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1 Introduction

The aim of this paper is to study the interplay between the elasticity of
capital-labor substitution and the rate of capital depreciation, and its influ-
ence on the determinacy properties of equilibria in a two-sector discrete-time
economy with Constant Elasticity of Substitution (CES) technologies that
are the most commonly used production functions by economists.

Benhabib and Farmer [1] and Boldrin and Rustichini [4] have studied lo-
cal indeterminacy in multi-sector growth models with infinitely-lived agents
and technological externalities.! Subsequently, Benhabib and Nishimura [2]
and Benhabib, Nishimura and Venditti [3] have obtained factor intensity
conditions in the framework of economies with Cobb-Douglas production
functions, that are a special case of CES functions, and sector specific ex-
ternal effects. They have shown that local indeterminacy requires the con-
sumption good to be capital intensive at the private level.? We extend these
earlier analysis by explicitely considering factors substitutability and the
role of partial depreciation of capital.

Unlike continuous-time models, introducing depreciation of capital cre-
ates additional difficulty in studying dynamical properties of equilibrium
paths in discrete time models. In the current paper, we consider a discrete-
time two-sector CES economy with sector specific externalities and an
infinitely-lived representative agent. Our goal is to characterize the local
stability properties of the steady state and to evaluate precisely the role of
the elasticity of capital-labor substitution and the rate of depreciation of cap-
ital. We assume that the aggregate technology of each sector has constant
social returns which implies that individual firms exhibit small decreasing
returns. This divergence between private and social returns is explained by
the existence of mild external effects.

We first prove that when the investment good is labor intensive at the

!External effects are feedbacks from the other agents in the economy who also face
identical maximizing problems.
?Bond, Wang and Yip [5] obtain similar results in an equivalent framework with taxa-

tion instead of external effects.



private level, if the elasticity of capital-labor substitution is less than 1, local
indeterminacy may arise for low values of the rate of capital depreciation.
Moreover, if the factors intensity difference is large enough, this property
does not depend on this parameter. We also prove that when the elasticity
of capital-labor substitution is greater than one, local indeterminacy is more
likely if the rate of depreciation is high.

This paper is organized as follows. The next section sets up the basic
model, proves the existence and uniqueness of the steady state and presents
the characteristic roots. Section 3 presents our main results on local inde-

terminacy of equilibria. Section 4 contains some concluding comments.

2 The model

2.1 The basic structure

We consider a discrete-time two-sector economy having an infinitely-lived
representative agent with single period linear utility function, i.e. u(c) = c.
We assume that the labor supply is inelastic. There are two goods: the pure
consumption good, ¢, and the pure capital good, k. Each good is assumed
to be produced with a CES technology which contains some sector specific
externalities. We denote by ¢ and y the outputs of sectors ¢ and k, and by
ec and ey the corresponding external effects:

- - - —1/p
c= (ach_Pc + OZQLC_pC + ec) l/Pc Ly = (ﬁle Py + B2Ly Py + ey) y

with p¢, py > —1and o, = 1/(14+p.) > 0, 0, = 1/(1+4p,) > 0 the elasticities
of capital/labor substitution in each sector. The externalities, e, and e,, will
be equal to e, = a1 K¢ "™ + asLc ™, ey = b1 Ky ™ + bo Ly, ™, with a;,b; > 0,
i = 1,2, and where K;, L; denote the average use of capital and labor in
sector ¢ = ¢,y. We will assume that these economy-wide averages are taken
as given by the individual firm. At the equilibrium, since all firms of sector
i = ¢,y are identical, we have K; = K; and K; = K;. Denoting &; = «; + a;,
[31‘ = [B; + b;, the social production functions are thus defined as

_ o Ao N\L/
c= (K. + aaL. ") e and y = (ﬂle Pt BoLy py) "



with &1 +d9 = 1 and Bl + 32 = 1. The returns to scale are therefore constant
at the social level, and decreasing at the private level.?

Total labor is normalized to one, L.+ L, = 1, and the total stock
of capital is given by K.+ K, = k. We consider that capital partially
depreciates in one period so that the capital accumulation equation is y; =
ki1 —(1—p)ke, with g € [0, 1]. In order to focus the analysis on the interplay
between the rate of depreciation and the elasticity of substitution we will
assume in the rest of the paper that both technologies are characterized
by the same properties of substitution, i.e. p. = p, = p. The consumer’s

optimization program will be given by

> _ _ -1/p
max Z St (quctp +aol,’ + ect>
{Ke,t,Let, Ky t,Ly t,kt,yt }52, =0
_ _ -1/p
s.t. Y = (ﬁlet’) + ﬁgLytp + eyt>
1 = Lct —|— Lyt (1)
ki = Koy + Ky

Y = ki1 — (1 — p)ky

with § € (0,1] the discount factor. Denote by p;, wo and wy respectively
the price of the capital good, the wage rate of labor and the rental rate of
the capital good at time ¢ > 0, all in terms of the price of the consumption
good. For any sequences {e. }$2, and {ey }$2, of external effects that agents

consider as given, the Lagrangian at time ¢ > 0 is:

__1
L, = (alK;t” + oL’ + ect) : +pt[ (ﬂle}p + Bo L, + eyt) ’ @
—kp1 + (1 — M)kt] + wor(1 — Lep — Lyt) + wi(ky — Kot — Kyt)

For any (k¢,y:), solving the first order conditions w.r.t. (K, Let, Kyt, Lyt)
and using y; = ki1 — (1 — p)ke gives inputs as functions of capi-

tal stocks at times ¢t and t + 1, and external effects, namely: K, =

3Considering the technology of, say, the consumption good, we have for any A > 1
(1(AK) ™" + as(AL:) ™" +e.) /% = A(a1 K7 + asLzPe + Aee.) /7
<A (K% + asL?e +e.) /P



Kc(kta kt+17 €ct) eyt)a LC = Lc(kt7 kt+17 €ct eyt)7 Ky = Ky(kta kt+17 €ct) eyt)v
Ly = Ly(kt, ki1, ect, eye). We then define the production frontier as

_1
T(kt, ks, ety eqr) = (1 K7 + agl P +eq) »
Using the envelope theorem we derive:

pe = —To(ke, key1,ect,eqyt) (3)
wy = Ti(ke, kg1, eceseye) + (1 — p)To(ke, kegrs ecrs eyt (4)

where 17 = g_th and To = %TH. From the first order conditions w.r.t. k; we
obtain
—pt + 6[wi1 + (1 — p)pr41] = 0 (5)

Mixing equations (3)-(5) gives the Euler equation:
To(kt, kit1, ectseyt) + 011 (Key1, keyo, ectv1, eyir1) =0
Any sequence needs also to satisfy the following transversality condition

lim (StktTl(kt, kt-{—l, €ct) 6yt) =0

t——+o00
The above Euler equation is a difference equation parameterized by the
external effects. We consider an economy with identical agents so that the
average of capital and labor in each sector coincide with the actual demand
of capital and labor by the representative agent, i.e. K; = K;, L; = Lj;.
We will explain now how we define an equilibrium path. From the optimal
demand functions defined above, solving with respect to K; and L; the

following system of four equations

Ki = Ki(kt,ki1,a1K:” +aaLle? b1 Ky " + baLy ")

Li = Li(kt,keyr, a1 Ko’ + agLe”, 01 Ky P 4 bo Ly ")
for i = ¢,y, gives equilibrium demand fonctions for capital and labor
K; = Ki(ky,kyy1) and L; = Li(ky, ki1) (see Appendix 5.1 for details).*
We thus define é. = é.(ks, kry1) = a1 Ko ? + agLe” and é, = é,(ks, kiy1) =

4Since we deal with an example, the existence of an equilibrium path becomes trivial
when we actually solve the Euler equation to get the steady state with local stability.
Note that the paths that satisfy the Euler equation and converge to the steady state also

satisfy the transversality condition.



b1 K, ” +byL.”. An equilibrium path {k;};2 is a path along which e and
eyt coincide with é.(ky, key1) and éy(ke, key1).
Let us introduce
(ke kiv1) = —To(ke, ki, €et (e, k1), ey (e, kegr))
wi(ke, keg1) = Ti(ke, ks €ce(key k1), €ye(ke, kegr))
+ (1= p)To(ke, by, €ct (ke k1), €yt (Kes key1))

We then consider the Euler equation evaluated at €. and é,:

—p(kt, k1) + [w(ker1, kev2) + (1 — p)p(ket1, kei2)] = 0 (6)

Any solution {k;};£% of the Euler equation (6) which also satisfies the

transversality condition

lim 6'kTy (ke, kegr, €ct (ke kis), eye (K, kiega)) = 0

t——+4o00

is called an equilibrium path.

2.2 Steady state

A steady state is defined by k; = ki1 = k%, yy = y* = pk™ and is given
by the solving of dw(k*, k*) — p(k*, k*)[1 — 6(1 — u)] = 0. The methodology
used in this paper consists in approximating the Euler equation (6) in order
to compute the steady state and the characteristic polynomial.

To simplify notations let § = §(1 — ) € [0, 1] which is the discounted
value of capital carried over to the next period when one unit of capital is
used in the current period. We will assume in the rest of the paper the
following restriction on parameters’ values that will guarantee positiveness
of all the steady state values k, K., K, L. and L,.

Assumption 1 . The parameters § and u satisfy
(1 — )P/ 0+p) < (551)9/(1+p)31—1

If the elasticity of capital-labor substitution in both sectors o = (1+p)~! is
greater than one, i.e. p € (—1,0), Assumption 1 defines a lower bound for
the depreciation rate of capital. We have indeed m(d) = 1_5_14_&31—(1@)/,3
and 1 > pu > mazx{m(0),0} for p € (—1,0). On the contrary, if o is less than

one, i.e. p > 0, m(d) defines an upper bound, i.e. min{m(s),0} > p > 0



for p > 0. Note that when p = 0, both technologies are Cobb-Douglas,
Assumption 1 becomes Bl < 1 which always holds. From this we obtain

existence and uniqueness of the steady state

Proposition 1 . Under Assumption 1, there exists a unique stationary

capital stock k* > 0, such that:
_ _ R =21
= { )™ () [ ()]
012,31 1-6 32 ’U/ 1-6
1 ()75
+u| ———
B2

Proof: See Appendix 5.1.

2.3 The characteristic roots

Let V:L'(k}t, kt+1) denote ,Tz'(k‘t, kt+1, éc(k}t, kt+1), éy(kjt, kt+1)) for i = 1, 2. Pro-

vided Via(k*,k*) # 0, the linearization of the Euler equation around the
steady state gives the following characteristic polynomial:

Voo (K™, k* Vi (k*, k> Vor(k*, k*

5$2+$(22( ) )+5 11( ) )>+ 21( ) )

Vig(k*, k*) — Vig(k*, k*) Vi (k*, k*)

We now provide expressions of the characteristic roots.

—0 (7)

Theorem 1 . Under Assumption 1, the characteristic roots are given by
1 1 1 -1
0o T+p G\ T+e a1\ e
0) = (1- = B et
331(,07% ) ( M)+{<1_0> [(ﬂZ s
. L

z2(p, p, 0) = T [ S E— L]—d

Proof: See Appendix 5.2.

We have now to study the stability properties of the steady state depend-
ing on the value of the technological parameters. It can be easily proved

from the static first order conditions derived from the Lagrangian (2):



Proposition 2 . Under Assumption 1, at the steady state:

i) the investment (consumption) good sector is capital intensive from the
private perspective if and only if B1/P2 > (<)a1/az;

i) the investment (consumption) good sector is capital intensive from

the social perspective if and only if Bl/ﬁg > (<)éy/as.

Proof: i) We define input coefficients at the private level where ay; is the
capital input and ay; is the labor input to produce one unit of good i = ¢, y.
From the first order conditions

e = Kofe = (ar/w) /"0, age = Lefe = (as/wo) /7

ary = Kyfy = (0B /w)/P az, = L[y = (pBa/wo) /"7
Assuming p = p = p, it follows easily that

arcazy — azary = (p/(wwo))' ) () /0 — (an) /49
The statement of Proposition 2-7) is immediate from this.
i1) If we consider that the agents take account of externalities as en-
dogenous variables in the maximisation, the first order conditions become
é (¢/K)'P —w =
Q2 (C/LC)1+p —wy =
PBl (y/Ky)Hp -—w =
pB2 (y/Ly)' P —wo = 0
We may also define input coefficients ay;, do; at the social level from the

o O O

above first order conditions:
Grctizy — sciiny = (p/(ww)) /) (61 fo) /1) — ()1 057))
The result follows. =

We will therefore discuss the stability properties of equilibria depending

on the capital intensity differences at the private and social levels.

Definition 1 . A steady state k* is called locally indeterminate if there
exists € > 0 such that from any ko belonging to (k* — €, k* + €) there are

infinitely many equilibrium paths converging to the steady state.

If both roots of the characteristic equation have modulus less than one

then the steady state is locally indeterminate. If a steady state is not locally



indeterminate, then we call it locally determinate. We first prove that as in
the Cobb-Douglas framework local indeterminacy will require the investment

good to be labor intensive at the private level.?

Proposition 3 . Under Assumption 1, if the investment good is capital

intensive at the private level, the steady state is locally determinate.

Proof: If the investment good is capital intensive at the private level then
a1fB2 — aef1 < 0. This implies z1(p, u,d) > 0. Moreover it is easy to
check that for any given p € [0,1], x1(p, i, d) is a decreasing function of
0. The result will be proved if x1(p,u,0) > 1 when § = 1. Assume that
x1(p, , 1) < 1. This is equivalent to

(Oé2ﬂ1)ﬁ - (alﬂz)rlp > (Oézlfp)ﬁ

7 _ 1
QP [ 11+p _Mﬁ] _ (a1/82)m >0

Assumption 1 is rewritten as p—?/(+°) > ﬁl_p/(lﬂ))@l, and this implies
1

llT" — ,u% < 0. This is in contradiction with z1(p, u,1) < 1. There-
fore x1(p, p, 1) > 1 must hold and z1(p, u,d) > 1 for all 6 € (0, 1]. O

3 Main results

We will be concerned with the analysis of local indeterminacy when ¢ is
sufficiently close to one. For such J, saddle-point stability is a typical dy-
namics when externalities are not present. Therefore we will assume that
6 =1 in the analysis throughout the rest of this section. By continuity, the
local indeterminacy or saddle-point stability at § = 1 is carried over to the
cases in which ¢ is less than 1 as long as it is sufficiently close to 1.

We discuss the local stability properties of the steady state when the
investment good is labor intensive at the private level, i.e. a18s — a1 > 0.

Under this condition, x1(p, i1, 0) is always less than one but its sign is not

5See Benhabib, Nishimura and Venditti [3].



determined. Next we consider the other root x2(p, i, d). First consider case
which implies that xs(p, i, 0) is positive, i.e. 02132/02231 < (alﬁg/agﬁl)ﬁ.

Note that when § =1 .
m(1) = B3, (I+p)/p

We introduce the following assumption.

L
Assumption 2 . ﬂ”" [( )”” _ (%) ”P] > T(lqzz(:;)

Under this Assumption, the investment good is always labor intensive

at the private level, and when § = 1, x1(p, i, 9) is positive.

Theorem 2 . Let Assumptions 1, 2 and dlﬁg/ﬁgﬁl < (ozlﬂQ/ogﬁl)T-%p
hold. The following cases hold'
i) If (alﬂg)ﬁlﬂ — (e B1) T+ T > a”” the steady state is locally indetermi-
nate for any pu € [O 1] when p >0 orfor any € (m(1),1] when p € (—1,0);
i) If (a1ﬂ2)1+ﬂ - (042[31)1+p < a“” there exists pp1 € (0,1) such that
the steady state is locally indeterminate for any p € [0, up1) when p >0, or
there exists pupa € (m(1),1) such that the steady state is locally indetermi-
nate for any p € (m(1), up2) when p € (—1,0).5
Proof: We start by studying x5 (p, 1, 1). Under the hypothesis & 82/da/31 <
(alﬁg/agﬁl)ﬁ_ﬂ of the Theorem, x5(p, u,1) is always positive. Moreover

(5_>— 1
H B

xa(p, 1, 1) < 1 if and only if
OGN
By \ B Gy \

Notice that this may be rewritten as

T+p L

—(14p) — A 1
2 [m() ™ -] - 2 (2)7 <o 5)
0o Q2 \ 01

When p > 0, Assumption 1 implies that m(d) is an upper bound for pu.
But when § = 1, m(1) exceeds 1. So m(1l) > p and the first term in (8)
is negative. Therefore (8) holds for every p € [0,1]. When p € (—1,0),

SNote that if p crosses pp1 or pps from below the steady state becomes saddle-point
stable, and there generically exist equilibrium period-two cycles either in a left or in a

right neighbourhood of pr1 or prs.



Assumption 1 implies u € (m(1), 1] and the first term in (8) is also negative.
Therefore (8) holds for every p € (m(1),1].

Now we study x1(p, p,1). Since the investment good is labor intensive
at the private level, x1(p, i, 1) is always less than 1. Therefore we only need

to check if z1(p, , 1) is larger than —1 or not. We have z1(p, u, 1) > —1 iff

s [( )™ (BT | T
2 [(az) <ﬂ2> ]>2M )

1 1 1
Consider first the case in which (a1032)™¢ — (a21)™7 > ay*”. This is

equivalent to L .
@) T-G)T
2
Qg B2

Note that

for all u € [0, 1]. Therefore (9) holds for all p € [0, 1]. However xa(p, p,1) <

1 does not require any restriction on g when p > 0, but requires u € (m(1), 1]

when p € (—1,0). Case 1) of the Theorem immediately follows. )
Consider now the converse case in which (aq ﬂg)llTp — (a2 61)“1_0 < a%Tp .

z1(p, p, 1) > 0 if and only if

& [(a )™ (BT e
? [(0@) <ﬁz> ]>1—u 10

The right-hand-side of (10) is increasing in u, becomes zero when = 0 and

arbitrarily large when p approaches to 1. Therefore there exists p* € (0,1)
that makes the right-hand-side of (10) equal to its left-hand-side. For p*,
(9) is always satisfied. Therefore x1(p,p,1) > —1 when p is close to p*.
The hypothesis (alﬁQ)Flp - (agﬁl)ﬁ < 0421%” implies that (9 ) cannot hold
when p is equal to 1. When p > 0, Assumption 1 does not impose any lower
bound on . Therefore there exists up1 € (1%, 1) such that z1(p, p, 1) > —1
when p € (0, up1). When p € (—1,0), Assumption 1 implies that p > m(1).
Therefore there exists ura € (p*, 1) such that z1(p, pu,1) > —1 when p €
(m(1), pr2). Case ii) of the Theorem immediately follows. 0

Remark: When p € (—1,0], inequality dlﬁg/dgﬁl < (OqﬂQ/Oégﬁl)l_‘%

requires the investment good to be capital intensive at the social level. When

10



p > 0, this inequality is also compatible with an investment good labor

intensive at the social level.

Theorem 2 clearly shows that when the elasticity of capital-labor substi-
tution is less than 1, local indeterminacy may arise for low values of the rate
of capital depreciation. More precisely, if the investment good is strongly
labor intensive at the private level, i.e. case i), local indeterminacy does
not require any restriction on the rate of depreciation when p > 0. If the
investment good is weakly labor intensive at the private level, i.e. case i),
local indeterminacy cannot hold with complete depreciation. It appears also
that when the elasticity of capital-labor substitution is greater than 1, local
indeterminacy is more likely if the rate of depreciation is high. Notice also
that equilibrium period-two cycles may appear through Flip bifurcations.
In the super-critical case, the cycles exist in a right neighbourhood of gy

or pre and are locally indeterminate.

We need now to deal with the converse configuration to the hypothesis of
Theorem 2, i.e. dlﬁg/&gﬁl > (alﬁg/agﬂl)ﬁ_ﬂ. In order to focus on the case
in which z2(p, 11, 1) may be positive we introduce an additional restriction
that will also define an upper bound for the ratio d1B2 / @231. These two

conditions are summarized into the following assumption:

n o o
Assumption 3 . (1+m(1)—pﬂ> (oﬂﬁz) 1+p > 16ta, > <a1ﬁ2>1 p

az31

1 1
Theorem 3 . Under Assumptions 1, 2, 3, let (a102)T+r — (apf)T+r >
1
ay*? hold. Then there exists i €]0,1] such that the steady state is locally
indeterminate for any p €|, 1].

1

1 1
Proof: From the proof of Theorem 2, if (a182)™7 — (agf) ™ > ™,
then 0 > x1(p, u,1) > —1. Next we jstudy z2(p,p,1). Since dlﬁg/dgﬁl >
(a1 82/ 1) T+r , the numerator of zo(p, i, 1) is positive. Its denominator is

negative if and only if:
s |01 (a2 ™ B (BT pt/ ()
@2 \ ™M Ba \ 01 L—p

11



This inequality is satisfied if p is sufficiently close to 1. Therefore there exists
f € (0,1) such that zo(p, p, 1) < 0for u € ({1, 1]. In this case zo(p, u, 1) > —1
if and only if:”

g5, | & (m)ﬁ b <ﬂ2>ﬁ—p /) an
— | — — = | 5 < —
2 Py \a By \ B1 2—p
Under Assumption 3 this inequality holds when pu = 1. When u = f the
left-hand-side of (11) is equal to 4'/(*2) /(1 — i) and (11) becomes

ﬂl/(1+p) _ ﬂl/(1+p)

1- 7 24

which is not possible. Then, there exists ur € (i, 1) such that z2(p, pr,1) =

—1 and z2(p, u, 1) > —1 if and only if u € (up, 1].
The proof is completed by taking fi = max{u(1), ur}. 0

Contrary to the previous case in which the inequality d1B2/ dgﬁl <
(a1 2/ agﬁl)ﬁ holds, this Theorem shows that for any given value of the
elasticity of capital-labor substitution, local indeterminacy is more likely if

the rate of depreciation is high.

4 Concluding comments

The main objective of this paper has been to study the interplay between the
elasticity of capital-labor substitution and the rate of capital depreciation,
and its influence on the local determinacy properties of the steady state.
We have proved the following results: when the elasticity of substitution
is less than one, local indeterminacy may arise for any value of the rate of
depreciation of capital. When the elasticity of substitution is greater than
one, local indeterminacy is more likely if the rate of depreciation is high.
We have assumed that both sectors have the same elasticity of substitu-
tion. It would be interesting to study how our results are modified if some

heterogeneity is introduced on this parameter.

"We have indeed x2(p, p, 1) > 0 if 4 € [0, /1) and it is immediate from Theorem 1 that
z2(p, 1, 1) > 1 for any p € [0, 1).

12



5 Appendix

5.1 Proof of Proposition 1

lemma 5.1 . Lety = k; — (1 —p)kg. Along an equilibrium path, the partial
derivatives of T'(ko, k1, ec, ey) with respect to ko and ki are given by

A A w [ g\
Tl(k‘(), k1, BC(kOa k1)7 ey(k()? kl)) = (1 a M)E (;)
_ltp

+a1{d1 + o (22—2?) e ((ggy)p _ %) } ’
2 2

A A w (g 14p
To(ko, ki, Ec(ko, k), &y(ko, k1)) = = <§>

where
oK 40 (1 Ky y)\ 1HP N
g =tk k) = {7, € k] /(i) (B) ™ (1)}
and . —1/p
Ly(Kyy) = | L—220
o
Proof: From the Lagrangian (2) we derive the first order conditions:
a1 (¢/K)TP—w = 0 (12)
az (¢/L)' P —wy = 0 (13)
pb (y/K,) 7 —w = 0 (14)
P2 (y/Ly) " —wy = 0 (15)
Using K. = ko — Ky, Ly, = 1 — L., and manipulating (12)-( 15) give
_ RPN s V)
Ly = (= BK,")/5) (16)
<a152) _ <ko - Ky>1+p (ﬁ)w (17)
as 1-— Ly Ky

By solving (16)-(17) with respect to K, and substituting y = k1 — (1 — p)ko,
we get Ky = g(ko, k1). From (12) we have

, _Lip
B A1+ G 1B\ g\’
w=a1q a1+ | o I,

13




Substituting an expression of (g/L,) taken from (16) gives
1+4p

w=o {(3414—072 <Z;gj>m ((ggy)p —%>} ” (18)
2 2

Moreover we have from (14)

1+p
_wi(lg
=5 (y)

The result follows from the envelope theorem which gives

Ty =p(l —p) +w, Ty = —p O

We may now prove Proposition 1. A steady state k* is defined as
To(k* k" et ey) + 0Ti(k*, k™ ez, e) = 0 with ef = é.(k*,k*) and e =
éy(k*,k*). Denote g* = g(k*,k*) and y* = pk*. Using the derivatives

of T given in Lemma 5.1 in the definition of £* gives

1
O\ e
Y= E* 1
o= (125) (19)
with 0 = §(1 — ). When kg = k*, equations (16)-(17) and (19) give

K=k (1 -n(125)7 (20)

- P
L (e T
L, = uk ~ (21)
B2
o . -1
1L a P
* )
L = 1—uk (22)

Now we substitute these input demand functions into equation (17)

K: 1+p LZ 1+p B 04162
<LZ > (9_*> B <a261) (23)

and after some algebra we get:

~ ;& —_——
B = <a152>ﬁ(5ﬁ1>% 17&(%)1 ’ g 1— (551)#/’
@B -6 S Hi{1=g
. — -1
+u|———

B2
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We need now to show that k* is positive. Direct inspection of its expression
shows that k* > 0 if

SBNTE 561
(1—9) <p + and <1_0> < Bt

Assumption 1 implies the second inequality, and the second inequality im-
plies the first one. It follows that k* > K7 >0 and 1 > Ly > 0.

O

5.2 Proof of Theorem 1
Denote in what follows g; = dg(ko, k1)/0k; for i =1, 2.

lemma 5.2 . Under Assumption 1, at the steady state the following hold

L1+ —1—
L — (1= p) [(1+ )L+ (L4 p) | 5
g1 =
A
1+ 11—
[+ p)Lf+ (1 + )| 15
g2 = A

with g, K., Ly, L. respectively given by equations (19)-(22) and

A~

ﬁl —1—p
5’

1+p 1+4p
A=—+
g K.

L1+p
+<(1+,0)LZ—|—(1+,0) )

Proof: From equation (23) we get

B P_B1g=P —e P_Bg—P o
a1 —1—p _ N+p (Y "=0b1g— P _ [y P=b1g— P

B =g - g () {1 (=) }
Totally differenciating this expression gives after simplification

[(1 +p)g (L p)(x—9) 7+ (L+p) (L}fﬁ)fl gt

R _iy -1 . _lkp
_ y‘”—ﬁu}‘”) ’ (y‘P—ﬁw‘P) p B ,—1-p
+ (1+p>{1 ( B2 } B2 329 }d‘g

_ 1 y_P— Blg” y~1=r
= (1+p)(z—g) 'dko + 1+p§ ) Ly

. 1 _1x
+ (1+pql- (7‘1’_“?19 p) ’ (y b by~ p) 0 T
B2 B2 B2

Notice from (16) and (23) that
(9/v)" B (g a1\ _ K g\
voan@) e (R -nE) e
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Substituting (24) into the previous total differenciation and considering dy =
dk1 — (1 — p)dkg together with

1+p 1+4p L\ 61
A=— 1 L? 1 —-— L
;7 Tk +<( +p)Ly+ (1+p) L. )3’
we derive
L1+.0 —1—
Adg = dko {52 —(1—p) (Q+p)Lf+ 0 +p)H-) 5]
L1+P —1—p
+ din (L)L + (14 p) ) B
This completes the proof. ]

lemma 5.3 . Under Assumption 1, at the steady state the following hold

1
gly+<1—u>g=(g—ggy){(l—wg(1—%%) }

with g, K., Ly, L. respectively given by equations (19)-(22).

Proof: From Lemma 5.2 and equation (16) we have

(L+p)y < KcLy)
g—goy = g (1- ==
and ? KA Le g
_ L1+P —
gy + (- g =GR + 932 [Ag— ((1+ LG + (1 +0) ) 47

Substituting the expression of A into the term between brackets and using

again equation (16), we obtain

1 1— L
gy+(1-pg = G+ O+ (1-Kl)

- G (-5 {o-m 2 (- 85) )

lemma 5.4 . Under Assumption 1, at the steady state, kg = k1 = k¥,
y = pk™ and the following hold:

. -1

e — () uew
VoK, K") g A- (g)p

Vig(k*, k*) Py s [1+1[3_1u (5)1“]
Var(K*, k%) Vao(k*, k) Via (k" k")

Via(k* k%) Via(k*, k%) Via(k*, k%)
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with

Ly

s &10y Ko Ly, P
_ @b }ﬁ2_c_y+ﬁ2<g>
a2 do Le g

and g, K., Ly, L. respectively given by equations (19)-(22).

Proof: Let V;(ko, k1) denote T;(ko, k1, éc(ko, k1), éy(ko, k1)) for i = 1,2. By

definition we have

Op ow dp
Vihi(k* k") =V = —(1— — Vor(K* k") =V = ———
11 (k" k") 11 8k0( N)+8k07 21 (K" k") =V kg
Op ow Op
Vig(k*, k") =V = —(1 — — Voo (K*, k") = V3 = ———
12(k*, k") 12 8k1( M)+8k1’ 22 (k" k") = Vi, Ok;
Some simple computations give
_ P 142p . —£_ o _
g_]gé = —(1+p)a; 1+pw1—+5% <3;§?) T+p (%) <g1y+?$] u)g)
1+p 1+p
0 1-
o= g () Traron(l) ()
ow  _ 1 ~Th %ﬂdz ai1f32 == a\? (22u=g
ok = —(Fpag Tw p@<a2ﬂ1> (y) ( vg )
1+p 1+p
0 _ 19 —
o= w () ez (l) ()
It follows therefore
1+p 1+p
= 2 1— 1- +(1—p)
Vi = g (1 (8) ) s 0o (1) ()

- e 5)” (o) Lo (1052 (1))

A Y
w \1te g [ou1fe | 1t+r
()% 5 (25) |

Substituting (w/c1) from (18), and using (24) we get
x 9\’ (9yt(-wg) ) 1-ng Ly (g
Vi = (o (3)(2) {—la - <1+T (%)

-1
1By (261 KeLy | 3 r
< | () el v i (£)) }

Following the same procedure we obtain
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Vi, = (1+pw (‘g

Voi = —(+p)5

)" (st {1 ()

Ve = _(1+ )ﬂ 2)1+p (@u) 1_<£)p
2 = Pl \y yg Yy
B (28 L 2
K. 5
< [l (2a) Sl i (2)]
Then we get
Vl*l _ g+ (1 —p)yg (25)
Vi 92y — g
p
_ (4
Vi _ g A-(3)
Vi5 By (1-pg 1 (g
By A 1+W(§)
Voo _ VWi
Vis Vi Viy
with
A1 3 K.L, - p
A 06}52 <a251> Kely , 5 (i)
a0 a12/) Le g L,

Considering Lemmas 5.2 and 5.3 with equation (25) completes the proof.D

We may now prove Theorem 1. From Lemma 5.4 the characteristic

polynomial may be written as

V* V*
P(z) = (m + —1*1> <5m + —2*2>
Vi Vi

and the characteristic roots are
z1 = =Vi1/Viy and x9 =~V /(6V7]5) (26)

We then evaluate terms in the expressions of Vi /Vi5 and Vi, /Vi:

18



&ﬂ _ a1 T+p
Le g - a1
g _ <&>Tp
y 1-
(L)p _ Wy B
Ly B2 B2
It follows . 1 0
a9 31é « T .
A 201 }52( 152) bt (g)
a1y \ anfy y

Let B=[A— (9/y)”]/(1. We also obtain after substitution

1
(1—ng L—p g\ op1 \ T
P91 g =(1- B—1
By A " b \y AN 0
Considering the roots (26), the rest of the proof follows from the substitution
of all the above equations into the expressions given in Lemma 5.4. ]
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