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Abstract: We discuss the role of the elasticity of substitution on the
local determinacy properties of a steady state or a stationary balanced
growth path in a general multisector economy with CES technologies. Our
main results are the following: We give some sufficient conditions for the
occurrence of local indeterminacy in exogenous and endogenous growth
models. We show that local indeterminacy takes place even without a
capital intensity reversal from the private to the social level if the productive
factors are weakly substitutable. Moreover we show that the conditions for
local indeterminacy in exogenous growth models and in endogenous growth

models may be qualitatively different.
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1 Introduction

The aim of this paper is to discuss the role of the elasticity of substitution or
factor substitutability on the local determinacy properties of a steady state
or a stationary balanced growth path in a general multisector economy with
CES technologies. We will prove two new results. First, local indetermi-
nacy occurs without a capital intensity reversal, provided the elasticity of

4

substitution between factors is “weak” (less than one). Second, allowing
the elasticity of substitution between factors to be different from unity pro-
vides sufficient flexibility in these models to recognize that conditions for
local indeterminacy in exogenous growth models are qualitatively different
from those for endogenous growth models, unlike what the literature might
suggest.

Under perfect competition, it is now well known since the contributions
of Kehoe and Levine [23], Kehoe, Levine and Romer [24] and Muller and
Woodford [29] that equilibria are generically locally determinate in mod-
els with a finite number of infinitely lived agents while local indeterminacy,
i.e. the existence of a continuum of equilibrium paths, is a rather standard

feature of models with an infinite number of finitely lived agents like OLG

models.! On the contrary, under imperfect competition, locally indetermi-

!See also Diamond [18] and Galor [22].



nacy also arises in economies “a la Ramsey” with infinitely lived agents.
There is a large literature on indeterminacy in macroeconomics. In-
creasing returns, imperfect competition and money are some of the main
transmission mechanisms that provide room for the existence of sunspot fluc-
tuations based on shocks on expectations.? Following Woodford [33] which
proves that local indeterminacy is a sufficient condition for the existence
of sunspot equilibria, many contributions have focussed on coordination
problems raised by multiple equilibria® and on macroeconomic instability
based on the volatility of expectations.? Indeterminacy and sunspots pro-
vide indeed a possible explanation of business cycle fluctuations. The most
recent contributions such that Benhabib and Nishimura [9, 10] show that
exogenous growth multisector models are compatible with realistic market
imperfections and can provide a good match to macroeconomic time-series.”

Most of the papers in the literature deal with infinitely lived agents in order

to match the frequency of fluctuations observed in the data.b

2See the recent survey of Benhabib and Farmer [5].

3See Evans and Guesnerie [21].

“See Benhabib and Rustichini [15], Benhabib [3].

®See also Benhabib and Farmer [4], Benhabib, Nishimura and Venditti [11], Nishimura
and Venditti [30].

5From this point of view, two-period OLG models are not appropriate to deal with



Since Romer [31] and Lucas [25], much attention has also been given to
stability of equilibria in endogenous growth models.” The common feature
of most of these contributions is the consideration of Cobb-Douglas tech-
nologies and sector specific and/or intersectoral external effects.® Focusing
on production functions with unitary elasticity of substitution prevented any
discussion of the role of factor substitutability.

While Cobb-Douglas technologies are widely used in growth theory, re-
cent papers have questioned the empirical relevance of this specification.
Duffy and Papageorgiou [20] for instance consider a panel of 82 countries
over a 28-year period to estimate a CES production function specification.
They find that for the entire sample of countries the assumption of unitary
elasticity of substitution may be rejected. Moreover, dividing the sample of
countries up into several subsamples, they find that capital and labor have
an elasticity of substitution greater than unity in the richest group of coun-
tries while the elasticity is less than unity in the poorest group of countries.

It seems therefore necessary to question the robustness of indeterminacy

short-run business cycle fluctuations.

"See Benhabib, Meng and Nishimura [7], Mino [27], Mitra [28], Xie [35].

8 All these papers are representative agent two-sector models. However, these models
possess features of agents’ interactions through external effects. See Becker and Tsyganov

[2] for a model which explicitly introduces a heterogeneity of agents.



with respect to the elasticity of substitution.”

Boldrin and Rustichini [16], Drugeon, Poulsen and Venditti [19] consider
two-sector growth models with general neo-classical technologies and inter-
sectoral externalities. Bond, Wang and Yip [17] also examine the effects of
distortionary factor taxation which is formally equivalent to sector-specific
external effects. These authors provide conditions for local indeterminacy of
equilibrium paths. However, no clear condition on the size of the elasticity
of substitution is given.

We consider in this paper an (n+1)-sector continuous time economy with
CES technologies and sector specific externalities. Our goal is to characterize
the local stability of a steady state or a stationary balanced growth path
and to evaluate the influence of the input elasticity of substitution. The
model with exogenous growth consists of a pure consumption good and n
capital goods which are produced using capital and labor. We assume that
the instantaneous utility function is linear. The model with endogenous
growth consists of one consumable capital good and n pure capital goods.

We assume that each good is produced without fixed factors. As in the

9Based on the interest rate elasticity of US demand for money, Benhabib and Farmer [6]
use a CES production function, with labor and real money balance as inputs, to investigate

the monetary transmission mechanism.



standard literature, we assume that the instantaneous utility function is
homogeneous with a constant intertemporal elasticity of substitution.

Building on some recent empirical studies of disaggregated US data by
Basu and Fernald [1], we assume that the aggregate technology of each
sector has constant social returns which implies that individual firms exhibit
small decreasing returns. This divergence between private and social returns
is explained by the existence of mild external effects. It follows that the
standard duality between Rybczynski and Stolper-Samuelson effects which
holds in optimal growth models is broken in our framework.

Based on the destruction of this duality, it has been shown by Benhabib
and Nishimura [9] in a two-sector exogenous growth model with sector spe-
cific externalities that the steady state is locally indeterminate if the con-
sumption good is capital intensive at the private level but labor intensive
at the social level.'% Local indeterminacy then requires a capital intensity
reversal.

However, all these results have been established using Cobb-Douglas
technologies. We will use CES production functions and study the role of

the elasticity of substitution on the stability properties of the steady state or

10Gimilar results have been derived in endogenous growth models by Bond, Wang and

Yip [17], Benhabib, Meng and Nishimura [7], and Mino [27].



the stationary balanced growth path in general multisector models. We will
show that local indeterminacy takes place even without a capital intensity
reversal if factor substitutability is weak, i.e. the elasticity of substitution
is less than one. Moreover, we will prove that factor substitutability must
be sufficiently weak in exogenous growth models for local indeterminacy to
take place while this is not necessarily true in endogenous growth models.
This paper is organized as follows. The next section sets up the basic
model of production. Section 3 examines the conditions for indeterminacy
in the exogenous growth model while section 4 deals with the endogenous
growth model. Section 5 contains some concluding comments. Most of the

proofs are gathered in a final Appendix.

2 The basic model of production

Output y; is produced by inputs zg;,---,z,;. There are n + 1 outputs
Y0,Y1, ", Yn- The production functions are CES and the representative
firm in each industry faces the following function:

n —1/p;

Yj = <Zﬁijxijp] +ej(Xj)> , J=0,---n (1)

i=0
with p; > —1 and 0; = 1/(1 4 p;) > 0 the elasticity of substitution. The
positive externalities, e;(X;), will be equal to > bini;pj, with b;; > 0

and X; = (Xoj, X1, -+, Xnj) where X;; denotes the average use of input



¢ in sector j. We will assume that these economy-wide averages are taken
as given by the individual firm. At the equilibrium, since all firms of sector
J are identical, we have X;; = x;; and we may define the social production

functions as follows

n —1/p;

yj = (Z(ﬁij + bij)$;jpj> (2)
=0

We will assume that in each sector " (8;;+b;j) = 1 so that the production

functions collapse to Cobb-Douglas in the particular case p; = 0. Notice also

that the returns to scale are constant at the social level, and decreasing at the

1.1 Our formulation is however compatible with constant returns

private leve
at the private level if we assume that there exists a factor in fixed supply
such as land.'? In this case, the income of the representative consumer will
be increased by the rental of land.

A firm in each industry maximizes its profit given output price p; and

input prices wg, - - -, wy,. Its profit is:

"Denoting by f7 (o, .., Tnj, e (X;)) the technology of sector j, we have for any A > 1
1

| oo -5
FI (Ao, .. Ang, e5(X5)) = A <Z Bijw? 4+ A7 ej(Xj)> < A (xog, .- Tng, €5(X5))

=0

12The technology of sector j may be formulated as follows
n —1/p;
yj = (Z Bz, + ej(Xj)ijj>
i=0
with T the amount of land used in the production of good j, which is normalized to 1 in

our formulation.



n
T = Py = ) Wi
=0

Assumption 1 . For anyi,j5 =0,---,n, B;; > 0.

It is well known that with CES technologies, depending on the value of
the elasticity of substitution, the Inada conditions may not be satisfied. It
follows that Assumption 1 is necessary but not sufficient to guarantee that
a positive amount of every good is produced. Therefore, in the rest of the
paper we will restrict our analysis to the case of interior solutions for which
every good is produced by a positive amount and every input is used by a
positive amount in the production of every good.

In order to focus the analysis on the elasticity of substitution, we assume
that it is identical accross sectors, i.e. pj = p, j = 0,---,n. The first order
conditions subject to the private technologies (1) are the following

piBij (yi/zi)) P =w;, 0,5 =0,---,n (3)
From (3) we have

235/5 = (03033 [wi) 7 = agj(wi,py),  i,j =0, (4)
We call a;; the input coefficients from the private viewpoint. If the agents

take account of externalities as endogenous variables in profit maximization,

the first order conditions subject to the social technologies (2) are

p;(Bij + bij) (yj/xz'j)Hp =w;, 4,7=0,---,n



and the input coefficients become

1/(14p) o
) ) Z,]ZO,"',TL

aij(wi, pj) = (pjﬁij/wi
with Bz’j = Bij + bjj. We call a;; the input coefficients from the social
viewpoint. However, as we will show below, the factor-price frontier, which

gives a relationship between input prices and output prices, is not exactly

expressed with the input coefficients from the social viewpoint. We define
aij(wi,pj) = (Bij/ Bij)aij(wi, pj)
which we will call the quasi input coefficients from the social viewpoint, and

it is easy to derive that

. _ A p/(14p)
aij(wi, pj) = aij(wi, pj) (ﬁz‘j/ ﬁij)

Notice that a;; = @;; if b;; = 0, i.e. there is no externality coming from
input 7 in sector j, or p = 0, i.e. the production function is Cobb-Douglas.

Based on these input coefficients we will now establish various Lemmas.
We first show that the factor-price frontier is determined by the quasi input

coefficients from the social viewpoint.

Lemma 1 . Denote p = (po,--,pn), w = (wg,- -, w,) and fl(w,p) =

[a:;(wi, pj)]. Then p = A(w, p)w.
Proof: Substituting (4) into the real production function (2) gives
—p n Wi sz—p —1/p
Yj = <p;+pyjp z(ﬂij + bij) <ﬁ—l> >
i=0 ”

9



It follows

p;"" = Z;Bij <;U—;> o > ((Bz'j/ﬁij) <%> o Uh') (5)
/(1+p)

Multiplying both sides of this equality by p} gives

p; = Z ((Bij/ﬁij) (pjwﬁ”> o wi> = Zdijwi
! i=0

1=0

O

The total stock of factors is a vector x = (xq,- -, x,) with x; = Z?:o Tij.
From the full employment conditions, we derive the factor market clearing
equation which depends on the input coefficients from the private perspec-

tive.

Lemma 2 . Denote v = (xg, - ,xn), v = (Yo, ,yn) and A(w,p) =
[aij(wi, pj)]. Then A(w,p)y = x.

n n
Proof: By definition z;; = a;;y;, and thus inj = Zaijyj = x;.
j=0 §=0

U

We now examine some comparative statics. Since the function A(w,p) is
homogeneous of degree zero in w and p, the envelope theorem implies that

the factor-price frontier satisfies:

Lemma 3 . dp = A(w, p)dw.

Proof: Differentiating equation (5) gives



and therefore
noa 3. . 1+
=35 (B = Do
i=0 74 ¢ .

The factor market clearing equation finally satisfies:

Lemma 4 . A(w,p)dy + Zy] <6 dw-l-aaipdp) = dzx with %‘i =

8aij] Oal [8%] i|
L and = .
|:Bws s=0,---,n I 9ps =0,-,n

[ EA)

Proof: Starting from 37 aijy; = z; we have

Zamdyj—i—Zy] (Z aa”d ‘f‘zaawd > = dz;

O

Total derivative of the system can be summarized by the following equation

dy I = y% dx A Sy
H _ 7j=097 Op with H — 7=0 97 ow

dw 0 I dp 0 A

Under Assumption 1, we now define (n + 1) x (n + 1) positive matrices

B = [51/(1+p)} and B = [ﬁw/ﬁp/ 1+ﬂ)}

ij
Assumption 2 . B and B are non-singular matrices.

Let us also define the two following diagonal matrices

_1 _1
T+p T+p
wo PEEEY 0 pO PEEEEY 0

1 1
0 ceewp T 0 R

11



From (4) we get A = W~1BP, A = W~1BP,and thus under Assumption 2,
Al =pP-ip~1w, A-1 = P~1B~1W. Note also from Lemmas 1-2 and the

above diagonal matrices that

wéer péJrP
W lw=B"1r 1 < : = B! : (6)
wrller Prlerp
and
y=P B Wz (7)

Factor rentals are functions of output prices only, w; = w;(p), while outputs
are functions of factor stocks and output prices, y; = yi(x,p), ¢ = 0,---,n.
We obtain finally

dy/0x Oy/op A1«
=H "= (8)

ow/0x Ow/dp 0 A!

Without external effects, i.e. b;; = 0, the matrix [0y/0z] reflects the Ry-
bezynski theorem while the matrix [Qw/dp] reflects the Stolper-Samuelson
theorem. From the duality between these two effects well known in trade
theory we get [Qy/0x] = [Ow/0p]’. However, in presence of externalities,
the Rybczynski effects depend on the input coefficients from the private
perspective while the Stolper-Samuelson effects depend on the quasi input
coefficients from the social perspective. The duality between these two ef-

fects is thus destroyed. This follows from the fact that with market distor-

12



tions, true costs are not being minimized. Local indeterminacy of equilibria

will be a consequence of this property.

3 An exogenous growth model with linear utility

3.1 The model

A representative agent optimizes a linear additively separable utility func-

tion with discount rate 6 > 0. This problem can be described as:

—+oo
max e 0tdt
{0} /0 bo(?)

n —1/p
st yi(t) = (Z Bijxij(t) ™" + ej(Xj(t))> j=0,---,n
i=0
.%'1(t):Z.%'Z](t) iZO,---,n
j=0
x;(0) given i=1,--,n
{GJ(XJ(t))}tzo given .7 = 07 e,
where (), interpreted as labor, is always equal to 1, yo(t) is the output of

the pure consumption good and g > 0 is the depreciation rate of the capital

stocks.13 We can write the modified Hamiltonian in current value as:

13We assume that the instantaneous utility is linear. This implies that the objective
functional coincides with the social production function of the consumption good sector

which is non linear and concave.

13



n -1/p n n
H = (Z Biow (t) + eo(Xo(t))> + Z wi(t) | zi(t) — Z i (t)
; i=0 Jj=0

3

n —1/p
- p;i(t) ( Bijril(t) + e (Xj(t))> — gz;(t)
0

j=1 i=

Here p;(t) and w;(t) are respectively co-state variable and Lagrange multi-

pliers, representing utility prices of the capital goods, their rental rates and

the wage rate, with po(t) = 1. The static first order conditions are given by:
ws = PjBsi(yj/rsi) P = Bso(yo/xs0) P

for j =1,---,n, s =0,1,---,n, and they are equivalent to (3). Let ' =

1 - (y17"'7yn>/7 pl = (p17"'7pn)/ and wl - (w1,~-,wn)’.

(xla T 7xn)/7 Yy
It follows from (6) and (7) that the necessary conditions which describe the

solution to problem (9) are given by the equations of motion:

$z(t) = yi(xl(t),pl(t))—gl‘i(ﬂ t=1,--,n
(10)

pi(t) = (6 +g)pi(t) —wilp'(t)) i=1,---,n
Assumption 3 . There exists a stationary point (z'*,p'*) of the dynamical

system (10) which solves ;(t) = pi(t) =0, i =1,---,n.4

MFrom a general point of view, existence of steady state is proved under conditions
(continuity of functions, some boundary properties of the functions on the domain) which
are fairly independent from the local stability properties at the steady state. In our
model, following the procedure introduced by Benhabib and Nishimura [8], Benhabib and

Rustichini [14] for optimal growth models and Benhabib and Nishimura [9] for growth

14



Linearizing around (x'*, p'*) gives the 2n x 2n Jacobian matrix:

J (W) —gl <W)
| _(%%¢»4%5+91

Since in this model we have one pure consumption good, we need to eliminate
from equality (8) the columns and rows which are associated with xg, yo, po

and wg. To do so we introduce the following n X n matrices:

a;0ag; . R &'0&0'
A1 = |:az‘j S j:| and A1 = |:(Iz‘j S ]:|

aoo aoo
for ¢, = 1,---,n. The Jacobian matrix is thus as follows:
Afl — gl *
J =

0 (64 g)I — A!

In the current economy, there are n capital goods whose initial values are
given. Any solution from (10) that converges to the steady state (z'*,p'*)
satisfies the transversality condition and constitutes an equilibrium. There-
fore, given x(0), if there is more than one set of initial prices p(0) in the stable
manifold of (z'*, p!*), the equilibrium path from z(0) will not be unique. In
particular, if J has more than n roots with negative real parts, there will be

a continuum of converging paths and thus a continuum of equilibria.

models with externalities, the existence of a steady state may be proved by constructing
CES production functions from some values of the prices p;, the rental rates w; and the
coefficients i, b;; that satisfy the local indeterminacy conditions. However, in order to
avoid unnecessary complications we simply assume the existence of the steady state to

begin with.
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Definition 1 . If the locally stable manifold of the steady state (x'*, p**) has

dimension greater than n, then (z'*, p'*) is said to be locally indeterminate.

The roots of J are determined by the roots of [A]7! — gI] and [(6 +
g) I — A'l_l]. Aj is the matrix of factor intensity differences from the private
viewpoint and A; is the matrix of quasi factor intensity differences from the
social viewpoint. Using the definitions of input coefficients given in Section

2, we may indeed interpret the elements of A; and A, as follows:

Definition 2 . The consumption good is said to be:

i) more intensive in capital good i than the capital good j at the private
level if a;japo — aipap; < 0;

it) more quast intensive in capital good i than the capital good j at the
social level if a;ja00 — Gioao; < 0;

i11) more intensive in capital good i than the capital good j at the social

level if G;;Gp0 — Q0005 < 0.

As in a Cobb-Douglas framework, it is usual to formulate the factor
intensity differences in terms of the 3;; and BZ-]- coefficients. A similar con-
venient formulation can be achieved with CES technologies. To do so at the

private level we need to define a n x n matrix B; as follows:
11
1 BRIt
By = |67 - = (11)
T+p
00

16



for i,j = 1,---,n. Considering also

1 1

w0 P 0

Wi = and P =
1 1
0 - wttr 0 - pitr

we easily obtain from (4) A; = W[ !By P;. Similarly, using the quasi input
coefficients at the social level and defining a n X n matrix By as:

A A 1+E

. . BioBoi  Borr

B, = ﬂ_UL - = oj _LOO o (12)
4 1+p o1+p

By7 P 5
for 7,7 = 1,---,n, it follows A = WflélPl. Under Assumption 2 the

matrices By and B are invertible. By the steady state conditions, § + g =

w; /p;, the Jacobian matrix J becomes

Pl (Bl—l — %I) Wi .
J = (0+g)T
0 Wi((6+g)T 1 — B hyp!

We may thus relate the input coefficients to the CES parameters:

Proposition 1 . Let Assumptions 1-3 hold. At the steady state:
i) the consumption good is more intensive in capital good i than the
capital good j from the private perspective if and only if 3;;500 — BioBo; < 0;
i1) the consumption good is more quasi labor intensive than the capital

good j from the social perspective if and only if

ﬁ:z’jﬁioo - <5¢jﬁoo> T
BioBo; Biofoj

17




ii1) the consumption good is more intensive in capital good i (labor) than

the capital good j from the social perspective if and only if Bz‘jBOO_BiOBOj < 0.

3.2 A two-sector model

In the two-sector model with n = 1, the matrices A; and fll are scalars.
From Definition 2, if a11a99 — a1pagr < 0, the consumption good is capital
intensive from the private viewpoint. Moreover, if a11G09 — @10G01 < O,
the consumption good is quasi capital intensive from the social viewpoint.
The following Proposition establishes that local indeterminacy requires a
capital intensity reversal from the private input coeflicients to the quasi

input coefficients.

Proposition 2 . Let n = 1 and Assumptions 1-8 hold. The steady state
1s locally indeterminate if and only if the consumption good is capital inten-
sive from the private perspective, but quasi labor intensive from the social

perspective.

To get indeterminacy in a framework with constant returns to scale at the
social level, we need a mechanism that nullify the duality between the Ry-
bezynski and Stolper-Samuelson effects. As shown in Section 2, the Ry-

bezynski effect is given by the input coefficients from the private perspective

18



while the Stolper-Samuelson effect is given by the quasi input coefficients
from the social perspective. In the presence of external effects, the duality
between these coefficients is broken and local indeterminacy may appear.
Starting from an arbitrary equilibrium, consider an increase in the rate of
investment induced by an instantaneous increase in the relative price of the
investment good. When the investment good is labor intensive at the private
level, an increase in the capital stock decreases its output at constant prices
through the Rybczynski effect. If on the contrary, the investment good is
quasi capital intensive at the social level, the initial rise in its price causes
through the Stolper-Samuelson effect an increase in one of the components
of its return and requires a price decline to maintain the overall return to
capital equal to the discount rate. This offsets the initial rise in the relative
price of the investment good so that the transversality condition still holds.

This mechanism is very similar to the one exhibited in the contribution
of Benhabib and Nishimura [9]. There is however a major difference with the
current paper which is based on the fact that as soon as the factor elasticity
of substitution is non unitary, the quasi input coefficients at the social level
depend on the elasticity of substitution while the social input coefficients do
not. It follows that depending on the value of the elasticity of substitution,

the capital intensity reversal from the private input coefficients to the quasi

19



input coefficients does not necessarily requires a capital intensity reversal
from the private to the social level.

Let us now precisely study the role of the factor elasticity of substitution.
Consider i) of Proposition 1. When p > 0, if B11500 — BioBor > 0 and
0511800 — B10P01 < 0, then the consumption good sector is always quasi labor
intensive from the social perspective. When —1 < p < 0, even if (11800 —
5100801 < 0, the consumption good sector may be quasi labor intensive from
the social perspective when 311300 — 310301 < 0 and dominates (311800 —
810001 We may therefore derive the following result which shows that when
considering the true social input coefficients, local indeterminacy also takes

place without a capital intensity reversal:

Proposition 3 . Let n = 1, Assumptions 1-3 hold and the consumption
good be capital intensive from the private perspective. Then:

i) if the consumption good is labor intensive from the social perspective,
there exists p; € (—1,0) such that the steady state is locally indeterminate
for any p > pi and saddle-point stable for any p € (=1, p7);

i1) if the consumption good is also capital intensive from the social per-

spective and

1> [?115:00 > ﬂnﬂoo’
BioBor ~ Probor

there exists p5 > 0 such that the steady state is locally indeterminate for any

20



p > pi and saddle-point stable for any p € (=1, p3).

This Proposition shows that when the productive factors are sufficiently
substitutable, local indeterminacy occurs if the consumption good is capital
intensive at the private level. Note that local indeterminacy is still possible
even if the consumption good is capital intensive at the social level. Condi-
tion 7) only coincides with the result obtained by Benhabib and Nishimura
[9] in the particular case of Cobb-Douglas technologies. Therefore when
CES production functions are considered, a capital intensity reversal is not

always necessary for local indeterminacy.

Corollary 1 . Let n = 1, Assumptions 1-3 hold, the consumption good be

capital intensive from the private perspective, and

311800 S B11800
BroBo1 — Brobor

hold. Then there exists p* > —1 such that for any p > p*, the steady state
1s locally indeterminate.
3.3 A general multisector model

In a general multisector model with n capital goods, the local conditions
for stability or instability require strong properties on matrices of factor

intensity differences B or Bi. In this section we attempt to provide a
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generalization of the results obtained for the two-sector model and propose
new conditions for local indeterminacy. As in the two-sector case, we have
to consider the coefficients (;; and Bij of the CES technologies. We will
impose restrictions only on the sign of the diagonal terms of By and By but
not on the sign of the off-diagonal coefficients. We introduce the following
sets of indices which characterize the sign of the diagonal terms in B; and

By when p=0:
B = {] S {1, s ,’)”L} such that ﬂjjﬁoo — ﬂjO/BOj < 0} (13)

B={ke{l,---,n} such that BuBoo — Brofor < 0} (14)
When j € B the consumption good is more intensive in capital good j than
the capital good j itself at the private level. Similarly, when k € B the
consumption good is more intensive in capital good k£ than the capital good
k itself at the social level. Let us denote the number of elements in B and
B respectively by #B and #B. If #8 = n then Bi;800 — Biofoi < 0 for any
i =1,---,n, and if #B = 0 then Giifoo — Biofo; > 0 for any i = 1,---,n.
These restrictions are similar to the Metzler and Minkowsky conditions of

Benhabib and Nishimura [10] which imply the existence of 2n eigenvalues

with negative real parts.!> Our main objective is to give conditions for the

15 A Metzler matrix has negative diagonal elements and positive off-diagonal elements,

while a Minkowski matrix has positive diagonal elements and negative off-diagonal ele-
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existence of at least n+ 1 eigenvalues with negative real parts from the sign
patterns of the diagonal elements of matrices By and B.

In order to relate the sign of diagonal elements to the sign of the real parts
of eigenvalues, we introduce the following dominant diagonal properties of

matrices:

Definition 3 . An nxn matriz C = [c;;| has a dominant diagonal if |c;;| >

> jzilcigl foreach i =1,--- n or|ex| >3, i |cij| for each j =1,--- n.

This definition is stronger than the quasi-dominant diagonal introduced by
McKenzie [26] since the weighting parameters are here equal to one. We also
introduce strong dominant diagonal which requires both row dominance and

column dominance.

Definition 4 . An n x n matriz C = [¢;;] has a strong dominant diagonal
if leil > D i leil for each i = 1,---.n and |ei| > 32, |cij| for each

j=1,,n.

From now on we will explicitely parameterize the matrices By and By

by p, namely Bj(p) and B;(p), in order to simplify the exposition.

Assumption 4 . There exists p > —1 such that for any p > p, Bi(p)

has a strong dominant diagonal, and By (p) has only real eigenvalues with

ments.
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dominant diagonal.

Remark: In a two-sector model, when we consider constructing an alter-
native equilibrium with a higher investment rate, we have to decrease the
initial level of consumption. If the elasticity of intertemporal substitution in
consumption is finite, the desire to smooth consumption over time may over-
whelm the technological effects coming from the Rybczynski and Stolper-
Samuelson theorems. This is why we assume a linear specification for the
utility function. As shown in Benhabib and Nishimura [9], such an assump-
tion is no longer necessary as soon as a third non-consumption good is in-
troduced. In this case, indeterminacy may arise from compositional changes
in outputs without affecting too much the output of consumption. However,
we will still assume in the following that the elasticity of intertemporal sub-
stitution in consumption is infinite. Such an assumption is necessary to get
precise results without resorting to numerical computations. It is easy to
notice indeed that if the utility function is non linear, the Jacobian matrix J
is no longer triangular and the characteristic roots cannot be analysed. Our
strategy is therefore to give conditions on the technological fundamentals to
get local indeterminacy when the utility function is linear. As numerically
illustrated in Benhabib and Nishimura [9] in a Cobb-Douglas framework,

the argument above mentioned then guarantees that local indeterminacy
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will persist for finite values of the elasticity of intertemporal substitution in

consumption.

Theorem 1 . Let Assumptions 1-4 hold, #B > 1 and

BiiBoo S BiiBoo
31‘0301‘ o 510/801'

(15)

for alli = 1,---,n. Then there exists —1 < p* < p such that the steady

state s locally indeterminate for any p > p*.

Theorem 1 suggests that local indeterminacy cannot arise with high sub-
stitutability. We may thus provide conditions for saddle-point stability. We

first introduce an alternative restriction to Assumption 4.

Assumption 5 . There exists p > —1 such that for any p € (—1,p|, Bi(p)
has a strong dominant diagonal, and B (p) has only real eigenvalues with

dominant diagonal.

Proposition 4 . Let Assumptions 1-8 and 5 hold with #B = n. Then
there exists p > p such that the steady state is saddle-point stable for any
p € (=1,p).

Condition #B = n with dominant diagonal garantee that the Jacobian
matrix J has at least n negative eigenvalues. However, strong factor substi-

tutability leads to the existence of a unique equilibrium path.
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3.4 Examples

In Theorem 1, the lower bound p*, above which local indeterminacy is ob-
tained, may be positive or negative depending on the values of #5 and #E.
If p* < 0 then the results cover the Cobb-Douglas case. Under #B > 1 and
suitable dominant diagonal assumptions, it may be shown that p* < 0 if
#E = 0 while p* > 0 if #E > (0. Simple examples may illustrate the possi-
bility of indeterminacy in three different interesting configurations. Follow-
ing Benhabib and Nishimura [9], the production parameters are calibrated
along the lines of a standard RBC model.'® We also consider extremely

small external effects.

3.4.1: We first illustrate the case #B = 1 and #g = 0. Consider the

following matrices of private CES coeflicients and external effects coefficients

(0.66)T7 (0.64)TF (0.61)T7 00 0
Blp)=| (024 (02)% (0.23)% |» b= 0 006 0
0.)™  (0.)T  (0.1)T 00 006

It follows that

16We use indeed very similar values for the input coefficients. See also Benhabib, Perli

and Sakellaris [13].
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(0.2)T — (0.233)T (0.23)TF — (0.222) T+

Bl(p) - 1 1 1 1
(0.1)TF% — (0.097)T%  (0.1)T — (0.094)T+7
026 0.233 023 0222
) (0.2)TF%  (0.233)T7  (0.23)T%  (0.222)T47
Bi(p) =
0.1 0.097 0.16 0.094

(0.1)T7  (0.097)T7  (0.1)T7  (0.094)TH7
and when p =0
—0.032 0.004 ) 0.027 0.004
Bl (0) = and Bl (0) =
0.003 0.006 0.003 0.066

We have #B = 1 for row 1 of matrix Bj(p) which has a strong dominant
diagonal for any p > —1. Moreover #E = 0 and the matrix El(p) has a
dominant diagonal for any p € (—1,—0.55) U (—0.29,400). The eigenvalues
are positive when p > —0.409 and have opposite sign when p € (-1, —0.409).
Then there exists p* = —0.409 such that the steady state is locally indeter-
minate for any p > p* and saddle-point stable when p € (—1, p*). The values
of #B and #l? respectively give the number of negative diagonal terms of
B1(0) and B;(0). Under dominant diagonal assumptions, these give the
number of negative roots of B;(0) and B;(0). Therefore, if #B = 1 and
#E = 0, the Jacobian matrix when p = 0 has n + 1 roots with negative real

parts.
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3.4.2: We now illustrate the case #8B = 1 and #B — #E < 1. Consider

a slight modification of the previous matrices B and b:

(0.66)T (0.68)T (0.65)T+ 00 0
B(p)=| (0247 (02)T (0.23)% |-0=1| 0 002 0 (16)
(0.1)™  (0.1) (0.11) T+ 00 001

We obtain easily

(0.2)TF — (0.247)T  (0.23)TH — (0.236) T+

Bl(p) - 1 1 1 1 ’
(0.1)T% — (0.103)T7%  (0.11)T — (0.098) T+
022 0247 023  0.236
(0.2)T5%  (0.247)T7  (0.23)T7  (0.236)T7
0.103 012 0098 |
(0.0 (0.103)™F (0.11)T57  (0.098)757
and when p =0
—0.047 —0.006 ) —0.027 —0.006
) Bl(o) =
—0.003  0.012 ~0.003  0.022

We have #B = 1 for row 1 and Bj(p) has a strong dominant diagonal
for any p > —1. Condition (15) is satisfied, #B = 1 and Bi(p) has a
dominant diagonal for any p € (—1,0.150) U (0.231, +00). The eigenvalues
are positive when p > 0.196 and have opposite sign when p € (—1,0.196).
Moreover #B — #g = 0 and there exists p* = 0.196 such that the steady
state is locally indeterminate for any p > p* and saddle-point stable when

€ (=1, p*). Note that since we use dominant diagonal property on Bj(p)
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and Bl(p), local indeterminacy requires at least n 4+ 1 negative diagonal
terms in Bj(p) and Bi(p). When p = 0 and under #B > 1, this requires
that #g > #B — 1. Therefore local indeterminacy cannot occur in the

Cobb-Douglas case when #B — #g < 1.

3.4.3: We finally illustrate the case #8B = 1 and #B—#g > 1. Consider

a slight modification of matrices (16) as follows

(0.66)T7  (0.68)TF (0.65)T+7 00 0
Blp)=| (0247 (02)™ (0.23)% |, b=| 0 002 0
0.)T  (0.1)T  (0.09)T7 00 003

We obtain easily

(0.2)T7 — (0.247)T%  (0.23)TH7 — (0.236) T

Bl (p) - 1 1 1 1
(0.1)T% — (0.103)T%  (0.09)TF% — (0.098) T+
022 0247 023 0.236
. 0.2)T%  (0.247)T5  (0.23)TF  (0.236)7+
Bi(p) =
0.1 0.103 0.12 0.098

(0.)TF  (0.103)T7  (0.09)T7%  (0.098)T
and when p =0

—0.047 —0.006 R —0.027 —0.006
B1(0): and Bl(O):

—0.003 —0.008 —0.003  0.022

We have #8B = 2 and B (p) has a strong dominant diagonal for any p > —1.

Condition (15) is satisfied and #B = 1. Bi(p) has a dominant diagonal
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for any p € (-1, —0.856) U (—0.596,0.150) U (0.231, 4+00) and its eigenvalues
are positive when p > 0.195, have opposite sign when p € (—0.714,0.195)
and are negative when p € (—1,—0.714). Moreover we have #8B — #E =1
and there exist p* = 0.195 and p* = —0.714 such that the steady state is
locally indeterminate for any p € (p*, p*) U(p*, +00) and saddle-point stable
when p € (—1,p*). The Cobb-Douglas case falls into this configuration.
While the sufficient conditions of Theorem 1 imply that the lower bound p*
is positive, local indeterminacy of the steady state may still hold for some
p which is strictly less than p*. When #B > 1, #g > 0 and #B — #g > 1,
there are at least n + 1 negative diagonal terms in B (0) and B (0). If, in
addition, dominant diagonal properties are satisfied at p = 0, the steady
state is locally indeterminate at p = 0 even though the lower bound given

by Theorem 1 is strictly positive.

4 An endogenous growth model with non-linear
utility
4.1 The model

We now consider an economy without fixed factors that exhibits unbounded

growth. A representative agent optimizes a non-linear additively separable
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utility function with discount rate § > 0. This problem can be described as:

“+o0 1-0o
max / me_&dt
c®){zi; (O} Jo l-o

~1/p

s.t. (Z Bijzij(t) 7P + ej(X; (t))) j=0,--,n
o(t) = yo(t) — gzo(t) — c(t)

i(t) = yi(t) — gui(t) i=1,-,n

(t):zn;xij(t) i=0,--,n

z;(0) given i=0,---,n

{e;(X;(1)}e=0 given j=0--.n

There is no pure consumption good: the good 0 is both a factor of production

and a consumption good. The modified Hamiltonian in current value is:

()~ o
H = ﬁ —|—p0 <Z ﬁz()xlo + eO(XO( ))) - gl‘o(t) - C(t)

n —1/p
+ Z pj(t) (Z Bijr; () + e;(X (t))> — gx;(t)
j=1
+y wilt) [ @) =D wis(t)
i=0 Jj=0

Here p;(t) and w;(t) are respectively co-state variables and Lagrange multi-
pliers, representing utility prices of the capital goods and their rental rates.

The static first order conditions for this problem are given by:
¢’ = po (18)
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ws = p;jBsj (yj/Ts5)" (19)

forj=1,---,n, s =0,1,---,n, and equations (19) are equivalent to (3).
It follows from (6) and (7) that the necessary conditions which describe the

solution to problem (17) are given by the equations of motion:

go(t) = wolx(t),p(t)) — gro(t) — c(t)
#i(t) = wix(t),p(t)) — ga;(t) i=1,,n (20)
pit) = (6 + g)pilt) — wilp(t)) i=0,-.n

The production functions being homogeneous of degree one, let the growth
rate of ¢ and x; along the balanced growth path be p. From equation (18),

prices must then decline at the rate opu. We define discounted variables as:
zi(t) = e May(t), Git) = e yi(t), Dilt) = 7 'pilt), @i(t) = e wi(t)

Note that e #tc(t) = e " (po(t)) =7 = (po(t)) /7. Since there are no fixed

factors, outputs y are homogeneous of degree one in stocks z, and homoge-

neous of degree zero in prices p, and the factor prices w are homogeneous of

degree one in prices. Then equations (20) can be written as:

Fo(t) = Go(@(t),5(t)) — (g + p)To(t) — (pol))~/7
Zi(t) = G(@(),B(t) — (g + p)Ti(2) i=1,--,n (21
pit) = (6+g+awpi(t) — wi(p(t)) i=0,,n

The stationary balanced growth rate p corresponds to the stationary point

(z*,p*) of the above system.
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Assumption 6 . There exists a stationary point (*,p*) of the dynamical

system (21) which solves Z;(t) = p;(t) =0,i=0,1,---,n.'7

1

From the price equations in the dynamical system (21) evaluated at (z*,p*)

and Lemma 1, we have (6 + g + UM)A/ w = w which can be reformulated as
A~ +g+op)  NIw=0 (22)

Thus p is obtained from the Frobenius root of 4, i.e. (6 +g-+op)~t, which
has w as eigenvector. Linearizing around (z*, p*) gives the 2(n+1) x2(n+1)
Jacobian matrix:

() e (25)

0 ®+g+am1—<@%¥ﬂ)

J =

where Z is a matrix of zeros except for the element of the first row and the

first column, which is (l/a)pal_l/g. From equation (8), J becomes:

A-1 (g+ M)I <8@7(3;;15*)) +Z

J = (23)

0 (6+g+op)l — A1

In the current economy, there are n + 1 capital goods whose initial val-
ues are given. Any solution from (21) that converges to the steady state
(z*,p*) satisfies the transversality condition and constitutes an equilibrium.
Therefore, given z(0), if there is more than one set of initial prices p(0) in

the stable manifold of (z*,p*), the equilibrium path from z(0) will not be

1"When endogenous growth is considered, the same comment as in footnote 11 applies.
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unique. Notice that the Frobenius root of A implies the existence of one
zero root for J. Therefore, if J has more than n roots with negative real
parts, there will be a continuum of converging paths and thus a continuum
of equilibria. Definition 1 of local indeterminacy still applies.

The roots of J are given by the roots of [A™! —(g+pu)I] and [(6+g+ou)l—
A ~1]. As in the exogenous growth formulation, we may formulate the factor
intensity differences in terms of the 3;; and @-j coefficients. From Lemmas
3 and 4 we have dp = A'dw and Ady + > =0 U %%dw = dz. Consider the

two following diagonal matrices

W = : : and P =
1 1
0 (wn)u—p 0 (pn) T+p
The steady state conditions give § + g + op = (w;/p;). Then we can rewrite
J as follows:
p-1 <B—1 . gtu ;I> W (8@(%;43*)) +Z
(

0 W((6+g+op) Tl — B-HP-!

Applying the same proof as the one of Proposition 1, we finally obtain:

Proposition 5 . Let Assumptions 1, 2, 6 hold. At the steady state:
i) the consumable capital good is more intensive in the pure capital good

i than the pure capital good j at the private level iff B;jBoo — BioBoj < 0;
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it) the consumable capital good is more quasi intensive in itself (the pure
capital good i) than the pure capital j at the social level iff
PPN _p_
Bi;Boo > (<) <5i]ﬂ00> T+p
BioBoj BioBoj
ii1) the consumable capital good is more intensive in itself (the pure capi-

tal good i) than the pure capital j at the social level sz@jﬁoo—@oﬁgj > (<)0.

4.2 A two-sector model

Considering a two-sector model, we first show that, as in the exogenous
growth framework, local indeterminacy requires a factor intensity reversal

from the private input coefficients to the social quasi input coefficients .

Proposition 6 . Let n = 1 and Assumptions 1, 2 and 6 hold. If the
consumable capital good is intensive in the pure capital good from the private
perspective, but it is quasi intensive in itself from the social perspective, then

the balanced growth path is locally indeterminate.

This result is based on the quasi input coefficients from the social view-
point which do not have real economic meaning. We need therefore to use
the true social input coeflicients. But now we have to consider explicitely

the factor elasticity of substitution. Applying the same proof as in the ex-
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ogenous growth case, we show that local indeterminacy occurs without such

a reversal when the elasticity of substitution is less than one:

Proposition 7 . Let n =1, Assumptions 1, 2, 6 hold and the consumable
capital good be intensive in the pure capital good from the private perspective.
Then:

i) if the consumable capital good is intensive in itself from the social
perspective, there exists p* € (—1,0) such that the balanced growth path is
locally indeterminate for any p > p*;

i1) if the consumable capital good is also intensive in the pure capital

good from the social perspective and

Br1Boo _ B115oo
e Gr0Bor ~ Brobor’

(24)

there exists p* > 0 such that the steady state is locally indeterminate for any

*

p > p*.

When the technologies are close enough to a Leontief function, this Corol-
lary provides a new condition for local indeterminacy based on a consumable
capital good intensive in the pure capital good at the private and social lev-
els. Moreover, it extends the conclusions of Benhabib, Meng and Nishimura
[7], Bond, Wang and Yip [17] and Mino [27] to any economies with tech-

nologies between Cobb-Douglas and Leontief functions.
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4.3 A general multisector model

Consider now a general multisector model with n + 1 goods. As we can see
in the Jacobian matrix (23), n roots are determined by the matrix [A~1 —
(g + p)I] without externalities and the other n roots by the matrix [(d + g+
op)l — A ~1] with externalities. If A~! has a root with negative real part,
it makes one root with negative real part in the Jacobian matrix. If A1
has a root with positive real part, it makes one root with negative real part
in the Jacobian matrix unless the root corresponds to the Frobenius root of
A=Y, Therefore, in order to provide sufficient conditions in the multisector
case we start with an assumption which implies that B and thus A have
at least one root with negative real part. From now on we will explicitely
parameterize the matrices B and B by p, namely B(p) and B(p), in order

to simplify the exposition.

Assumption 7 . For any p > —1, B(p) has a negative determinant.

We derive from this Assumption:'®

8The result of Lemma 5 refers to some diagonal and off-diagonal elements in each
column. However, similar results hold true for diagonal and off-diagonal elements in each
row too. In the case where dominant diagonal property does not hold, similar inequalities
follows for each column and each row. In order to avoid unnecessary complications, we

only use inequalities between diagonal elements and off-diagonal elements for each column
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Lemma 5 . Under Assumptions 1, 2, 6, 7, there exist at least one row

i €40, ,n} such that B/ < 0. g1/
Now define the set of rows ¢ which satisfy the inequality given in Lemma 5

2 = { i€ 0.+ ) such that Y < 5,80 b (29)

Next we look at the matrix with externalities and we introduce a dominant
diagonal assumption given by Definition 4 in the previous section for B (0)

in order to obtain n + 1 roots with positive real parts.
Assumption 8 . B(0) has a dominant diagonal.
Moreover, we introduce slight restrictions on some components of matrix B:

Assumption 9 . Any row k =0,---,n of B satisfies B # Prj, J # k.

This implies that the amount of capital k used in its own industry is different

from the amount of capital k used in any other industries.

Lemma 6 . Let Assumptions 1-2 and 6-9 hold. Then there exist p € [~1,0)
and p > 0 such that for any p € (p,p), B(p) has a dominant diagonal.'®
Moreover:

i) If there is some i € Z(p) and at least one j # i such that B; < [ij,

throughout the rest of this paper.
¥The critical value p may be +o0o when n = 1 under condition i) in Proposition 7.

However, when n > 2, p < 40 if the externalities are mild.
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then p > —1;

ii) Let n > 2. If for all i € I(p) and all j # i, Bii > Bij, then p = —1.

We now introduce the following Assumption based on the open interval (p, p)

given in Lemma 6:

Assumption 10 . The matriz B(p) has only real eigenvalues for any p €

(p:P)-
This finally allows to state the following result:

Theorem 2 . Let Assumptions 1-2 and 6-10 hold. Then the following cases
occur:

i) If there is some i € Z(p) and at least one j # i such that By < [ij,
then there exist p} € (—1,p| and p5 > p such that for any p € (p7,p3), the
stationary balanced growth path s locally indeterminate;

ii) Let n > 2. If for alli € Z(p) and all j # i, Bi; > Bij, then there exists

p* > p such that the stationary balanced growth path is locally indeterminate

for any p € (=1, p").

This Theorem provides a generalization of Proposition 7i). In a two-
sector model with n = 1, if the consumable capital good is intensive in the
pure capital good at the private level then B has a negative determinant

and Lemma 5 implies that case i) of Lemma 6 necessarily holds. Moreover,
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if B(O) has a dominant diagonal, then Boo > fPo1 and (11 > Bio which
implies that the consumable capital good is intensive in itself from the social
perspective.

When compared with the exogenous growth case, Theorem 2 shows that
the role of the factor elasticity of substitution on the occurrence of local
indeterminacy is quite different in the endogenous growth model. In fact,
E(p) is defined by input coefficients and not by capital intensity coefficients
in the current formulation. This implies that local indeterminacy does not
occur with low factors substitutability when external effects are mild. More-
over, Theorem 2 shows with case i) that local indeterminacy occurs with an
arbitrarily large elasticity of substitution. This is not the case in exogenous
growth models.

In a recent contribution which corresponds to case p = 0 in our formu-
lation, Benhabib, Meng and Nishimura [7] show that if B has n roots with
negative real parts and B has at least 2 roots with positive real parts, the
Jacobian matrix has one zero root and at least n 4+ 1 roots with negative
real parts, and then the stationary balanced growth path is locally indeter-
minate. Notice that their conditions are fundamentally based on the private
input coefficients while our results rely on the social input coefficients. It

clearly appears indeed that B being a non negative (n + 1) x (n + 1) ma-
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trix, the ocurrence of n roots with negative real parts is difficult to obtain.
On the contrary, B being also a non negative matrix, a dominant diagonal
property ensures the existence of n + 1 roots with positive real parts and

local indeterminacy is obtained under a mild additional condition on B.

5 Concluding comments

The main objective of this paper has been to discuss the role of factor sub-
stitutability on the stability properties of a steady state or a stationary bal-
anced growth path in a general multisector economy with CES technologies.
We have given some easily tractable sufficient conditions for the occurrence
of local indeterminacy in exogenous and endogenous growth models. We
have proved this result without a capital intensity reversal from the private
to the social level when the elasticity of substitution is less than one. And
finally we have shown that factor substitutability must be sufficiently weak
in exogenous growth models for local indeterminacy to take place while this
is not necessary in endogenous growth models.

We conclude with some comments about two possible further researches.
We have assumed throughout the paper that all the sectors have the same
elasticity of substitution. It would be interesting to study how our results

are modified if some heterogeneity is introduced on this parameter. More-
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over, although we have provided indeterminacy examples with mild external
effects, we have not discussed the relationship between the elasticity of sub-

stitution and the size of externalities.

6 Appendix

6.1 Proof of Proposition 1

At the steady state, (6 + g)p; = w;, and thus

a;jago — GipQo; = <(5+g T ) s ((@gﬁoo)l“ - (BlO/BOJ)H—p)

P S Y S 1+P Bij@oo _ BiOBOj
GUCLOO azOCLO] ((5+g 2w1) <(ﬂwﬁoo)T% (,37,0,30])?%’>

1

aijaoo — @iodo; = <( )1 ’ ((ﬂz;ﬁoo)w - (@oﬁoy)T)

OJ

6.2 Proof of Proposition 2

In the two sector model A; and 1211 are scalars. From Lemma 2, z1 =

a19Yo + a11y1- Moreover, at the steady state, y; = gx1, and it follows

aioyo +ganixy =x1 < aoyo = [1 — gaii]xr >0
Therefore

_ apo aooll — ga11]| + aioaog
Al Vgl = —g= [ ] <0
41100 — @10a01 a11a00 — A10401

if and only if a11a90 — a10a01 < 0. From Lemma 1, pP1 = dolwo + &le.

Moreover, at the steady state, (6 + g)p1 = w1, and it follows
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((5 +g)€l01’w0 + ((5 +g)&11’u}1 =w < ((5 +g)&01’u}0 = [1 — ((5 +g)d11]w1 >0

Therefore

E+gI— A1 = (G+g) - —— 0
aiiapo — a10401

_ [ =0+ g)anjao + (0 + g)asodor _
a11aoo — G10001

if and only if a11a90 — @10a1 > 0.

6.3 Proof of Proposition 3

Since the consumption good is capital intensive at the private level we have
511800/B10Bo1 < 1. When p > 0 this implies (311800/31000)” 17 <
1 with lim,— o0 (811600/810801)” ) = (B116800/B10001). On the con-
trary when p € (—1,0) this implies (311600/8100801)”/(*?) > 1 with
lim,—,_1(311800/B10801)”/ 1) = 4o00. Note that (B11800/B10801)"/ 17 is
decreasing in p.

i) If the consumption good is labor intensive at the social level,

then 311300/310301 > 1. Therefore, there exists pj € (—1,0) such

that (B11600/F10601) > (Br1foo/Brofor)?/ 1+ for all p > p} and

(B11600/B10B01) < (B11800/Brofor)?/ 1P for all p € (—1,p}). Local in-

determinacy when p > p} and thus saddle-point stability when p € (-1, p7)
follow from Propositions 1 and 2.

i1) If the consumption good is labor intensive at the social level, then
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311300/310301 < 1. Since we have

1> [?11500 S B11 500

BrofBor — BioBor’

there exists pj > 0 such that (B11500/B10601) > (B11800/B10801)” )

for any p > pj and (B11600/BroBo1) < (Bi1Boo/BroBor)?/H+7) for any
p € (—1,p3). Local indeterminacy when p > p3 and thus saddle-point

stability when p € (—1, p3) follow from Propositions 1 and 2.
Ul

6.4 Proof of Theorem 1
We need to establish various important Lemmas. To prove the first one, we
will use the following Wielandt [33] Theorem:

Theorem 6.1 . Let B = CD where D is symmetric and C + C' is positive
definite. Let by, by and b_ denote the number of positive, vanishing, and
negative real parts of eigenvalues of B and let dy, dy and d— denote the
number of positive, vanishing, and negative eigenvalues of D. Then by = dy,
bo =dop and b_ = d_.
Consider the following set of indices

N ={ie{l,---,n} such that b; <0}

We can now prove:

Lemma 6.2 . Let B = [b;j] be an n x n matriz with strong dominant
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diagonal. Assume that #N = p < n. Then B has p eigenvalues with

negative real parts and n — p eigenvalues with positive real parts.

Proof: We can write B as the following product: B = C'D with C' a strong
dominant diagonal matrix with positive diagonal and D a diagonal matrix
with p diagonal elements equal to —1 and n — p diagonal elements equal
to 1. Since C has a strong dominant diagonal, C' + C’ is symmetric with
positive strong dominant diagonal. Therefore all the eigenvalues of C' + C’
are positive and C + C’ is positive definite. Moreover, D satisfies d_ = p,

dyp =0 and d; = n — p. The result follows from the Wielandt Theorem.
]

Lemma 6.3 . Let Assumptions 1-3 hold. If the n x n matriz A, has n real

positive eigenvalues, then [(0 + g)I — /Al'l_l] has n negative eigenvalues.

Proof: From Lemma 1 we have p = fl’w, ie.
Po app Qg wo
P! iy, Ay )\ w!
Since at the steady state, (§ 4 g)p' = w!, we have

(64 g)  w' = af wy + AL w!
& (26)
[T = (3 +g)Afw! = (6 + g)ap wp > 0

A

It follows that [I — (§ + g)A]] has a positive quasi-dominant diagonal and

thus n roots with positive real parts (see McKenzie [26] and Takayama [32]).

45



Now denote A{ A"} an eigenvalue of A} and assume that each \{ A/} is real
and positive. It follows that 1 — (& 4+ g)A{A}} > 0, which is equivalent to

(649) —MA'} < 0. Therefore, [(§ + g)I — A|™'] has n negative real roots.
O

As proved in Benhabib, Meng and Nishimura [7], at the steady state, the
sign pattern of roots of A; is the same as that of B, and the sign pattern
of roots of A; is the same as that of B;. Consider then the set of indices B
defined by equation (13).

Lemma 6.4 . Let Assumptions 1-3 hold. If By has a strong dominant
diagonal with #B = p > 1, then [A7' — gI] has at least p roots with negative
real parts.
Proof: B; has a strong dominant diagonal with p strictly negative diagonal
coefficients and n — p strictly positive diagonal coefficients. It follows from
Lemma 6.2 that By has p > 1 eigenvalues with negative real parts and
n—p < n eigenvalues with positive real parts. Therefore A;' = P/ By 'W;
has p eigenvalues with negative real parts and n—p eigenvalues with positive
real parts, and thus [Al_l — gI] has at least p roots with negative real parts.
Ol

We characterize now the roots of the matrix [(§ 4+ g)I — A}71].

Lemma 6.5 . Let Assumptions 1-4 hold and
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Bii oo - BiiBoo
BiOBOi BioBoi

(27)

foralli=1,--- ,n. Then there exists —1 < p < p such that for any p > p,

[(0+9g)] — A'l_l] has n negative roots.

Proof: The following limits are obtained when p goes to —1 or 4o00:

lim <ﬂuﬂ00 > BT _ Biiboo
p—-+oo \ Bi0P0i BioBoi
BiiBoo . Biifoo \ T+ _
BioBoi <t = pl—l>n—11 (@'0501') -
ﬂizﬂoo . ﬂizﬂOO ﬁ o
BioBoi b= plin—ll (@'oﬁo) =Y

Under Assumptions 1-4, if the inequalities (27) are satisfied, every diagonal
element of By (p) is positive when p is sufficiently large. If one diagonal coef-
ficient becomes zero at some value p > p, the dominant diagonal property of
B (p) is lost at p. Therefore B (p) has a positive dominant diagonal for any
p > p, and under Assumption 4, there exists —1 < p < p such that By (p)
has n positive real roots for any p > p. It follows that fl’l =P/ 1B (p)~1W
also has n positive real roots for any p > p. Lemma 6.3 then implies that

[(6 + g)T — A" has n negative real roots.
O

Consider the set of indices B defined by (14). Theorem 1 is a direct

consequence of Lemmas 6.2 to 6.5.

O
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6.5 Proof of Proposition 4

Lemma 6.4 with #8 = n implies that the matrix [A]' — gI] has n roots

with negative real parts. Moreover we have for each i =1,---,n
P
.. .. 1+
BiiBoo <1 = lim (ﬁzzﬁOO) s — 400
BioBoi p——=1\ BioSoi

It follows that if Bj(p) has a strong dominant diagonal for p € (—1, p| with
p > —1, its diagonal is necessarily negative. Assuming now that B (p) has
real roots for any p € (—1, pl, it follows that the roots of A’ are real and
negative. Then the same argument as in the proof of Lemma 6.3 implies

that [(0 + g)T — A7 has n positive eigenvalues.
O

6.6 Proof of Proposition 6

In the two sector endogenous growth model, A and A are 2 x 2 matrices. The
determinant of A~! is the inverse of the determinant of A. If the consumable
capital good is intensive in the pure capital good from the private perspec-
tive, the determinant of A is negative, so that one root of A~! is negative.
Therefore at least one root of A~ —(g+p)I is negative. Since (§+g+ou)~*
is a Frobenius root of A’ , if the consumable capital good is quasi intensive
in itself from the private perspective, the matrix (6 + g 4+ ou)l — A1 has
one zero root and one negative root (see Benhabib, Meng and Nishimura

[7]). Therefore, J has one zero root and at least two negative roots. O
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6.7 Proof of Lemma 5

We prove this result by contradiction. Assume that ﬁl/ o) S Zﬁél 1/ 1+¢)
for all ¢ = 1,---,n. This is a dominant diagonal property for B. Since
Bii > 0 by Assumption 2, all the roots of B have positive real parts and the

determinant of B is positive. This is in contradiction with Assumption 7.

gY/40),

Therefore there is some 7 such that ﬂl.li/ (1+r) < 22 Bif

O

6.8 Proof of Lemma 6

The matrix B(p) has a dominant diagonal if for any i = 0,---,n

512/@1“ > Ej;ﬁz ﬂm/ﬁHp < Zj;ﬁi Bij (51']'/5@'1')% > I/Bn (28)
If B(0) has a dominant diagonal, there exist p < 0 < p such that this
property still holds for any p € (p, p).

If B(p) has a negative determinant, then from Lemma 5 there exists at
least one row i € {0,1,---,n} such that ﬁl/(Hp < i Bll/ 0) " Con-
sider therefore the set of rows Z(p) defined by (25). Two cases need to be
considered:

i) If there is some i € Z(p) and at least one j # i such that 8 < G,
then for p < 0, (ﬂij/ﬁii)—P/(I‘FP) > 1 and lim, ., (ﬁij/ﬁii)_p/(1+p) = +o00.

It follows that
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-1
=0

=)
+p

lim,, Zj;éi ﬁij (8ij/ Bii)

Therefore (28) cannot hold when p is sufficiently close to —1 and p > —1.
ii) If for all i € Z(p) and all j # i, Bi > (i, then when p < 0, we
have (8;;/6i)~"/(**#) < 1. Moreover, any row k ¢ Z(p) of B(p) will be
such that ﬂéé(Hp) > Zj?ék ﬂ;]/.(l“). In this case and under Assumption 9
we necessarily have (i > B, for any j # k. Since 3(0) has a dominant
diagonal, equation (28) holds for p = 0. But the left-hand-side of (28)
increases with p. It follows that (28) holds for all p € (—1,0] and B(p) has

a dominant diagonal within this interval. It follows that p = —1.

O

6.9 Proof of Theorem 2

We need first to establish the following Lemma:

Lemma 6.6 . Let Assumptions 1, 2 and 6 hold. If the (n+ 1) x (n + 1)
matriz A’ has n+1 real positive eigenvalues, then [(6 + g+ op)l — A1 has

n negative eigenvalues and one zero eigenvalue.

Proof: The Frobenius root of A’ is A = (6 + g + ou)~L. Denote M{X}
an eigenvalue A of a matrix X. Under assumption 1, a;; > 0 for all ¢,j =
0,---,n, and the matrix A is indecomposable. It follows that Mis a simple

eigenvalue. Moreover if )\{fl’ } is real and positive, we have:
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MO+g+op)I—A1} = X1 MA = MA O INMA1 -1
= MAYVTATINA} —1)

Since A > AA'} > 0, we have AM{(6 + g + ou)] — A~'} < 0. When we
consider the Frobenius root of A’, X, it follows AM{ (6 +g +opu)l — A~} = 0.
]

Theorem 2 is a consequence of Lemma 5, Lemma 6 and Lemma 6.6. As
proved in Benhabib, Meng and Nishimura [7], along the balanced growth
path, the sign pattern of roots of A is the same as that of B, and the
sign pattern of roots of A is the same as that of B. If B has a negative
determinant Lemma 5 implies that [A~1 — (g + u)I] has at least one real
negative eigenvalue. Under Assumption 10, the roots of A arereal. Case i) is
obtained by continuity from Lemma 6.6 and Lemma 6. There exists p* > p
such that the stationary balanced growth path is locally indeterminate for
any p € (—1,p*). Similarly, case i7) is obtained by continuity from Lemma
6.6 and case ii) in Lemma 6. There exist p] < p and p5 > p such that for any

p € (p7, p3), the stationary balanced growth path is locally indeterminate.

O
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