(t)) is concave in k and convex in p. The
first order conditions for an interior solution give

pj(t) = −
∂U

∂k̇j(t)
(k(t), k̇(t)), j = 1, · · · , n (20)

Applying the Pontryagin Maximum Principle leads to the following system
of 2n nonlinear differential equations

k̇j(t) =
∂H

∂pj(t)
(k(t), p(t)) j = 1, · · · , n

ṗj(t) = −
∂H

∂kj(t)
(k(t), p(t)) + δpj(t) j = 1, · · · , n

(21)
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The n transversality conditions may be formulated as

lim
t→+∞

e−δtpj(t)kj(t) = 0, j = 1, · · · , n

Notice that it follows from equations (16) and (20) that

pj(t) = u′(c(t))qj(t)

and pj(t) may be interpreted as the utility price of the investment good j.

Assumption 7 . For any δ ≥ 0, there exists one steady state (k∗
δ , p

∗
δ),

solution of k̇(t) = ṗ(t) = 0.

The linearisation of system (21) around (k∗
δ , p

∗
δ) gives the following Jacobian

matrix:

J =




H∗
21 −

δ

2
I H∗

22

−H∗
11 −H∗

12 +
δ

2
I


 +

δ

2
I = J1 +

δ

2
I (22)

with H∗
ij = Hij(k

∗
δ , p

∗
δ). As originally proved by Kurz [18], if we denote by

θi(δ) one eigenvalue of matrix J1 and λi(δ) one eigenvalue of matrix J , then
λi(δ) = θi(δ) + δ/2. Moreover, if θi(δ) is an eigenvalue of J1 then −θi(δ)
and the complex conjugate θ̄i(δ), −θ̄i(δ) are also eigenvalues of J1. Hence,

if all the eigenvalues of J1 satisfy

|Re(θi(δ))| > δ/2

with Re(θi(δ)) the real part of θi(δ), the steady state is saddle-point stable.
It can be easily shown (see Kurz [18] and Levhari and Liviatan [19]) that
when δ = 0 and if the Hessian matrix of the indirect utility function U(k, k̇)
is non singular when evaluated at the steady state, the turnpike property
holds and the optimal path locally converges to the steady state. This con-

vergence is monotone or oscillating depending on whether or not there exist
complex eigenvalues. From this point of view, if the optimal growth model
is symmetric, i.e. if the matrix of cross derivatives U12(k

∗
δ , 0) is symmetric,

all the roots are real and the optimal path is monotone. Notice that this
symmetry property obviously holds in the case of one and two-sector models

so that the existence of oscillations in continuous-time models requires at
least n = 2 investment goods.

Many papers deal with the robustness of the turnpike property in con-
tinuous time models when δ > 0, for example Cass and Shell [16], Brock
and Scheinkman [13], Magill [20], Benhabib and Nishimura [5], Cartigny

and Venditti [14]. The main results are the following:
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Theorem 5 . Under Assumptions 4, 5 and 7, the following cases hold:
i) If the matrix U12(x, 0) + U21(x, 0) is negative semi-definite for any

x > 0, then for all positive δ the steady state is saddle-point stable.

ii) If the matrix U12(x, 0) + U21(x, 0) is positive definite for any x > 0,
then there exists δ∗ > 0 such that for all δ < δ∗ the steady state is saddle-
point stable.

As in two-sector discrete-time models, the dynamical properties of the op-
timal path depend on the matrix of cross derivatives of the indirect utility
function U12(k, 0) and thus the matrix of cross derivatives of the social pro-

duction function T12(k, y). We will discuss later on some possible economic
interpretations based on this fact.

Using some precise measures of concavity and convexity for the Hamil-
tonian H(k(t), p(t)), Rockafellar [28] has proved a very nice result which
appears to be very useful to get intuition about the loss of stability of the

steady state. Rockafellar uses the following definitions:

Definition 1 . Let Rn be endowed with the Euclidean norm ‖.‖, and D ⊂
Rn be a non-empty convex set. Let f : D → R be a real-valued concave
function. Let α be the least upper bound of the set of real numbers a such
that the function f(x) + (1/2)a‖x‖2 is concave over D. If α ≥ 0, f is called
α-concave, and if α > 0, f is said to be strongly concave.

Definition 2 . Let Rn be endowed with the Euclidean norm ‖.‖, and D ⊂
Rn be a non-empty convex set. Let f : D → R be a real-valued convex
function. Let β be the least upper bound of the set of real numbers b such
that the function f (x) − (1/2)b‖x‖2 is convex over D. If β ≥ 0, f is called
β-convex, and if β > 0, f is said to be strongly convex.

Using these definitions to characterise the Hamiltonian, he provides the
following result:

Theorem 6 . Under Assumptions 4, 5 and 7, let the Hamiltonian H(k, p)
be α-concave in k and β-convex in p in a neighbourhood of the steady state
(k∗

δ , p
∗
δ), with α, β > 0. Then if δ2 < 4αβ, the steady state is saddle-point

stable.

Theorem 6 gives a nice intuition which does not seem to have an equiva-
lent in the discrete-time formulation of optimal growth models. The strong

concavity-convexity properties of the Hamiltonian H(k, p) require some strong
concavity properties of the indirect utility function U(k, k̇). Rockafellar
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shows therefore that the robustness of the saddle-point property increases
with the concavity of the indirect utility function.5

Most of the contributions on multisector optimal growth models are

based on reduced from formulations using indirect utility functions. This is
the case in particular with Rockafellar [28] in which the strong concavity-
convexity assumptions are made on the Hamiltonian. However, nothing is
said about the conditions on the fundamentals, i.e. the utility and produc-
tion functions, that should be introduced in order for these assumptions to

be satisfied. Venditti [34] provides sufficient conditions for strong concavity
of the indirect utility function.

Theorem 7 . Under Assumption 4, if the following conditions are satisfied:
i) there exists r > 0 such that infx≥0 u′(x) = r,
ii) the production function of the consumption good f0 is γ-concave with

γ > 0,

iii) the production function of each investment good f j , j = 1, · · · , n, is
concave and Lj-Lipschitz,6

then the indirect utility function U (k, k̇) is (α, β)-concave with

α ≥ γθ2r and β ≥ γθ2rL−2

where L = maxj Lj and θ a constant characterising the constraints of stock
and accumulation of capital which does not depend on γ and r.

This result is not completely satisfactory since condition ii) is not com-

patible with the standard assumption of constant returns to scale. Strong
concavity implies indeed that the technology of the consumption good has
decreasing returns. Notice also that there is no assumption on strong con-
cavity of preferences. It could be interesting to introduce such a restriction
in order to weaken the assumptions on technologies.

Consider again Theorem 6. We may also derive from this result that if
the indirect utility function is not too concave, the saddle-point property
may be lost for small values of the discount rate δ. Before exploring the
range of values of the discount rate for which the turnpike property does
not hold, we need to wonder about the properties of the optimal path when

the steady state is locally unstable. Benhabib and Nishimura [4] are the

5Montrucchio [24] provides a turnpike Theorem for discrete-time models based on
strong concavity of the indirect utility function. However the intuition appears to be
much more complicated than in the continuous-time framework.

6This property implies that the rate of growth of each technology f j is bounded from
above.
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first to provide a clear answer to this question. They show in a three-sector
continuous-time optimal growth model with linear utility and Cobb-Douglas
technologies that a Hopf bifurcation, and thus periodic cycles, may occur

when δ crosses the bound δ∗ from below. Their results have been generalised
to non-linear utilities and any standard technologies by Medio [22], Cartigny
and Venditti [14] and Venditti [33].

Theorem 8 . Consider the Jacobian matrix J1 defined by equation (22)
and its eigenvalues denoted θi(δ). Under Assumptions 4, 5 and 7, if the
following conditions are satisfied:

i) the matrix U12(k
∗
δ , 0) is non-symmetric and for all positive δ, the ma-

trix [U12(k
∗
δ , 0) + U21(k

∗
δ , 0)] is positive definite,

ii) the matrix

M(δ) = 2U22(k
∗
δ , 0) + δ[U12(k

∗
δ , 0) + U21(k

∗
δ , 0)]

becomes positive definite when δ goes from 0 to +∞,7

then there exists 0 < δ∗ < +∞ and an eigenvalue θj(δ) such that |Re(θj(δ
∗))| =

δ∗/2. If moreover θj(δ
∗) is complex then the bound δ∗ is a Hopf bifurcation

value and periodic cycles exist in a right or left neighbourhood of δ∗.

In order to get economic interpretations of the conditions provided by

Theorems 5 and 8, consider again the matrix B of capital intensity differ-
ences defined by equation (17). Assume for simplification that utility is
linear u(c) = c and population is constant n = 0. Then

U12(k
∗
δ , 0) = [T12(k

∗
δ , µk∗

δ ) + µT22(k
∗
δ , µk∗δ)]

We know that T11(k
∗
δ , µk∗δ) is a negative semi-definite matrix. If B is also

a negative semi-definite matrix then the condition i) in Theorem 5 will be

satisfied. On the contrary if we assume that T11(k
∗
δ , µk∗δ) is non singular and

B is positive definite, then from ii) in Theorem 5 the saddle-point property
is only preserved for small discount rates δ. This is also a necessary condi-
tions for the occurrence of periodic cycles as shown in Theorem 8. Notice
that we find the same restriction on matrix B as for the occurrence of Hopf

bifurcation in the discrete-time framework.

We may now explore the intuition derived from Theorem 6 given by
Rockafellar: when the indirect utility function is not too concave, is it possi-
ble to get periodic cycles in continuous-time optimal growth models with low
discounting ? This question has been partially answered by Benhabib and

7Note that the concavity of the indirect utility function implies that the matrix M(δ)
is negative semi-definite when δ = 0.
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Rustichini [10]. They consider the same model as Benhabib and Nishimura
[4] with Cobb-Douglas technologies and linear utility function. They show
that for any given discount rate δ∗ strictly positive but as close as zero as

we want, there exist some Cobb-Douglas technologies such that the associ-
ated optimal growth model is characterised by periodic cycles for any δ in
a left or right neighbourhood of δ∗. Benhabib and Rustichini thus provide
a very nice result but they do not discuss the role of the concavity proper-
ties. Using another precise concept of concavity, Venditti [33] provides some

results that may give a theoretical justification of the conclusions given by
Benhabib and Rustichini.

Definition 3 . Let Rn be endowed with the Euclidean norm ‖.‖, and D ⊂
Rn be a non-empty convex set. Let f : D → R be a real-valued concave
function. Let γ be the greatest lower bound of the set of real numbers g such
that the function f(x) + (1/2)g‖x‖2 is convex over D. If +∞ > γ > 0, f is
called concave-γ, or equivalently weakly concave.

It clearly appears from this definition that if a function is characterised by
a small γ, then this function is close to a linear function.

The next result will be obtained under the assumption that the indirect
utility function is such that U(., k̇) is concave-γ for any admissible k̇. Since
we will consider different values for γ we now parameterise the indirect utility

function by γ using the following notations

Uγ(k, k̇)

We now introduce an assumption that will be discussed later on.

Assumption 8 . For any admissible k̇, Uγ(k, k̇) is concave-γ in a neigh-

bourhood of (k∗
δ , 0) with U

γ
12(k

∗
δ , 0) non-symmetric and [U

γ
12(k

∗
δ , 0)+U

γ
21(k

∗
δ , 0)]

positive definite for all positive δ. Moreover, for all δ in a neighbourhood of
0, there exist σ < 1 and a constant c > 0, which does not depend on γ, such
that

λm(γ) ≥ cγσ

with λm(γ) the smaller eigenvalue of the matrix [Uγ
12(k

∗
δ , 0) + Uγ

21(k
∗
δ , 0)].

We may then modify Theorem 8 as follows:

Theorem 9 . Consider the Jacobian matrix J1 defined by equation (22)
and its eigenvalues denoted θi(δ). Under Assumptions 4, 5, 7 and 8, if for
a given γ > 0 the matrix

M(γ, δ) = 2Uγ
22(k

∗
δ , 0) + δ[Uγ

12(k
∗
δ , 0) + Uγ

21(k
∗
δ , 0)] (23)
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becomes positive definite when δ goes from 0 to +∞, then there exists 0 <
δ∗ < +∞ and an eigenvalue θj(δ) such that |Re(θj(δ

∗))| = δ∗/2. If moreover
θj(δ

∗) is complex then the bound δ∗ is a Hopf bifurcation value and periodic

cycles exist in a right or left neighbourhood of δ∗. In addition, δ∗ satisfies

δ∗ < (2/c)γ1−σ

and if γ is chosen arbitrarily close to 0, then δ∗ is arbitrarily close to 0.

The last part of Assumption 8, which seems to be particularly restrictive and
to have no economic interpretation, is actually very similar to the condition
(23) in Theorem 9. Indeed the matrix M(γ, δ) is positive definite if and

only if the cross effects between stocks and flows are strong enough to offset
the direct effects of stocks. The last part of Assumption 8 is exactly a
specialisation of this property: it ensures that if the degree of weak concavity
γ gets closer to 0, the matrix [Uγ

12(k
∗
δ , 0) + Uγ

21(k
∗
δ , 0)] does not tend toward

a zero matrix too quickly.

This Theorem confirms the intuition derived from the result of Rockafel-
lar [28]: endogenous fluctuations may arise in continuous-time multisector
optimal growth models with low discounting when the indirect utility func-
tion is not too concave.

We need now to compare this result with the conclusions reached by
Benhabib and Rustichini [10]. We will assume with them that the util-
ity function is linear so that U (k(t), k̇(t)) = T (k(t), k̇(t) + (µ + n)k(t)). A
comparison is possible if we first provide some conditions on the fundamen-
tals to get weak concavity for the indirect utility function. Some sufficient

conditions have been provided by Venditti [31]:

Proposition 2 . Under Assumption 5, if the production function of the
consumption good f0 is concave-α, α > 0, then T (., y) and U (., k̇) are
concave-γ respectively for all admissible y and k̇ with γ ≤ α(1 + n).

From this result, it is possible to check whether the conditions on the Cobb-
Douglas technologies given by Benhabib and Rustichini imply lower concav-
ity for the consumption good technology when the Hopf bifurcation value δ∗

is chosen closer to 0. Some numerical simulations available in Venditti [33]

confirm this fact.

2 Indeterminacy in multisector models

We are dealing with growth models with pre-determined variables, the cap-

ital stocks, and forward variables, the prices or the investment levels. Each
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capital stock is characterised by a given initial condition. On the contrary,
the initial conditions on prices or investment levels are free and need to be
determined under some equilibrium and optimality conditions. In the pre-

vious section we have analysed the saddle-point property of steady states.
This means that for some given initial conditions on capital stocks, there
exists at most one set of initial conditions on prices or investment levels that
satisfy the equilibrium and optimality conditions. We will be concerned in
his section with local indeterminacy of equilibria. We will say in what fol-

lows that one equilibrium is locally indeterminate if for some given initial
conditions on capital stocks, there exist many sets of initial conditions on
prices or investment levels that satisfy the equilibrium and optimality con-
ditions. If an equilibrium is not locally indeterminate we will say that it is
locally determinate.

2.1 Some basic facts on one-sector models

We will focus our presentation on continuous-time models. Using the same
notations as in Section 1.1.1, we assume now that there is a Romer-type [29]
positive externality in the aggregate production function which represents
the effect of knowledge on production and productivity. We consider

Y (t) = F (K(t), L(t), A(t))

with A(t) the externality at time t which will be equal at the equilibrium to
K(t)/L(t). For any given A, F (., .,A) is increasing, concave and homoge-
neous of degree 1, and labor is inelastic. Without loss of generality, we will
assume that the population is constant and that capital does not depreciate.

In intensive formulation, the capital accumulation equation becomes:

k̇(t) = f(k(t), A(t)) − c(t)

with f(k,A) = F (k, 1, A).

Assumption 9 . f(k,A) is C2 and such that for any k,A > 0, f1(k,A) >

0, f2(k, A) ≥ 0, f11(k,A) < 0, f12(k,A) ≥ 0 and f(0, A) = 0.

The parameterized maximisation program of a representative consumer is

max
{c(t)}t≥0

∫ +∞

t=0
e−δtu(c(t))dt

s.t. k̇(t) = f(k(t), A(t)) − c(t)

k(0), {A(t)}t≥0 given

(24)

We may then define the indirect utility function
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U(k(t), k̇(t), A(t)) = u(f(k(t), A(t)) − k̇(t))

Under Assumptions 2 and 9, for any given A > 0, U (x, y,A) is increasing
with respect to x, decreasing with respect to y and strictly concave. The
maximisation program (24) may be written as follows

max
{c(t)}t≥0

∫ +∞

t=0
e−δtU(k(t), k̇(t), A(t))dt

s.t. (k(t), k̇(t)) ∈ D(A(t))

k0, {A(t)}t≥0 given

with
D(A(t)) =

{
(k(t), k̇(t)) ∈ R2

+/0 ≤ k̇(t) ≤ f(k(t), A(t))
}

the set of admissible paths for any given externality A(t). The first order
condition for an interior maximum is given by the Euler equation

U1(k(t), k̇(t), A(t)) + δU2(k(t), k̇(t), A(t))−
d

dt
U2(k(t), k̇(t), A(t)) = 0

which is a second-order non-linear implicit differential equation. An equi-

librium path is a parameterised solution of the Euler equation, denoted
k(t, {A(t)}t≥0), which satisfies the fixed point relationship between k(t) and
A(t):

k(t, {A(t)}t≥0) = A(t) for all t ≥ 0 with k(0) = A(0)

We will assume that an equilibrium path solution to this fixed point problem

exists. It also has to satisfy the transversality condition

lim
t→+∞

e−δtk(t)U1(k(t), k̇(t), k(t)) = 0

Along an equilibrium path, the Euler equation easily rewrites as

u′(c)[f1(k, k)− δ] + u′′(c)[(f1(k, k) + f2(k, k))k̇ − k̈] = 0

A steady state k∗
δ is obtained considering k̇ = k̈ = 0 in the Euler equation,

i.e. k∗
δ is a solution of

f1(k, k) = δ

Contrary to the optimal growth framework, existence and uniqueness are
no longer ensured under Assumption 9. We will assume that there exists

one locally unique steady state k∗
δ which gives a corresponding consumption

level c∗δ = f(k∗
δ , k∗

δ). Linearizing the Euler equation around this steady state
gives the following characteristic polynomial
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P (λ) = λ2 − λ[δ + f2(k
∗
δ , k

∗
δ )]−

u′(c∗δ)

u′′(c∗δ)
[f11(k

∗
δ , k

∗
δ) + f12(k

∗
δ , k

∗
δ)] = 0

We then derive that the two roots λ1 and λ2 satisfy

λ1λ2 = −
u′(c∗δ)

u′′(c∗δ)
[f11(k

∗
δ , k∗

δ) + f12(k
∗
δ , k∗

δ)]

λ1 + λ2 = δ + f2(k
∗
δ , k

∗
δ ) ≥ 0

We obtain a generalisation of the Kurz [18] and Levhari-Liviatan [19] result:
if λ is a characteristic root, then −λ + δ + f2(k

∗
δ , k∗

δ) is also a characteristic
root. Local stability of the steady state depends on the sign of λ1λ2:

i) If the external effect is not too strong, i.e. f11(k
∗
δ , k∗

δ)+f12(k
∗
δ , k

∗
δ ) ≤ 0,

then the characteristic roots have opposite signs and the steady state is
saddle-point stable.

ii) If the external effect is strong, i.e. f11(k
∗
δ , k∗

δ) + f12(k
∗
δ , k

∗
δ) > 0, k∗

δ is
locally unstable and either there exists another steady state which is saddle-
point stable, or there does not exist any equilibrium path. As already proved

by Boldrin and Rustichini [11] in a discrete-time framework, we get:

Theorem 10 . Under Assumptions 2 and 9, any steady state k∗
δ is locally

determinate.

Benhabib and Farmer [2] have shown that local indeterminacy in one-sector

models requires the consideration of elastic labor supply. However, their
conditions for local indeterminacy imply the existence of very strong external
effects which give rise to an equilibrium labor demand that increases with
the wage rate.

2.2 Multisector models with sector-specific externalities

In order to weaken their conditions for local indeterminacy, Benhabib and

Farmer [3] consider a two-sector model with Cobb-Douglas technologies and
sector-specific rather than aggregate externalities. They provide conditions
which are compatible with mild externalities and downward sloping labor
demand curves. However they assume that each sector is characterised by
the same private technology. Benhabib and Nishimura [7] have extended

their results to distinct private Cobb-Douglas technologies and provide some
nice conditions in terms of capital intensity differences. Even if they still
consider an elastic labor supply in order to provide a version of a standard
real business cycles model, similar conditions for local indeterminacy may
be obtained with inelastic labor. We will still consider this assumption in

what follows.
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2.2.1 A basic model of production

We consider a multisector economy with one pure consumption good y0

and n capital goods yj, j = 1, · · · , n, in which each good is produced with
a CES technology. This formulation encompasses the Cobb-Douglas case
considered by Benhabib and Nishimura [7] and is taken from Nishimura and
Venditti [25]. A representative firm in each industry faces the function:

yj =

(
n∑

i=0

βijx
−ρ
ij + ej

)−1/ρ

, j = 0, · · · , n (25)

with βij > 0 and ρ > −1. We assume that the elasticity of substitution
σ = 1/(1 + ρ) ≥ 0 is identical accross sectors. x0j is the amount of labor

used to produce good j = 0, · · · , n and xij is the amount of capital good
i = 1, · · · , n used to produce good j = 0, · · · , n. The externality, ej, is
assumed to be sector-specific, i.e.

ej =
n∑

i=0

bijx
−ρ
ij

with bij ≥ 0. We then define the social production function as

yj =

(
n∑

i=0

(βij + bij)x
−ρ
ij

)−1/ρ

(26)

The returns to scale are therefore constant at the social level, and decreasing
at the private level. Note however that our formulation is compatible with
constant returns at the private level if we assume that there exists a factor
in fixed supply such as land in the technologies.8 In this case, the income of
the representative consumer will be increased by the rental of land.

A firm in each industry maximizes its profit given output price qj and
input prices w0, · · · , wn. Its profit is:

πj = qjyj −
n∑

i=0

wixij

The first order conditions subject to the private technologies (25) are the
following

qjβij (yj/xij)
1+ρ = wi, i, j = 0, · · · , n (27)

8The technology of sector j may be formulated as follows

yj =

(
n∑

i=0

βijx
−ρ
ij + ejT

−ρ
j

)−1/ρ

with Tj the amount of land used in the production of good j, which is normalized to 1 in
our formulation.

28



From (27) we have

xij/yj = (qjβij/wi)
1

1+ρ ≡ aij(wi, qj), i, j = 0, · · · , n (28)

We call aij the input coefficients from the private viewpoint. If the agents
take account of externalities as endogenous variables in profit maximization,
the first order conditions subject to the social technologies (26) are

qj(βij + bij) (yj/xij)
1+ρ = wi, i, j = 0, · · · , n

and the input coefficients become

āij(wi, qj) =
(
qjβ̂ij/wi

)1/(1+ρ)
, i, j = 0, · · · , n

with β̂ij = βij + bij . We call āij the input coefficients from the social

viewpoint. However, as we will show below, the factor-price frontier, which
gives a relationship between input prices and output prices, is not exactly
expressed with the input coefficients from the social viewpoint. We define

âij(wi, qj) ≡ (β̂ij/βij)aij(wi, qj)

which we will call the quasi input coefficients from the social viewpoint, and
it is easy to derive that

âij(wi, qj) = āij(wi, qj)
(
β̂ij/βij

)ρ/(1+ρ)

Notice that âij = āij if the production function is Cobb-Douglas i.e. ρ = 0.
Based on these input coefficients we will now establish various Lemmas.

We first show that the factor-price frontier is determined by the quasi input

coefficients from the social viewpoint.

Lemma 1 . Denote q = (q0, · · · , qn)′, w = (w0, · · · , wn)′ and Â(w, q) =

[âij(wi, qj)]. Then q = Â(w, q)′w.

The total stock of factors is a vector x = (x0, · · · , xn)′ with xi =
∑n

j=0 xij .

From the fhe full employment conditions, we derive the factor market clear-
ing equation which depends on the input coefficients from the private per-
spective.

Lemma 2 . Denote x = (x0, · · · , xn)′, y = (y0, · · · , yn)′ and A(w, q) =
[aij(wi, qj)]. Then A(w, q)y = x.

We now examine some comparative statics. Since the function Â(w, q) is
homogeneous of degree zero in w and q, the factor-price frontier satisfies:

Lemma 3 . dq = Â(w, q)′dw.

29



The factor market clearing equation finally satisfies:

Lemma 4 . A(w, q)dy +

n∑

j=0

yj
∂aj

∂w
dw = dx with

∂aj

∂w
=

[
∂aij

∂ws

]

s=0,···,n
.

We now define some (n + 1)× (n + 1) positive matrices

D =
[
β

1/(1+ρ)
ij

]
and D̂ =

[
β̂ij/β

ρ/(1+ρ)
ij

]

which we assume to be non-singular. This matrices are based on the coeffi-

cients that characterise the CES functions. We also define the two following
diagonal matrices of rental rates and prices

W =




w
1

1+ρ

0 · · · 0
...

. . .
...

0 · · · w
1

1+ρ
n


 and Q =




q
1

1+ρ

0 · · · 0
...

. . .
...

0 · · · q
1

1+ρ
n




Using the first order conditions we may derive a useful relationship between

the matrices of input coefficients and the matrices of CES coefficients. From
(28) we get A = W−1DQ, Â = W−1D̂Q and thus A−1 = Q−1D−1W ,
Â−1 = Q−1D̂−1W . Note also from Lemmas 1-2 and the above diagonal
matrices that

W−1w = D̂′−1Q−1q ⇔




w
ρ

1+ρ

0
...

w
ρ

1+ρ
n


 = D̂′−1




q
ρ

1+ρ

0
...

q
ρ

1+ρ
n


 (29)

and
y = Q−1D−1Wx (30)

Factor rentals are functions of output prices only, wi = wi(q), while outputs
are functions of factor stocks and output prices, yi = yi(x, q), i = 0, · · · , n.
We obtain finally

(
dy/dx dy/dq

dw/dx dw/dq

)
=

(
A−1 ∗
0 Â′−1

)
(31)

As we have shown in section 1.2.1, without external effects, i.e. bij = 0, the
matrix [∂y/∂x] reflects the Rybczynski theorem while the matrix [∂w/∂q]
reflects the Stolper-Samuelson theorem. From the duality between these
two effects well known in trade theory we get [∂y/∂x] = [∂w/∂q]′. However,

in presence of externalities, the Rybczynski effects depend on the input
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coefficients from the private perspective while the Stolper-Samuelson effects
depend on the quasi input coefficients from the social perspective. The
duality between these two effects is thus destroyed. This follows from the

fact that with market distortions, true costs are not being minimized. Local
indeterminacy of equilibria will be a consequence of this property.

2.2.2 Two-sector models

As in Benhabib and Nishimura [7], we consider the case of a linear utility
function with labor normalised to 1 and n = 1. The maximisation program
of the representative agent is:

max
{xij(t)}

∫ +∞

0
e−δt

(
β00x00(t)

−ρ + β10x10(t)
−ρ + e0(t)

)−1/ρ
dt

s.t. y1(t) =
(
β01x01(t)

−ρ + β11x11(t)
−ρ + e1(t)

)−1/ρ

ẋ1(t) = y1(t) − µx1(t)

x1(t) = x10(t) + x11(t)

1 = x00(t) + x01(t)

x1(0), {ej(t)}t≥0, j = 0, 1 given

(32)

where µ ≥ 0 is the depreciation rate of capital. The modified Hamiltonian
in current value is:

H =
(
β00x

−ρ
00 + β10x

−ρ
10 + e0

)−1/ρ

+ q1

((
β01x

−ρ
01 + β11x

−ρ
11 + e1

)−1/ρ
− µx1

)

+ w1 (x1 − x10 − x11) + w0 (1− x00 − x01)

with q1(t) the price of the investment good and w1(t) the rental rate of
capital and w0(t) the wage rate, all in terms of the price of the consumption
good. The static first order conditions are given by:

w0 = q1β01(y1/x01)
1+ρ = β00(y0/x00)

1+ρ

w1 = q1β11(y1/x11)
1+ρ = β10(y0/x10)

1+ρ

and they are equivalent to (27). It follows from (29) and (30) that the
necessary conditions which describe the solution to problem (32) are given
by the equations of motion:

ẋ1(t) = y1(x1(t), q1(t)) − µx1(t)

q̇1(t) = (δ + µ)q1(t)− w1(q1(t))
(33)
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We will assume that there exists a steady state (x∗
1, q

∗
1) which solves ẋ1(t) =

q̇1(t) = 0. Linearizing (33) around (x∗
1, q

∗
1) gives the 2× 2 Jacobian matrix:

J =

(
∂y1(x∗

1, q
∗
1)/∂x1 − µ ∂y1(x∗

1, q
∗
1)/∂q1

0 −∂w1(q
∗
1)/∂q1 + δ + µ

)

Since we have one pure consumption good, we need to eliminate from equal-
ity (31) the column and row which are associated with x0, y0, q0 and w0.
To do so we introduce the following scalars:

B =

[
a11 −

a10a01

a00

]
and B̂ =

[
â11 −

â10â01

â00

]

B is exactely the same capital intensity difference as the one, denoted b,
in two-sector optimal growth models. In a framework with externalities,
B gives the capital intensity difference at the private level. As shown by
Lemma 4, B is associated with the Rybczynski effects. We may also define

a similar concept at the social level. The existence of external effects breaks
the duality between Rybczynski and Stolper-Samuelson effects. However,
Lemma 3 shows that the Stolper-Samuelson effects are based on quasi input
coefficients from the social viewpoint. B̂ is thus an analog to B and is
defined as the capital intensity difference at the quasi social level. The

Jacobian matrix becomes:

J =

(
B−1 − µ ∗

0 δ + µ − B̂−1

)

Since this matrix is triangular, the characteristic roots are given by the
diagonal terms.

We easily derive from the matrices D and D̂ defined in section 2.2.1 that

B = D1q1/w1 with D1 =


β

1
1+ρ

11 − β
1

1+ρ

10 β
1

1+ρ

01

β
1

1+ρ

00




B̂ = D̂1q1/w1 with D̂1 =


 β̂11

β
ρ

1+ρ

11

−
β̂10β̂01

β̂00

β
ρ

1+ρ

00

β
ρ

1+ρ

10 β
ρ

1+ρ

01




Considering that at the steady state we have w1/q1 = δ+µ, the characteristic
roots are:

λ1 = B−1 − µ = D−1
1 (δ + µ)− µ

λ2 = δ + µ − B̂−1 = (δ + µ)(1 − D̂−1
1 )

(34)

We will now specialise the argument depending on the value of ρ.
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Consider first the case of Cobb-Douglas technologies with ρ = 0. In
this case we have βij ∈ (0, 1) and β̂00 + β̂10 = β̂01 + β̂11 = 1. As we
have shown in section 2.2.1, with Cobb-Douglas technologies, quasi input

coefficients at the social level and input coefficients at the social level are
equal, âij = āij . It follows that B̂ gives a capital intensity difference at
the social level. Moreover the definitions of B, B̂, D1 and D̂1 implies the
following at the steady state:

- the consumption good is capital intensive at the private level if and

only if a11a00 − a10a01 < 0, i.e. β11β00 − β10β01 < 0;
- the consumption good is capital intensive at the social level if and only

if â11â00 − â10â01 < 0, i.e. β̂11β̂00 − β̂10β̂01 < 0.
The characteristic roots become:

λ1 =
β00

β11β00 − β10β01
(δ + µ)− µ =

β00δ + µ[β00(1 − β11) + β10β01]

β11β00 − β10β01

λ2 = −(δ + µ)
β̂01

β̂11β̂00 − β̂10β̂01

In a two-sector model with one predetermined variable, local indeterminacy
is obtained if and only if the stable manifold has dimension 2, i.e. if both
roots are negative. We obtain therefore:

Proposition 3 . In a two-sector economy with Cobb-Douglas technologies,
the steady state is locally indeterminate if and only if the consumption good
is capital intensive from the private perspective (β11β00 − β10β01 < 0), but

labor intensive from the social perspective (β̂11β̂00 − β̂10β̂01 > 0).

As shown in Benhabib and Nishimura [7], local indeterminacy comes from
the fact that external effects break the duality between Rybczynski and
Stolper-Samuelson effects and requires a capital intensity reversal between
the private and social levels. To get an economic intuition for this result,
assume that the consumption good is capital intensive at the private level, or

equivalently that the investment good is labor intensive at the private level.
Starting from an equilibrium, consider an increase in the rate of investment
above the level of its initial equilibrium, induced by an instantaneous in-
crease in the relative price of the investment good. An increase in the stock
of capital decreases its output at constant prices through the Rybczynski

effect. The Stolper-Samuelson theorem however operates through the so-
cial factor intensities, and the consumption good is labor intensive from the
social perspective, or equivalently the investment good is capital intensive
from the social perspective. The initial rise in its price causes an increase
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in its rate of return w1, and requires a price decline to maintain the overall
return to capital equal to the discount rate, i.e.

q̇1(t)

q1(t)
+

w1(p1(t))

q1(t)
= δ + µ

This offsets the initial rise in the relative price of the investment good and
prices also reverses direction toward the steady state. The transversality
condition still holds and this new path is also an equilibrium.

We now study the case of CES technologies with ρ 6= 0. The main
objective now is to discuss the influence of the elasticity of substitution
σ = 1/(1+ρ) on the local determinacy properties of equilibria. All the results
that will be presented have been established in Nishimura and Venditti [25].

We have now to deal with the quasi input coefficients at the social level
which are different from the input coefficients at the social level, âij 6= āij .

Consider the characteristic roots (34). From Lemma 2, x1 = a10y0 +
a11y1. Moreover, at the steady state, y1 = µx1, and it follows

a10y0 + µa11x1 = x1 ⇔ a10y0 = [1− µa11]x1 > 0

Therefore

λ1 =
a00

a11a00 − a10a01
− µ =

a00[1 − µa11] + a10a01µ

a11a00 − a10a01

From Lemma 1, q1 = â01w0 + â11w1. Moreover, at the steady state, (δ +
g)q1 = w1, and it follows

(δ +g)â01w0 +(δ +g)â11w1 = w1 ⇔ (δ +g)â01w0 = [1− (δ +g)â11]w1 > 0

Therefore

λ2 = (δ + g) −
â00

â11â00 − â10â01
= −

[1 − (δ + g)â11]â00 + (δ + g)â10â01

â11â00 − â10â01

We obtain finally:

Proposition 4 . In a two-sector economy with CES technologies, the steady
state is locally indeterminate if and only if the consumption good is capital

intensive from the private perspective (a11a00 − a10a01 < 0), but quasi labor
intensive from the social perspective (â11â00 − â10â01 > 0).

The capital intensity reversal between the private and social levels exhibited
with Cobb-Douglas technologies is modified here into a capital intensity

reversal between the private and quasi social levels. The economic intuition
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provided by Benhabib and Nishimura is still valid with CES technologies but
if we consider the true capital intensity difference from the social perspective
we find a strong influence of the elasticity of substitution.

Using the definition of B, B̂, D1 and D̂1, we easily derive:

Lemma 5 . At the steady state, the consumption good is:
i) capital intensive from the private perspective if and only if β11β00 −

β10β01 < 0;
ii) quasi capital intensive from the social perspective if and only if

(
β̂11β̂00

β̂10β̂01

)
<

(
β11β00

β10β01

) ρ
1+ρ

iii) capital intensive from the social perspective if and only if β̂11β̂00 −
β̂10β̂01 < 0.

Consider ii) of Lemma 5. When ρ ≥ 0, if β̂11β̂00 − β̂10β̂01 > 0 and β11β00 −
β10β01 ≤ 0, then the consumption good sector is always quasi labor intensive
from the social perspective. When −1 < ρ < 0, even if β11β00 − β10β01 < 0,
the consumption good sector may be quasi labor intensive from the social

perspective when β̂11β̂00 − β̂10β̂01 < 0 and dominates β11β00 − β10β01. We
may therefore derive the following result:

Proposition 5 . In a two-sector economy with CES technologies, let the
consumption good be capital intensive from the private perspective. Then:

i) if the consumption good is labor intensive from the social perspective,
there exists ρ∗1 ∈ (−1, 0) such that the steady state is locally indeterminate
for any ρ > ρ∗1 and saddle-point stable for any ρ ∈ (−1, ρ∗1);

ii) if the consumption good is also capital intensive from the social per-
spective and

1 >
β̂11β̂00

β̂10β̂01

≥
β11β00

β10β01
,

there exists ρ∗2 > 0 such that the steady state is locally indeterminate for any
ρ > ρ∗2 and saddle-point stable for any ρ ∈ (−1, ρ∗2).

This Proposition shows that when the productive factors are sufficiently
substitutable, local indeterminacy occurs if the consumption good is capital
intensive at the private level. Note that local indeterminacy is still possible
even if the consumption good is capital intensive at the social level. Condi-

tion i) only coincides with the result obtained by Benhabib and Nishimura
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[7] in the particular case of Cobb-Douglas technologies. Therefore when
CES production functions are considered, a capital intensity reversal is not
always necessary for local indeterminacy.9

2.2.3 Extensions to multisector models

In a general multisector model with n capital goods, all the previous scalars
become n×n matrices, and local conditions for stability or instability require

strong properties on matrices of factor intensity differences D1 or D̂1 which
are now defined as follows. Notice that we parameterize these matrices by
ρ since we will discuss the influence of the elasticity of substitution:

D1(ρ) =


β

1
1+ρ

ij −
β

1
1+ρ

i0 β
1

1+ρ

0j

β
1

1+ρ

00




D̂1(ρ) =


 β̂ij

β
ρ

1+ρ

ij

−
β̂i0β̂0j

β̂00

β
ρ

1+ρ

00

β
ρ

1+ρ

i0 β
ρ

1+ρ

0j




Very few papers deal with the analysis of local indeterminacy in multisector
models. Benhabib and Nishimura [8] provide some extensions of their 1998
results in a Cobb-Douglas framework. We will present in this section some
results provided by Nishimura and Venditti [25] which are based on CES

technologies. This framework covers the Cobb-Douglas formulation and the
conditions for local indeterminacy are less demanding in terms of capital
intensity differences than those exhibited by Benhabib and Nishimura.

In this section we provide a generalization of the results obtained for the
two-sector model and propose new conditions for local indeterminacy. As

in the two-sector case, we have to consider the coefficients βij and β̂ij of
the CES technologies. We will impose restrictions only on the sign of the
diagonal terms of D1(ρ) and D̂1(ρ) but not on the sign of the off-diagonal
coefficients. We introduce the following sets of indices which characterize
the sign of the diagonal terms when ρ = 0 in D1(0) and D̂1(0) :

D = {j ∈ {1, · · · , n} such that βjjβ00 − βj0β0j < 0} (35)

D̂ = {k ∈ {1, · · · , n} such that β̂kkβ̂00 − β̂k0β̂0k < 0} (36)

When j ∈ D the consumption good is more intensive in capital good j than

the capital good j itself at the private level. Similarly, when k ∈ D̂ the

9See also Nishimura and Venditti [27] for some conditions for local indeterminacy in
a two-sector discrete-time model with CES technologies and asymmetric elasticities of
capital-labor substitution.
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consumption good is more intensive in capital good k than the capital good
k itself at the social level. Let us denote the number of elements in D and
D̂ respectively by #D and #D̂. If #D = n then βiiβ00 − βi0β0i < 0 for any

i = 1, · · · , n, and if #D̂ = 0 then β̂iiβ̂00 − β̂i0β̂0i ≥ 0 for any i = 1, · · · , n.
These restrictions are similar to the Metzler and Minkowsky conditions of
Benhabib and Nishimura [8] which imply the existence of 2n eigenvalues
with negative real parts.10 Our main objective is to give conditions for the
existence of at least n+ 1 eigenvalues with negative real parts from the sign

patterns of the diagonal elements of matrices D1(ρ) and D̂1(ρ).
In order to relate the sign of diagonal elements to the sign of the real parts

of eigenvalues, we introduce the following dominant diagonal properties of
matrices:

Definition 4 . An n×n matrix C = [cij ] has a dominant diagonal if |cii| >∑
j 6=i |cij | for each i = 1, · · · , n or |cii| >

∑
i 6=j |cij | for each j = 1, · · · , n.

This definition is stronger than the quasi-dominant diagonal introduced by

McKenzie [21] since the weighting parameters are here equal to one. We also
introduce strong dominant diagonal which requires both row dominance and
column dominance.

Definition 5 . An n × n matrix C = [cij ] has a strong dominant diagonal
if |cii| >

∑
j 6=i |cij | for each i = 1, · · · , n and |cii| >

∑
i6=j |cij | for each

j = 1, · · · , n.

Assumption 10 . There exists ρ̄ > −1 such that for any ρ > ρ̄, D1(ρ)
has a strong dominant diagonal, and D̂1(ρ) has only real eigenvalues with
dominant diagonal.

Theorem 11 . Let Assumption 10 hold, #D ≥ 1 and

β̂iiβ̂00

β̂i0β̂0i

≥
βiiβ00

βi0β0i
(37)

for all i = 1, · · · , n. Then there exists −1 < ρ∗ ≤ ρ̄ such that the steady
state is locally indeterminate for any ρ > ρ∗.

Theorem 11 only introduces a condition on the set D which, coupled with
dominant diagonal properties on D1(ρ) and D̂1(ρ), ensure the existence of

10A Metzler matrix has negative diagonal elements and positive off-diagonal elements,
while a Minkowski matrix has positive diagonal elements and negative off-diagonal ele-
ments.
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at least n + 1 roots with negative real parts when ρ exceeds a bound ρ∗.
However, we do not know a priori if this bound is positive or negative, i.e.
if the range of values of ρ compatible with local indeterminacy includes the

Cobb-Douglas case ρ = 0. To get this information we need to discuss the
set D̂. In Nishimura and Venditti [25], some examples show that:

i) If #D̂ = 0 and ρ̄ ≤ 0, then ρ∗ < 0;
ii) If #D̂ ≥ 1 and #D − #D̂ < 1, then ρ∗ > 0;
iii) Let n ≥ 2. If 1 ≤ #D̂ < n and #D−#D̂ ≥ 1, then ρ∗ > 0 but there

exists ρ∗ < ρ∗, which may be negative, such that local indeterminacy still
holds when ρ ∈]ρ∗, ρ∗[.

Theorem 11 suggests that local indeterminacy cannot arise with high
substitutability. We may thus provide conditions for saddle-point stability.

We first introduce an alternative restriction to Assumption 10.

Assumption 11 . There exists ρ̄ > −1 such that for any ρ ∈ (−1, ρ̄],
D1(ρ) has a strong dominant diagonal, and D̂1(ρ) has only real eigenvalues
with dominant diagonal.

Proposition 6 . Let Assumption 11 hold with #D = n. Then there exists
ρ̂ ≥ ρ̄ such that the steady state is saddle-point stable for any ρ ∈ (−1, ρ̂).

Condition #D = n with dominant diagonal garantees that the Jaco-
bian matrix J has at least n negative eigenvalues. However, strong factor

substitutability leads to the existence of a unique equilibrium path.

2.3 Two-sector models with intersectoral externalities

2.3.1 A general formulation

In the previous section we have considered sector-specific externalities as ini-

tially formulated by Benhabib and Farmer [3]. Such a formulation does not
introduce any direct additional intersectoral relationships into the model.
A kind of symmetry similar to that obtained in standard optimal growth
models is still preserved. An alternative way of introducing external effects
into a multisector model is to consider aggregate externalities as in Romer

[29]. One possible formulation has been provided by Boldrin and Rustichini
[11]. They deal with a two-sector economy in which each technology is af-
fected by some intersectoral external effects coming from the average stock
of capital. It is assumed that this provides an approximation of the aggre-
gate technolgical knowledge of the economy which has positive spillovers on

the production activities.
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Let us consider now the Boldrin and Rustichini formulation. We have a
two-sector discrete-time growth model with one pure consumption good y0

and one capital good y. The labor supply is inelastic and the population

is constant. Total labor is normalised to 1 and each good is produced with
a constant private returns to scale technology which also depends on an
intersectoral externality A:

y0 = f 0(k0, l0, A)

y = f 1(k1, l1, A)

with k0 + k1 ≤ k, k being the total stock of capital, and l0 + l1 ≤ 1. At the
equilibrium, the externality A will equal the aggregate capital stock k.

Assumption 12 . Each production function f i(ki, li, A), i = 0, 1, is C2,
increasing in each argument and, for any A > 0, concave, homogeneous of

degree one and such that for any li > 0, f i
11(., li, A) < 0.

For any given (k, y,A), we define a temporary equilibrium by solving the
following problem of optimal allocation of productive factors between the
two sectors:

T (k, y,A) = max
k0,k1,l0,l1

f0(k0, l0, A)

s.t. y ≤ f1(k1, l1, A)

k0 + k1 ≤ k

l0 + l1 ≤ 1

k0, k1, l0, l1 ≥ 0

(38)

The value function T (k, y,A) describes the frontier of the production possi-
bility set from the private perspective. Under Assumption 12, for any given
A > 0, T (k, y,A) is concave. To simplify the formulation we will assume
that the utility function of the representative agent is linear and that capital
fully depreciates within one period of time. The maximisation program is

max
{yt}+∞

t=0

+∞∑

t=0

δtT (kt, kt+1, At)

s.t. (kt, kt+1) ∈ D(At)

k0, {At}+∞
t=0 given

(39)

with
D(At) =

{
(kt, kt+1) ∈ R2

+/0 ≤ kt+1 ≤ f1(kt, 1, At)
}

the set of admissble paths for any given externalitie At. The first order

condition for an interior maximum is given by the Euler equation

T2(kt, kt+1, At) + δT1(kt+1, kt+2, At+1) = 0
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which is a second-order non-linear implicit difference equation. An equi-
librium path is a parameterized solution of the Euler equation, denoted
kt({A(t)}+∞

t=0 ), which satisfies the fixed point relationship between kt and

At:
kt({A(t)}+∞

t=0 ) = At for all t ≥ 0 with k0 = A0

We will assume that an equilibrium path solution to this fixed point problem
exists. It also has to satisfy the transversality condition

lim
t→+∞

δtktT1(kt, kt+1, kt) = 0

Along an equilibrium path the Euler equation becomes

T2(kt, kt+1, kt) + δT1(kt+1, kt+2, kt+1) = 0

As in optimal growth models it is easy to show that

T1(k, y, A) = f0
1 (k0(k, y, A), l0(k, y, A), A) = qf1

1 (k1(k, y,A), l1(k, y, A), A)

= w(k, y, A)

T2(k, y, A) = −f0
1 (k0(k, y,A), l0(k, y,A), A)

f1
1 (k1(k, y,A), l1(k, y,A), A)

= −f0
2 (k0(k, y,A), l0(k, y,A), A)

f1
2 (k1(k, y,A), l1(k, y,A), A)

= −q(k, y,A)

A steady state kt+1 = kt = k∗
δ is a solution of

f1
1 (k1(k

∗
δ , k

∗
δ , k

∗
δ ), l1(k

∗
δ , k

∗
δ , k

∗
δ), k

∗
δ) = δ−1 (40)

Assumption 13 . For any δ ∈ (0, 1], there exists a steady state solution of

equation (40).

Linearizing the Euler equation around the steady state gives the following
characteristic polynomial

P (λ) = λ2δT ∗
12 + λ[δ(T ∗

11 + T ∗
13) + T ∗

22] + T ∗
21 + T ∗

23 = 0

with T ∗
ij = Tij(k

∗
δ , k∗

δ , k
∗
δ). Provided T ∗

12 6= 0, the two roots λ1 and λ2 satisfy

λ1λ2 = δ−1 + T ∗
23/δT ∗

12

λ1 + λ2 = −δ(T ∗
11 + T ∗

13) + T ∗
22

δT ∗
12

We obtain a generalisation of the Kurz [18] and Levhari-Liviatan [19] result:
if λ is a characteristic root, then 1/δλ + T ∗

23/δλT ∗
12 is also a characteristic

root. We derive from this that if T ∗
23/T ∗

12 ≥ 0, then λ1λ2 > 1 and the steady

state is necessarily locally determinate. On the contrary, if T ∗
23/T ∗

12 < 0,

40



λ1λ2 may be less than 1 and local indeterminacy of equilibria may occur.
As in two-sector optimal growth models, the sign of T ∗

12 is ruled by the
capital intensity difference at the private level. However, the sign of T ∗

23 is

difficult to establish. We only know that

T ∗
23 = −∂q/∂A

Boldrin and Rustichini [11] provide formal conditions for local indetermi-
nacy but it remains difficult to interpret these conditions in terms of the

fundamentals.11 In particular, there is no clear picture concerning the re-
quirements on the capital intensity difference.

2.3.2 A Cobb-Douglas formulation

The contribution of Boldrin and Rustichini [11] does not allow to compare

the conditions for local indeterminacy in models with intersectoral exter-
nalities with those obtained in models with sector-specific externalities. In
order to provide such a comparison, Nishimura and Venditti [26] provide a
Cobb-Douglas formulation that encompasses the cases of sector-specific and
intersectoral external effects.

Consider a discrete-time two-sector economy having an infinitely-lived
representative agent with a linear single period utility function. Labor sup-
ply is inelastic and there are one pure consumption good, c, and one invest-
ment good, k. Each good is produced with a Cobb-Douglas technology. We
assume that the consumption good production function contains positive in-

tersectoral externalities given by a convex combination of the capital stocks
of the two sectors. We denote by y and y0 the outputs of sectors k and c:

y = k
β1
1 l

β2
1 , y0 = ekα1

0 lα2
0 with e = [θk0 + (1− θ)k1]

a

where θ ∈ [0, 1] and a ≥ 0. Depending on the value of θ, our formulation
encompasses the usual assumptions of sector specific externalities (θ = 1),

and global external effects (θ = 1/2). We will also consider the case with
purely intersectoral externalities (θ = 0). Labor is normalized to one, l0 +
l1 = 1, the total stock of capital is k0 + k1 = k and total depreciation of
capital occurs in one period.

Assumption 14 . Returns to scale at the social level are non-increasing
in the consumption good sector, i.e. α1 + α2 + a ≤ 1, and constant in the

investment good sector, i.e. β1 + β2 = 1.

11See also Drugeon and Venditti [17] and Venditti [35] for more detailled conditions on
local indeterminacy and local bifurcation of periodic cycles.
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It can be easily shown that if β1/β2 > (<)α1/α2 the investment (con-
sumption) good sector is capital intensive from the private perspective. Note
that this definition is still valid with intersectoral external effects (θ < 1).

The condition β1/β2 > (<)(α1 + a)/α2 implies that the investment (con-
sumption) good sector is capital intensive from the social perspective if the
externalities are sector specific (θ = 1).

The representative consumer’s optimization program is given by

max
{k0t,l0t,k1t,l1t,kt,yt}+∞

t=0

∞∑

t=0

δtetk
α1
0t lα2

0t

s.t. yt = kβ1
1t lβ2

1t

1 = l0t + l1t

kt = k0t + k1t

kt+1 = yt

k0 = k̄0, {et}+∞
t=0 given

(41)

Denote by qt, ω0t and ωt the price of the capital good, the wage rate of labor
and the rental rate of the capital good at time t ≥ 0, all in terms of the
price of the consumption good. The Lagrangian at time t ≥ 0 is:

Lt = δetk
α1
0t lα2

0t + δqt[k
β1
1t l

β2
1t − yt] + δω0t[1 − l0t − l1t + δωt[kt − k0t − k1t]

+ δqtyt − qt−1kt

For any (kt, yt), solving the first order conditions w.r.t. (k0t, l0t, k1t, l1t) gives

inputs as functions k̂0(kt, yt), l̂0(kt, yt), k̂1(kt, yt) and l̂1(kt, yt).
12 We define

the efficient production frontier as

T (kt, yt, et) = etk̂0(kt, yt)
α1 l̂0(kt, yt)

α2

Using the envelope theorem we derive the equilibrium prices

qt = −T2(kt, yt, et) (42)

ωt = T1(kt, yt, et) (43)

From the first order conditions w.r.t. (kt, yt) we obtain

−qt + δωt+1 = 0 (44)

Mixing equations (42-44) with kt+1 = yt gives the Euler equation:

T2(kt, kt+1, et) + δT1(kt+1, kt+2, et+1) = 0

Any sequence {kt, et}+∞
t=0 needs also to satisfy the transversality condition

12Notice that the factors optimal demand functions do not depend on externalities et.
This follows from the fact that the production functions are Cobb-Douglas.
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lim
t→+∞

δtktT1(kt, kt+1, et) = 0

Let {kt}+∞
t=0 denote a solution. This path depends on {et}∞t=0. If ex-

pectations are realized, i.e. if {et}+∞
t=0 satisfies the following relationship:

et =
[
θk̂0(kt, kt+1) + (1 − θ)k̂1(kt, kt+1)

]a
≡ ê(kt, kt+1)

for t = 0, 1, 2, ..., then the sequence {kt}+∞
t=0 is called an equilibrium path.

Substituting ê(kt, kt+1) into equations (42-43) gives qt and ωt as functions
of (kt, kt+1). Then the Euler equation along an equilibrium path becomes:

−q(kt, kt+1) + δω(kt+1, kt+2) = 0 (45)

Lemma 6 . There exists a unique steady state k∗ =
α1β2(ρβ1)1/β2

α2β1+(α1β2−α2β1)δβ1
.

The linearization of (45) around k∗ gives the characteristic polynomial:

δ
∂ω

∂y
(k∗, k∗)x2 + x

[
δ
∂ω

∂k
(k∗, k∗)−

∂q

∂y
(k∗, k∗)

]
−

∂q

∂k
(k∗, k∗) = 0 (46)

Consider the first order conditions w.r.t. (k0t, l0t, k1t, l1t) derived from the
optimization program (41). Differenciating these conditions w.r.t. both

(k0t, l0t, k1t, l1t) and (q, w0, w), and using the implicit function theorem with
the Cramer’s rule allow to get the following result:

Lemma 7 . The characteristic equation (46) is equivalent to the following

Pθ,δ(x) = δA(θ, δ)x2 − B(θ, δ)x + C(θ, δ)

with

A(θ, δ) = α2(α1 − β1) − δα1β1β2
(1−α1−α2)

1−δβ1
− a(1−2θ)

φ β1[α2(1 − δβ1) + δα1β2]

B(θ, δ) = aθα2(1−δβ1)
φ − α2(1− α1)− δ(1 + δ)α1β1β2

(1−α1−α2)
1−δβ1

+ δα1β2(α2 − β2) + δα2β1(α1 − β1) + δaβ1β2
φ [α1θ + α2(1 − θ)]

− δ a(1−2θ)
φ β1[α2(1− δβ1) + δα1β2]

C(θ, δ) = α2(α1 − β1) + a
φ

[
α2θ(1− δβ1) + δα1β1β2[θ + α2(1− θ)]

]

− δα1β1β2
(1−α1−α2)

1−δβ1
+

a2θ(1−θ)δβ1(1−δβ1)α2β2

φ2

and φ = θ(1− δβ1) + (1− θ)δβ1.
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We assume in what follows that A(θ, δ) 6= 0. We will now specialize the
argument depending on the value of θ.

Assume first that there are only sector specific externalities in the con-
sumption good sector. We show that the steady state is always locally
determinate.

Proposition 7 . If the externalities are sector specific (θ = 1), the steady

state k∗ is locally determinate.

A discrete-time extension of the two-sector model with sector-specific
externalities considered by Benhabib and Nishimura [7] has been provided by
Benhabib, Nishimura and Venditti [9]. They prove that if the consumption
good is capital intensive from the private perspective, locally indeterminate
equilibria may occur when the consumption good is either capital or labor

intensive at the social level. In other words, a capital intensity reversal
is not necessary. However, they assume that there are external effects on
capital and labor in both sectors. Considering the same restriction as in the
present paper, Proposition 7 shows that indeterminacy necessarily requires
externalities coming from labor. Note that this result does not hold and

indeterminacy is still possible if we assume that the investment good sector
contains external effects on capital. The current formulation is motivated
by its simplicity and by the fact that it will strongly enlighten the role of
intersectoral external effects.

The intuition for these results is based on the Stolper-Samuelson theo-

rem. Assume that the consumption good is capital intensive at the private
level while the investment good is capital intensive at the social level.13

Starting from an increase in the rate of investment induced by an instan-
taneous increase in the relative price of the capital good, the Rybczynski
effect implies a decrease of its output at constant prices. Indeterminacy

therefore requires a sufficient increase in one of the components of its re-
turn, w, and thus a price decline to maintain the overall return to capital
equal to the discount rate. This indeed offsets the initial rise in the relative
price of the investment good and prices also reverse direction toward the
steady state. Benhabib, Nishimura and Venditti [9] show that this mecha-

nism works when both sectors have capital and labor externalities. On the
contrary, when there are only external effects coming from capital in the
consumption good sector, the Stolper-Samuelson effect is not strong enough

13A similar intuition is obtained when the investment good is also labor intensive at the
social level.
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to generate a sufficient price decline which may offset the initial rise. It
follows that prices become explosing and the transversality condition is vi-
olated.

Consider now the case in which the externality in the consumption good
technology comes only from the capital stock of the investment sector (θ =
0).

Assumption 15 . min

{
β1α2

α1 + a
, 1,

aα2(1− α1)

α1 + α2

}
> β2.

Given arbitrary a > 0, Assumption 15 may be satisfied if β2 is chosen to
be sufficiently small. Assumption 15 also implies that the investment good

is capital intensive at the private level since β1α2/(α1 + a) > β2 implies
β1/β2 > (α1 + a)/α2 > α1/α2.

Proposition 8 . Let θ = 0. Under Assumption 15, there exists δ1 < 1 such
that the steady state is locally indeterminate for any δ ∈]δ1, 1].

Intersectoral externalities give rise to another mechanism from which in-

determinacy arises. It can be shown when θ = 0 and under constant social
returns that the Stolper-Samuelson theorem now depends on the private
factor intensities and more importantly on the way the capital stock is af-
fected by a price variation. It follows that even if the investment good is
capital intensive at the private level, an increase in the rate of investment

induced by an instantaneous increase in the relative price of the capital
good implies a complex reallocation of factors between sectors. This causes
through Stolper-Samuelson effects a sufficient price decline which may offset
the initial rise as soon as discounting is weak enough. For expectations-
driven fluctuations to be sustained, the oscillations in relative prices must

indeed present intertemporal arbitrage opportunities so that, starting from
one initial equilibrium, the representative consumer may be able to select an-
other equilibrium with, say, higher returns on capital and investment rates.
When there is myopia associated with strong discounting, this mechanism
no longer holds.

From Proposition 8 it is straightforward to extend the indeterminacy
result to positive values of θ as in the following Theorem:

Theorem 12 . Under Assumption 15, there exist 0 < δ1 < 1 and a function
θ∗ :]δ1, 1] →]0, 1[ such that the steady state is locally indeterminate for each

δ ∈]δ1, 1] and θ ∈ [0, θ∗(δ)[.
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Nishimura and Venditti [26] provide some example which shows that depend-
ing on the choice of δ, θ∗(δ) in Theorem 12 can be close to one. They also
give conditions for the existence of a Hopf bifurcation when the investment

good is capital intensive at the private level.
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