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1 Introdu
tionGroup formation is a 
omplex and dynami
 pro
ess in so
ial, e
onomi
 and politi
alsituations. It involves various types of negotiations among many players. In most 
ases,a game of group formation is repeated rather than one-shot: the players form and reformgroups through a dynami
 pro
ess of repeated negotiations.The history of the EU provides one example. In 1951, six 
ountries (Belgium, Fran
e,Germany, Italy, Luxembourg and the Netherlands) initiated the European Coal andSteel Community. Several expansions have taken pla
e sin
e then, and the EU 
urrently
omprises 27 member 
ountries. Another good example is the ongoing internationalnegotiation over 
limate 
hange. In 1997, nearly all developed 
ountries signed the KyotoProto
ol, 
ommitting to redu
e emissions by 5.2 per 
ent (below 1990 levels) between2008 and 2012. A renegotiation of the Proto
ol is now (in 2009) taking pla
e, one of themain issues being whether or not all other 
ountries should join the agreement.In this paper, we 
onsider dynami
 group formation in a repeated, n-person pris-oner's dilemma.1 In addition to its empiri
al interest, group formation is an importanttheoreti
al issue in repeated games. In the theory of repeated games, the folk theoremstates that if individuals are patient, every group of 
ooperators whose members are allbetter o� than they would be in the defe
tion equilibrium 
an be sustained as a subgameperfe
t equilibrium of the repeated prisoner's dilemma (Fudenberg and Maskin 1989).A well-known drawba
k of the folk theorem is that the set of equilibrium out
omes isplethori
. The largest group may be possible in equilibrium, but many smaller groupsare also possible. In a partial-
ooperation equilibrium, some players form a group to
ooperate while other players free-ride on the group.It is not yet 
lear how the 
on
i
t between group members and free riders 
an beresolved in the model of repeated games. Any suitable equilibrium sele
tion theoryshould solve this group formation problem. A 
ommon pra
ti
e in applied works is tofo
us analysis on the full-
ooperation equilibrium, or else that with the largest possible1Following standard terminology in the theory of 
olle
tive a
tions, we use 'group' instead of '
oali-tion' to des
ribe an asso
iation of agents. 1



group of 
ooperators, by bringing in additional 
onditions su
h as eÆ
ien
y, symmetry,and/or a fo
al point. However, it is not 
lear that the largest group of 
ooperatorsa
tually forms when every individual has an in
entive to defe
t. Another limitation offo
using on the full-
ooperation equilibrium is the possibility of 
ommitted agents. Forexample, suppose that one player 
ommits himself not to 
ooperate prior to game play,and that given his de
ision all other individuals �nd it bene�
ial to 
ooperate. Thus,ea
h player expe
ts all others to 
ooperate should he defe
t, and ea
h member has anin
entive to deviate from the largest group. In this sense, the largest group may not bestable.This paper 
onsiders the problem of group formation in the repeated prisoner'sdilemma. At the beginning of ea
h period, players negotiate a self-binding agreementde�ning the strategy of the 
ooperating group. The agreement is assumed to be renego-tiable in every period. The threat point of renegotiation is the 
urrent agreement. A newgroup, if any, must in
lude the 
urrent one. Sin
e the prisoner's dilemma des
ribes ananar
hi
 situation, where no individuals are for
ed to join any 
olle
tive a
tion, volun-tary parti
ipation is a 
riti
al fa
tor (Dixit and Olson 2000). Our 
oalitional bargainingmodel starts with voluntary parti
ipation. We will prove that a 
ooperating group formsas an absorbing state of a Markov perfe
t equilibrium in a �nite number of renegotiationsif and only if it is eÆ
ient, provided that individuals are patient. The theorem impliesthat an eÆ
ient group of 
ooperators ne
essarily forms through su

essive negotiations.This paper is 
losely related to re
ent works on dynami
 
oalition formation (Seid-mann and Winter 1998, Okada 2000, Gomes 2005, Gomes and Jehiel 2005, Blo
h andGomes 2006, Hyndman and Ray 2007 among others). On the subje
t of negotiations on
oalition formation without externality, des
ribed as supper-additive 
hara
teristi
 fun
-tion games, Seidmann and Winter (1998) and Okada (2000) show that renegotiationsne
essarily result in the formation of the grand 
oalition in a Markov perfe
t equilibriumunder the 
onditions that players are patient and 
oalitions 
an only expand. Their eÆ-
ien
y theorem has been extended in various dire
tions. Gomes (2005) produ
es the sameresult for partition fun
tion games with externality. Gomes and Jehiel (2005) develop2



a general set-up where 
oalitions may break up, and identify a ne
essary and suÆ
ient
ondition that guarantees the 
onvergen
e to eÆ
ien
y. The 
ondition is the existen
eof an eÆ
ient state that is free of negative externality. Hyndman and Ray (2007) extendthe eÆ
ien
y result to non-Markov perfe
t equilibria for 
hara
teristi
 fun
tion games.Blo
h and Gomes (2006) examine the role of outside options and establish the eÆ
ien
yresult when there exists no externality on outside options. For an approa
h di�erentfrom ours, Konishi and Ray (2003) 
onsider 
oalition formation as a Markov pro
essfrom the viewpoint of 
ooperative game theory.A key di�eren
e between this paper and the prior literature is that we 
ombine thetheory of dynami
 
oalition formation with that of repeated games. This approa
h addsseveral new ingredients. First, it enables us to apply the theory of dynami
 
oalitionformation to a wide range of e
onomi
 situations des
ribed as strategi
-form games,in
luding the prisoner's dilemma (the subje
t of this paper). Previous works mainlydeal with 
oalitional-form games with and without externality, whi
h are not alwayssuitable for des
ribing strategi
 behavior. For example, a key notion of an eÆ
ientnegative externality-free state in Gomes and Jehiel (2005) does not exist in the prisoner'sdilemma, where every individual is free to defe
t.2 Se
ond, most previous studies assumethat agreements are binding (at least temporarily) in the sense that on
e agreed, they areenfor
ed by an outside me
hanism, subje
t to renegotiations in future periods. We, onthe other hand, 
onsider self-binding agreements that are supported as subgame perfe
tequilibria of repeated games. In our approa
h, individuals negotiate (and renegotiate)for self-binding repeated-game pro�les su
h as trigger strategies.The paper is organized as follows. Se
tion 2 de�nes the notation and reviews somepreliminary results. Se
tion 3 presents a model of dynami
 group formation in therepeated prisoner's dilemma. Se
tion 4 presents our main theorem. Se
tion 5 
on
ludesthe paper.2Suppose that all individuals 
ooperate. If any individual defe
ts, then all other 
ooperators be
omeworse o�. That is, the individual's deviation 
auses negative externality on other players.3



2 PreliminariesConsider the following n-person prisoner's dilemma game. Let N = f1; 2; � � � ; ng bethe set of players. Every player i 2 N independently 
hooses one of two a
tions, C(
ooperation) or D (defe
tion). All players are symmetri
, with the payo� fun
tionu(ai; h); ai = C;D; h = 0; 1; 2; � � � (2.1)where ai is player i's own a
tion and h is the number of other players who sele
t C.3The payo� fun
tion u satis�esAssumption 2.1. (1) u(D; h) > u(C; h) for every h, (2) u(C; n � 1) > u(D; 0), (3)u(C; h) and u(D; h) are in
reasing in h.This assumption is standard in the literature (S
helling 1978). Property (1) meansthat defe
tion is the dominant a
tion for every player; that is, every individual is bettero� defe
ting than 
ooperating, regardless of the others' a
tions. Thus, the a
tion pro�le(D; � � � ; D) is a unique Nash equilibrium of the game. This equilibrium will be referred toas the defe
tion equilibrium. On the other hand, property (2) means that if all n players
ooperate, ea
h of them is better o� than they would be in the defe
tion equilibrium.Property (3) means that 
ooperative a
tion has positive externality on all players. LetG denote this game.For S � N , let aS = (aSi )i2N denote the a
tion pro�le in whi
h ai = C for everyi 2 S and ai = D for every i =2 S. For S � N , let s denote the size of S whenever no
onfusion arises. The same 
onvention applies to alternative subsets of the same type,su
h as T , aT , and t below. We now introdu
e some key notions in our analysis.De�nition 2.1. Let S � T � N .(1) T is 
alled a 
ooperative group given S ifu(C; t� 1) > u(D; s): (2.2)3For 
onvenien
e of analysis, the payo� fun
tion u is de�ned for all non-negative integers h.4



When S = ;, T is simply 
alled a 
ooperative group. A 
ooperative group S is
alled a maximal 
ooperative group if there exists no 
ooperative group given S.(2) The smallest integer t satisfying (2.2) is 
alled the threshold of 
ooperation givengroup size s, and is denoted by g(s).4 g is 
alled the threshold fun
tion of 
ooper-ation.(3) S is 
alled an eÆ
ient group if there exists no T � N su
h that every i 2 N isbetter o� in the a
tion pro�le aT than in the a
tion pro�le aS.A 
ooperative group is a group of 
ooperators in whi
h all members are better o�than they would be in the defe
tion equilibrium. A 
ooperative group T given S des
ribesthe following situation. A group S of 
ooperators prevails while all non-members of Sdefe
t. If the group of 
ooperators is expanded from S to T , then all new members (i.e.,T � S) be
ome better o� than those free riding on S. The formation of T also makesall in
umbents (i.e., S) better o� sin
e the 
ooperator's payo� u(C; h) is in
reasing in h.The threshold of 
ooperation given group size s is the smallest size of su
h a 
ooperativegroup larger than S.From Assumption 2.1, the threshold fun
tion g of 
ooperation is monotoni
ally in-
reasing in s, and satis�es g(s) � s+2. A group T is a 
ooperative group given S if andonly if t � g(s).Proposition 2.1. Let S � N . The following 
onditions are equivalent.(1) S is an eÆ
ient 
ooperative group.(2) S is a maximal 
ooperative group.(3) s � g(0) and g(s) > n.Proof. (1) ) (2): If S is not a maximal 
ooperative group, then there exists some
ooperative group T given S. By de�nition, all i 2 T are better o� in a
tion pro�le4Without no loss of generality, we assume that g(s) exists (uniquely) for every integer 0 � s � n.5



aT than in a
tion pro�le aS. All j =2 T are also better o�, sin
e they free-ride on more
ooperators in aT than in aS.(2)) (1): If S is not an eÆ
ient group, then there exists some T � N su
h that everyi 2 N is better o� in a
tion pro�le aT than in a
tion pro�le aS. If T � S, then everyi 2 T is worse o� in aT than in aS, a 
ontradi
tion. If T � S 6= ;, then it must beu(C; t� 1) > u(D; s). This means that every group of size t in
luding S is a 
ooperativegroup given S, 
ontradi
ting the assumption that S is a maximal 
ooperative group.(2), (3): This relationship is 
lear.Figure 2.1 illustrates the two payo� fun
tions u(C; h) and u(D; h), and the thresholdfun
tion g of 
ooperation. The horizontal axis represents the number h of other 
ooper-ators. The interval XZ is the set of 
ooperative group sizes (ex
ept for one member),and the interval Y Z the set of eÆ
ient group sizes.Insert Figure 2.1 hereLet G1 be an in�nitely repeated game of the n-person prisoner's dilemma G, whereea
h player i has a 
ommon dis
ount fa
tor Æ (0 � Æ < 1) for future payo�s and hasperfe
t information on the history of the game. Let ui;t be player i's payo� in everyperiod t(= 1; 2; � � � ). Player i maximizes the sum of dis
ounted payo�s, P1t=1 Æt�1ui;t.The following well-known result is the starting point of our analysis.Proposition 2.2. Every 
ooperative group S 
an be sustained as a subgame perfe
tequilibrium of the repeated game G1 of the n-person prisoner's dilemma G if all players'dis
ount fa
tors Æ satisfy Æ � u(D; s� 1)� u(C; s� 1)u(D; s� 1)� u(D; 0) : (2.3). This proposition is a spe
ial 
ase of the folk theorem in repeated games (for example,see Fudenberg and Maskin 1986). Consider the following trigger strategy for everymember in a 
ooperative group: 
ooperate �rst, and keep 
ooperating as long as all6



group members do so, otherwise defe
t forever. This trigger strategy will be 
alled thegroup-trigger strategy hen
eforth. Note that punishment may be applied only to groupmembers; non-members are free to defe
t. If all members of the group are suÆ
ientlypatient, then the strategy pro�le in whi
h they employ the group-trigger strategy andnon-members always defe
t is a subgame perfe
t equilibrium of G1. Sin
e the proof ofProposition 2.2 is standard, we omit it. In what follows, we assume that all players aresuÆ
iently patient.Assumption 2.2. Every player i's dis
ount fa
tor Æ satis�es (2.3) for every s � g(0).Proposition 2.2 shows a well-known drawba
k of the folk theorem: a large number ofequilibria (
ooperative groups). The largest group N is trivially a 
ooperative group byAssumption 2.1. Any group is a 
ooperative group if its size is larger than the thresholdof 
ooperation. In general, an equilibrium of the repeated game G1 involves a 
on
i
tbetween members and non-members sin
e non-members free ride. This fa
t poses afurther question: how su
h a 
on
i
t 
an be resolved in the repeated game. In otherwords, whi
h of the 
ooperative groups will form?There is another problem with the repeated gameG1: no matter whi
h equilibrium is
hosen, it may be vulnerable to the possibility of 
ommitment. For example, 
onsider thelargest group N in equilibrium. Suppose that prior to game play, some player 
ommitshimself to not parti
ipating in the group N . Given his de
ision, all other players may �ndit bene�
ial to organize the smaller group N nfig, whi
h is also sustained in equilibriumas long as it is a 
ooperative group. The non-parti
ipant will be better o� as a defe
torthan as a member of the group N . The same logi
 may be applied to the smaller groupN n fig, implying a 
ontinuing pro
ess of members opting out. This argument revealsthat a problem with group formation naturally arises in the repeated game G1. Thenext se
tion will 
onsider this issue.
7



3 The Model of Group FormationTo 
onsider the problem of group formation in the repeated prisoner's dilemma gameG1, we assume that there exist opportunities for group formation in ea
h period beforeplayers take a
tions. Players attempt to form (and reform) a group of 
ooperation. Themembers of a group are bound to implement the group-trigger strategy. The group-trigger strategy is subje
t to renegotiation. A pro
ess of group formation in one periodis formulated in two-stages. In the �rst stage, all non-members of the prevailing groupde
ide independently to parti
ipate in the group, or not. In the se
ond stage, bothin
umbent members and new parti
ipants either a

ept or reje
t to form a new group,independently. The agreement of the new group is made by unanimity.Formally, ea
h period t(= 1; 2; � � � ) 
onsists of the following three stages. Let St�1 �N be the group formed in period t�1, where S0 = ;. St�1 is referred to as the status-quogroup in period t.(i) Parti
ipation stage. All non-members of the status-quo group St�1 de
ide inde-pendently whether or not to parti
ipate in St�1. Let Pt be the set of all newparti
ipants.(ii) Implementation stage. If the expanded group St�1[Pt is a 
ooperative group, thenall members of it either a

ept or reje
t the new group, independently. The groupSt is de�ned by St = 8><>:St�1 [ Pt if all the members a

ept,St�1 otherwise.In the former 
ase, the new group St forms and its members agree to implement theSt-trigger strategy, repla
ing the (ongoing) St�1-trigger strategy. In this 
ase, wesay that group St has been implemented. In the latter 
ase, St is reje
ted and St�1remains in existen
e under the St�1-trigger strategy. This rule (St = St�1) alsoapplies to the 
ase that the expanded group St�1 [ Pt is not a 
ooperative group.8



In this 
ase, the group-trigger strategy for St�1 [ Pt 
an not be a self-bindingagreement.(iii) A
tion stage. All players in N 
hoose their a
tions. Non-members of St are freeto 
hoose their a
tions, while members of St are bound to 
ooperate a

ording tothe St-trigger strategy.5Let � denote the repeated game of the prisoner's dilemma with group formationde�ned above. As with G1, every player making a 
hoi
e in � knows the history of allpast moves. Every player maximizes the sum of dis
ounted payo�s in all periods. A(pure) strategy �i for every player i in � 
an be de�ned in the same manner as for G1.A pure strategy determines player i's 
hoi
e at every possible move in �; in this paper,we do not 
onsider mixed strategies.A few remarks about the game � are in order. First, the group-trigger strategy isemployed only if all members of the group agree to it. Ea
h member has veto power.The agreement is self-binding in the sense that it is supported as a subgame perfe
tequilibrium of the repeated game G1. When the S-trigger strategy is agreed upon inperiod t, ea
h member re
eives at least the dis
ounted payo� sum 11�Æu(C; s� 1). If aplayer defe
ts in the a
tion stage of period t, he re
eives at most the dis
ounted payo�sum u(D; s� 1) + Æ1�Æu(D; 0). Thus, if the dis
ount fa
tor satis�es (2.3), then no groupmember is better o� by deviating from S-trigger strategy.Se
ond, the members 
an renegotiate their group-trigger strategy whenever newmembers wish to parti
ipate in the group. If renegotiations fail, then the status-quogroup prevails. That is, the threat point of renegotiations is the 
urrent agreement ofthe group-trigger strategy. If all in
umbent members and new parti
ipants agree, thenthe group of 
ooperation is expanded and they will be bound to the new group-triggerstrategy.5If any member of St defe
ts, then all other members will defe
t in the next period and foreverafter a

ording to the St-trigger strategy. The possibility of punishment motivates all members of St to
ooperate. 9



Third, while all non-members are free to 
hoose their a
tions in every period, thispaper will fo
us on a Markov perfe
t equilibrium of �, in whi
h all non-members of thegroup always defe
t (Lemma 4.1). This restri
tion eliminates the possibility of players
ooperating without forming a group. Our treatment may be justi�ed by the viewthat every 
ooperative equilibrium of the repeated game is supported by a self-enfor
ingagreement made in pre-play negotiations. Non-members of the group do not have anymeans of 
oordinating to rea
h su
h an equilibrium. In real situations, it may be the
ase that non-members voluntarily 
ooperate (due to so
ial preferen
es). However, thispaper will show that an eÆ
ient level of 
ooperation must be attainable even in themost pessimisti
 situation where all non-members always defe
t. We will dis
uss thisissue more in Se
tion 5.In � there exists no initial group, i.e., S0 = ;. The rule of � 
an be easily modi�edsu
h that an exogenous, non-empty group S0 = S is established before the game begins.We denote this game by �(S). A subgame of � starting at the beginning of period tis 
alled a period t-subgame. A period t-subgame is identi
al to �(St�1), where St�1 isthe status-quo group in period t. For a strategy pro�le � = (�1; � � � ; �n) of �, the threestages of ea
h period are redu
ed to strategi
-form games (with binary 
hoi
es) underthe assumption that � will be employed in all future parts of the game. We will 
allthese strategi
-form games the stage games of � indu
ed by �.For a strategy pro�le � = (�1; � � � ; �n) of �, let St be a group formed in periodt = 1; 2; � � � on the play of �. The sequen
e fStg1t=1 is 
alled a group sequen
e of �. Bythe rule of �, a group sequen
e fStg is monotoni
ally in
reasing, and there exists someinteger m su
h that St = St+1 for all t � m. Su
h a group Sm is 
alled an absorbinggroup of �. Sin
e fStg is monotoni
ally in
reasing, an absorbing group is unique.It should be noted that � generates all possible plays in the game G1, sin
e � isidenti
al to G1 when no players parti
ipate in a group. This implies that the folktheorem also applies to �. � and G1 have the same sets of subgame perfe
t equilibriumout
omes. For every 
ooperative group S, the following strategy pro�le is a subgameperfe
t equilibrium of �. Players never parti
ipate in any group, and they behave in the10



a
tion stage of every period a

ording to S-trigger strategy. For this reason, we 
onsiderthe following re�nement of a subgame perfe
t equilibrium of �.De�nition 3.1. A strategy pro�le �� = (��1; � � � ; ��n) of � is 
alled a solution of � if itsatis�es the following properties.(1) (subgame perfe
tion) �� is a subgame perfe
t equilibrium of �.(2) (Markov property) For every i 2 N and every period t, the strategy indu
ed by ��ion ea
h period t-subgame �(S) depends only on the status-quo group size s andon whether on not i 2 S.(3) (stri
tness on play) Let fS�t g1t=1 be the group sequen
e of ��. Then �� pres
ribesa stri
t Nash equilibrium on every stage game indu
ed by itself on every periodt-subgame �(S�t�1).6The de�nition of the Markov property is standard. It means that every playerbehaves in the same way in all periods as long as the status-quo group size and hismembership status remain un
hanged. These fa
tors 
onstitute a payo�-relevant historyof the game. A strategy with the Markov property does not depend on the whole historyof the game. As an illustration, 
onsider the player set N = f1; 2; 3; 4; 5g and the status-quo groups S = f1; 2g and T = f1; 3g. The Markov property requires only that players1, 4, and 5 behave in the same way, whether S or T is the status-quo group. It issurely true that player 2 and player 3 behave di�erently under S and T , sin
e theirmemberships in S and T di�er. However, this similarity does not imply that player2's strategy under T is the same as player 3's strategy under S. That is, the Markovproperty does not guarantee that every player re
eives the same dis
ounted payo� sumswhen the status-quo group sizes are equal. An important impli
ation of the property isthat all non-members of a group always defe
t (Lemma 4.1). It should be remarked that6A Nash equilibrium of a strategi
-form game is 
alled stri
t if at least one player has a unique bestresponse to it. This de�nition is weaker than the usual one, in whi
h every player has a unique bestresponse. 11



our Markov property rules out inter-period history dependen
y of equilibrium strategies,but not intra-period history dependen
y. For example, it does not rule out the possibilitythat group members' a
tions during the implementation stage depend upon an out
omeof the parti
ipation stage. Indeed, this freedom allows them to punish non-parti
ipantsby not implementing a group (see also the following dis
ussion of property (3)).If a Nash equilibrium of a stage game in � is not stri
t, then ea
h player has analternative best response to the equilibrium. The stability of su
h an equilibrium isweak, sin
e players have no positive in
entive to employ their equilibrium strategies. Theparti
ipation stage game may have a non-stri
t Nash equilibrium leading to the failureof a new group if the unilateral deviation of ea
h player never a�e
ts the out
ome. Theimplementation stage game also has non-stri
t Nash equilibria due to the unanimity rule.Sin
e group formation requires unanimous a

eptan
e by in
umbent and prospe
tivemembers, all strategy pro�les in whi
h at least two members reje
t a new group arenon-stri
t Nash equilibria. Property (3) requires that a solution should sele
t a stri
tNash equilibrium for stage games whenever a status-quo group belongs to the groupsequen
e of the solution.7 Sin
e every period t-subgame rea
hed on the solution playmust have su
h a status-quo group, this property means that a solution sele
ts a stri
tNash equilibrium for every stage game in all period t-subgames on equilibrium play.In a period t-subgame o� equilibrium play, the solution may sele
t a non-stri
t Nashequilibrium for a stage game. The property allows group members to resolve their groupas punishments against non-parti
ipants. We will dis
uss this issue more in Se
tion 5.4 TheoremLemma 4.1. Let �� be a solution of �. In ��, all non-members of a group defe
t inevery period.7When every member is indi�erent to a

epting or reje
ting the group in the implementation stage,all a
tion pro�les are non-stri
t Nash equilibria. In su
h a degenerate 
ase, we assume that a group isnot implemented. 12



Proof. Sin
e �� satis�es the Markov property, the a
tions of non-members in ea
h perioddo not a�e
t the play of �� in future periods. Given this fa
t, subgame perfe
tion requiresthat all non-members should 
hoose defe
tion as their dominant a
tion.Lemma 4.2. Let �� be a solution of � with a group sequen
e S(��) = fStg1t=1. If thereexists a 
ooperative group S given St�1, then St�1 is expanded to St.8Proof. Let Fi(��ji 2 St�1) be player i's dis
ounted payo� sum in the period t-subgame�t(St�1) when �� is employed, and let i be a member of the status-quo group St�1. Sin
e�� satis�es the Markov property, Fi(��ji 2 St�1) depends only on the status-quo groupSt�1. It does not depend on t or on the entire history of plays before �t(St�1). Similarly,let Fi(��ji =2 St�1) be player i's dis
ounted payo� sum in the period t-subgame �t(St�1)when �� is employed and when i is a non-member of St�1.By way of 
ontradi
tion, suppose that St�1 is not expanded, i.e., St�1 = St. Sin
e�� satis�es the Markov property, it must be true that St�1 = Sm for all m � t. Then wehave Fi(��ji 2 St�1) = 11� Æu(C; st�1 � 1)Fi(��ji =2 St�1) = 11� Æu(D; st�1):The proof is made by three 
laims. Let St�1 be the status-quo group in period t.Claim 1. In ��, S is implemented in period t if it is formed in the parti
ipation stage.Proof of Claim 1. If S is implemented, then every i 2 S re
eives the dis
ounted payo�sum u(C; s� 1) + ÆFi(��ji 2 S):By the rule of �, this value is greater than or equal to 11�Æu(C; s � 1). On the otherhand, if S is reje
ted, then every i 2 St�1 re
eives the dis
ounted payo� sumu(C; st�1 � 1) + ÆFi(��ji 2 St�1) = 11� Æu(C; st�1 � 1);8St is not ne
essarily equal to S. 13



and every i =2 St�1 re
eives the dis
ounted payo� sumu(D; st�1) + ÆFi(��ji =2 St�1) = 11� Æu(D; st�1):Sin
e S is a 
ooperative group given St�1, it holds thatu(C; s� 1) > u(D; st�1) > u(C; st�1 � 1): (4.1)The last inequality follows from Assumption 2.1. Relation (4.1) means that the im-plementation stage in period t has a stri
t Nash equilibrium in whi
h S is agreed. ByDe�nition 3.1, the solution �� sele
ts this stri
t Nash equilibrium. This 
ompletes theproof.Claim 2. There exists some T , St�1 � T � N , su
h that the following properties hold.(i) T is implemented in period t.(ii) If any i =2 T parti
ipates in T , then his dis
ounted payo� sum in �t(St�1) weaklyde
reases.(iii) There exists some member i 2 T � St�1 whose dis
ounted payo� sum in �t(St�1)stri
tly de
reases if he does not parti
ipate in T .Proof of Claim 2. By Claim 1, S is implemented in period t. Sin
e S is a �nite set, thereexists some T1; St�1 � T1 � S su
h that T1 is implemented but that any proper subsetof T1 is not implemented. By 
onstru
tion, if any i 2 T1 � St�1 does not parti
ipate inT1, then St�1 prevails and i is stri
tly worse o� than he would have been in T1. Thus,(iii) holds. If T1 satis�es (ii), then the 
laim holds for T = T1. If T1 does not satisfy (ii),then some i1 =2 T1 is stri
tly better o� by parti
ipating in T1. This means that T1 [ fi1gis implemented. We repeat the above arguments by putting T2 = T1 [ fi1g. Sin
e N isa �nite set, this pro
ess rea
hes some T � N . By 
onstru
tion, T satis�es (i), (ii) and(iii). When T = N , (ii) is trivially satis�ed. This 
ompletes the proof.Claim 3. The group T in 
laim 2 is a stri
t Nash equilibrium in the parti
ipation stageof period t. 14



Proof of Claim 3. It suÆ
es to show that every j 2 T � St�1 is stri
tly worse o� if heopts out of T in the parti
ipation stage. By (iii) in 
laim 2, there exists at least one su
hmember i 2 T � St�1. By the proof of 
laim 2, two 
ases are possible: (a) any propersubset of T is not implemented, and (b) T � fig is implemented. In 
ase (a), 
learlyevery j 2 T � St�1 is stri
tly worse o� by opting out sin
e T � fjg is not implemented.Consider 
ase (b). In this 
ase T � fig is implemented, and player i's dis
ounted payo�sum in the period t-subgame �t(St�1) stri
tly de
reases if he opts out of T during theparti
ipation stage. This yieldsu(C; t� 1) + ÆFi(��ji 2 T ) > u(D; t� 1) + ÆFi(��ji =2 T � fig): (4.2)Suppose that any player j 2 T �St�1 opts out of T in the parti
ipation stage. If T �fjgis implemented, then j obtains payo� u(D; t� 1) in period t, and thereafter the periodt + 1-subgame �t+1(T � fjg) will be played. By the Markov property of ��, all playersother than i and j behave in the same way in �t+1(T � fjg) as in �t+1(T � fig). Also,sin
e i and j are group members in �t+1(T � fjg) and �t+1(T � fig) respe
tively, theiroptimal behaviors with respe
t to other players' strategies with the Markov propertyare identi
al in these subgames. Sin
e i and j have the same payo� fun
tions, payo�maximization in �� implies that Fi(��ji =2 T � fig) = Fj(��jj =2 T �fjg). Also, the ruleof � implies that Fi(��ji 2 T ) = Fj(��jj 2 T ). By these arguments, it 
an be seen that(4.2) also holds for j. Thus, j is stri
tly worse o� if he opts out of T . This 
ompletesthe proof.By Claim 3, the parti
ipation stage of period t has a stri
t Nash equilibrium in whi
hall members of T � St�1 parti
ipate in St�1. Therefore, the solution �� sele
ts a stri
tNash equilibrium in the parti
ipation stage of period t, and St�1 is expanded to St.We are now ready to state the main theorem.Theorem 4.1. Let � be the repeated game of the n-person prisoner's dilemma with groupformation where players are suÆ
iently patient. There exists a solution �� of � with anabsorbing group S� if and only if S� is an eÆ
ient 
ooperative group.15



Proof. (only-if part) Let �� be a solution of � with an absorbing group S�. It followsfrom Lemma 4.2 that S� must be a maximal 
ooperative group. Then, by Proposition2.1, S� is an eÆ
ient 
ooperative group.(if-part) For every eÆ
ient 
ooperative group S�, we 
onstru
t the following strategypro�le �� of �. Let St�1 be every possible status-quo group in ea
h period t. Two 
asesare possible.(1) When St�1 = ;,� (parti
ipation stage) Every i 2 S� parti
ipates in a group, and others do not.� (implementation stage) If S has formed in the parti
ipation stage, then every i 2 Sa

epts S if and only if u(C; s� 1) > (1� Æ)u(D; 0)+ Æu(C; s�� 1). In parti
ular,when S� has formed, every member a

epts it.� (a
tion stage) If any S is implemented, then all i 2 S 
ooperate (a

ording toS-trigger strategy), and all j =2 S defe
t.(2) When St�1 6= ;,� (parti
ipation stage) No i 2 N � St�1 parti
ipates in St�1.� (implementation stage) If T � St�1 has formed in the parti
ipation stage, thenevery i 2 T reje
ts T .� (a
tion stage) If any S � St�1 is implemented, then all i 2 S 
ooperate (a

ordingto S-trigger strategy), and all j =2 S defe
t.When �� is employed, the eÆ
ient group S� is implemented in period 1 and S� isnot expanded in period 2 and onwards. Thus, S� is the absorbing group of ��. Clearly,�� satis�es the Markov property.To prove that �� is a subgame perfe
t equilibrium, it suÆ
es to show that everyplayer's 
hoi
e in �� at every de
ision node is optimal to �� itself. First, 
onsider 
ase(1). Clearly, every player's 
hoi
e in the a
tion stage is optimal. Suppose that a group Shas formed in the parti
ipation stage. When S is implemented in the se
ond stage, every16



member i 2 S re
eives the dis
ounted payo� sum 11�Æu(C; s�1) by the 
onstru
tion of ��.When S is not implemented, he re
eives u(D; 0) + Æ1�Æu(C; s� � 1). Thus, �� pres
ribesevery member's optimal 
hoi
e. Consider now the parti
ipation stage. When �� isemployed, every member i 2 S� re
eives the dis
ounted payo� sum 11�Æu(C; s� � 1). Ifi deviates from ��, S� n fig is not implemented sin
e u(C; s� � 2) < (1 � Æ)u(D; 0) +Æu(C; s� � 1) for suÆ
iently large Æ.9 Thus, every member i is stri
tly worse o� bydeviating from ��. If non-member j =2 S� parti
ipates in S�, j re
eives the dis
ountedpayo� sum, either 11�Æu(C; s�) or u(D; 0) + Æ1�Æu(D; s�), depending on whether or notS�[fjg is implemented. Either payo� is lower than j's dis
ounted payo� sum 11�Æu(D; s�)for ��. Thus, in 
ase (2) it is also 
lear that every player's 
hoi
e in �� is optimal to ��.Finally, the arguments above show that �� indu
es a stri
t Nash equilibrium on everyperiod t-subgame when the status-quo group is empty. Thus, �� satis�es the propertyof stri
tness on play.The theorem shows that an eÆ
ient 
ooperative group ne
essarily forms in the re-peated prisoner's dilemma when players have the opportunity to form su
h a group inevery period. The possibility of renegotiation allows the group formation devi
e to se-le
t an eÆ
ient group as the absorbing state of a solution. If the number of reformingstatus-quo groups is not large enough, however, then an ineÆ
ient group may result.The suÆ
ien
y part of the theorem shows only that an eÆ
ient 
ooperative group
an be rea
hed as an absorbing group of some solution of �. The ne
essity part of thetheorem shows that an absorbing group of every solution must be eÆ
ient. The nextproposition shows the 
onverse, namely that an eÆ
ient group is an absorbing group ofevery solution, provided that it 
an be rea
hed.Proposition 4.1. Let �� be a solution of � with the group sequen
e S(��) = fStg1t=1. IfSt�1 is an eÆ
ient 
ooperative group, then St�1 is the absorbing group of ��.Proof. By way of 
ontradi
tion, suppose that the eÆ
ient 
ooperative group St�1 is9This is the 
ase if Æ > u(C;s��2)�u(D;0)u(C;s��1)�u(D;0) . 17



expanded to St in period t of ��. Then every i 2 St re
eives the dis
ounted payo� sumFi(��ji 2 St�1) = u(C; st � 1) + ÆFi(��ji 2 St); (4.5)in the period t-subgame �t(St�1). Sin
e St�1 is a maximal 
ooperative group by Propo-sition 2.1, u(D; st�1) � u(C; n� 1): (4.6)It follows from (4.5) and (4.6) that11� Æu(D; st�1) � Fi(��ji 2 St�1): (4.7)Let v be the dis
ounted payo� sum that every j 2 St � St�1 re
eives when St is notimplemented in period t. Then it holds thatv = u(D; st�1) + ÆFi(��ji 2 St�1):Note that j will parti
ipate in St in period t + 1 sin
e �� has the Markov property.Substituting (4.7) into the equation above yields v � Fi(��ji 2 St�1). However, sin
e Stis implemented in the play of �� by supposition, it must be true that Fi(��ji 2 St�1) > vfrom (4.5). This is a 
ontradi
tion.In the proof of Theorem 4.1, we 
onstru
ted an equilibrium where an eÆ
ient groupforms immediately. The following proposition shows that there exists a solution of � inwhi
h an eÆ
ient group forms gradually through a sequen
e of minimum 
ooperativegroups given status-quo groups.Proposition 4.2. Let � be the repeated game of the n-person prisoner's dilemma withgroup formation where players are suÆ
iently patient. Then, there exists a solution ��of � with a group sequen
e fStg1t=1 su
h that s1 = g(0); s2 = g(s1); � � � ; sm = g(sm�1)with sm � n < g(sm), and st = sm for all t � m.Proof. Let fStg1t=1 be a group sequen
e whose sizes satisfy the properties in the propo-sition. We 
onstru
t the following strategy pro�le �� of � for every period t. Two 
asesare possible.(1) When St�1 is the status-quo group in period t,18



� (parti
ipation stage) Every i 2 St parti
ipates in St�1, and no others do. In periodt � m+ 1, no i 2 N � St parti
ipates in St.� (implementation stage) If St has formed in the parti
ipation stage, then everyi 2 St a

epts St. If S 6= St has formed, then every i 2 S a

epts S if and only if11� Æu(C; s� 1)> u(D; st�1) + � � �+ Æt0�t+1u(C; st0 � 1) + � � �+ Æm�t+11� Æ u(C; sm � 1)where i 2 St0 nSt0�1 (that is, player i joins the group St0 in period t0+1 for the �rsttime). The RHS represents i's dis
ounted payo� sum when Sk�1 is implementedin period k for every k � t.� (a
tion stage) If any S is implemented, then all i 2 S 
ooperate (a

ording to theS-trigger strategy) and all j =2 S defe
t.(2) When S 6= St�1 is the status-quo group in period t,� (parti
ipation stage) No i 2 N � St�1 parti
ipates in S.� (implementation stage) If T � S has formed in the parti
ipation stage, then everyi 2 T reje
ts T .� (a
tion stage) If any T � S is implemented, then all i 2 T 
ooperate (a

ordingto the T -trigger strategy) and all j =2 T defe
t.When �� is employed, ea
h group St (1 � t � m) is implemented in period t, and Smis not expanded in period m+1 and onwards. Clearly, �� satis�es the Markov property.In analogy with the proof of Theorem 4.1, we will show that every player's 
hoi
ein �� at every de
ision node is optimal to ��. Consider 
ase (1). Clearly, every player's
hoi
e in the a
tion stage is optimal. Suppose that St has formed in the parti
ipationstage. When St is implemented in the se
ond stage, every member i 2 St re
eives thedis
ounted payo� sumu(C; st � 1) + Æu(C; st+1 � 1) + � � �+ Æm�tu(C; sm � 1) + Æm�t+1u(C; sm � 1) + � � � :19



When St is not implemented, every member i 2 St re
eives at mostu(D; st�1) + Æu(C; st � 1) + � � �+ Æm�tu(C; sm�1 � 1) + Æm�t+1u(C; sm � 1) + � � � :(The �rst 
omponent is repla
ed with the smaller payo� u(C; st�1�1) if i 2 St�1). Sin
eu(C; st � 1) > u(D; st�1), it is optimal for every i 2 St to a

ept St. Suppose now thata group S 6= St has formed in the parti
ipation stage. When S is implemented in these
ond stage, every member i 2 S re
eives the dis
ounted payo� sum 11�Æu(C; s� 1) bythe 
onstru
tion of ��. When S is not implemented in the se
ond stage, he re
eivesu(D; st�1) + � � �+ Æt0�t+1u(C; st0 � 1) + � � �+ Æm�t+11� Æ u(C; sm � 1)where i 2 St0 n St0�1. Thus, �� pres
ribes every member's optimal 
hoi
e.Consider now the parti
ipation stage. If every member i 2 St deviates from ��, St nfig will not be implemented when Æ is suÆ
iently large, for the following reason. WhenStnfig is implemented, every member re
eives the dis
ounted payo� sum 11�Æu(C; st�2).If it is not implemented, every member re
eives the dis
ounted payo� sumu(C; st�1 � 1) + Æu(C; st � 1) + � � � :When Æ is suÆ
iently large, this payo� is larger than 11�Æu(C; st � 2). Therefore, everymember i 2 St is stri
tly worse o� if they deviate from ��. If a non-member j =2 Stparti
ipates in St, j re
eives the dis
ounted payo� sum, either 11�Æu(C; st) or u(D; st�1)+ÆX, depending on whether or not St[fjg is implemented. Here, X denotes j's dis
ountedpayo� sum in the period t-subgame �(St�1) when �� is employed. X is given byu(D; st) + � � �+ Æt0�tu(C; st0 � 1) + � � �+ Æm�t1� Æu(C; sm � 1)when j joins the group St0 in period t0 for the �rst time. Sin
e St is a 
ooperative groupgiven St�1, it 
an be shown that X > u(D; st�1) + ÆX; 11�Æu(C; st). Thus, every non-member j =2 St is stri
tly worse o� by parti
ipating in St. In 
ase (2), it is 
lear thatevery player's 
hoi
e in �� is optimal to ��.Finally, the arguments above show that �� indu
es a stri
t Nash equilibrium on theperiod t-subgame �(St�1) for every t � m. Thus, �� satis�es the property of stri
tnesson play. 20



5 Con
lusionOur theorem shows that when renegotiation is possible, an eÆ
ient group of 
ooper-ators ne
essarily forms in the repeated n-person prisoner's dilemma when individualsare patient. The formation of an eÆ
ient group 
an be either immediate or gradual.To understand the role of renegotiation, it may be helpful to 
onsider an extreme 
asewhere there is only one opportunity to negotiate group formation. The �rst period ofthis s
enario is the same as the �rst period in �, but all future periods have only thea
tion stage. Thus, all group members follow the group-trigger strategy negotiated inthe �rst period (assuming a group formed), and all non-members always defe
t.10 If weimpose the property of stri
tness on play, it 
an be seen that a group is formed in asubgame perfe
t equilibrium if and only if it is a minimal 
ooperative group. If we donot, any 
ooperative group 
an be formed in a subgame perfe
t equilibrium. In any 
ase,negotiation may result in an ineÆ
ient group. However, if renegotiation is possible, theineÆ
ient group will be expanded to a larger group as Lemma 4.2 shows. In this way,group formation be
omes a gradual pro
ess that eventually attains eÆ
ien
y.The literature 
ontains some other works on gradual 
ooperation, whi
h show thatthe level of 
ooperation (su
h as tari�s in international trade) in
reases over time in atwo-person repeated prisoner's dilemma. The papers vary in other respe
ts, assumingeither adjustment 
osts (Furusawa and Lai 1999), a
tion irreversibility (Lo
kwood andThomas 2002), or un
ertainty in the partner's willingness to 
ooperate (Watson 1999).This work takes a di�erent approa
h by examining the size of the 
ooperating groupin a multi-player game. However, the more 
riti
al di�eren
e between our resear
h andrelated works in the literature is that the latter assume the eÆ
ien
y of an equilibrium.In this paper, eÆ
ien
y is a result of our approa
h.To 
on
lude the paper, we dis
uss several points in our analysis.First, we have restri
ted our attention to the group-trigger strategy as a 
redibleagreement for ea
h group. However, this is just one example of a subgame perfe
t equi-librium whi
h attains group 
ooperation in repeated games. Our result holds for any10Note that this game is essentially � where the players' dis
ount fa
tors are zero.21



subgame perfe
t equilibrium with the same out
ome, for example simple strategy pro�les(Abreu 1988). In fa
t, our analysis 
an be applied to any me
hanism whi
h enfor
es the
ooperation of group members. Other examples are the 
lassi
al Groves-Ledyard me
ha-nism in publi
 goods provision (Groves and Ledyard 1977) and a 
entralized enfor
ementinstitution whi
h penalizes any group member who violates the agreement.Se
ond, as a re�nement of a Markov perfe
t equilibrium in the repeated game withgroup formation, we have required that a stri
t Nash equilibrium be sele
ted for stagegames, whenever possible. The sele
tion is applied only for a period-subgame on equi-librium play. In general, the implementation stage game may have two kinds of Nashequilibria: one is a stri
t equilibrium wherein all members a

ept a group, and the otheris a non-stri
t equilibrium wherein at least two members reje
t a group. Our treatmentallows group members to punish non-parti
ipants by sele
ting the non-stri
t equilibriumwhen the status-quo group is o� equilibrium play. It is an empiri
al issue whether ornot parti
ipants punish non-parti
ipants by resolving their bene�
ial group. Many ex-perimental studies report that subje
ts punish opportunisti
 behavior even if this a
tionmeans sa
ri�
ing their material payo�s. For example, Kosfeld, Okada and Riedl (2009)report experimental observations in a stati
 model of our game � in the 
ontext of publi
goods. In four-person games of institution formation where the minimum 
ooperativegroup size is two, they �nd that the implementation rates of two-person and three-persongroups are only 37 per
ent ea
h, while the implementation rate of the maximal groupis 90 per
ent (see Table 2, Kosfeld, Okada and Riedl 2009). Subje
ts a
tually punishnon-parti
ipants in most 
ases. Kosfeld, Okada and Riedl show that punishing behaviorby parti
ipants 
an be explained by the so
ial preferen
e model of Fehr and S
hmidt(1999).Third, while we have 
onsidered the group-trigger strategy as a 
redible equilibriumfor repeated games, we have assumed that a 
ooperating group is renegotiable. Inthe trigger strategy, if any group member defe
ts, then all other members punish adefe
tor forever. Sin
e su
h an extreme punishment hurts the punishers, it may bereasonable to allow players to negotiate a new group after the punishment has been22




arried out. We have not 
onsidered this possibility. In this sense, our approa
h is unlikethat taken in the literature of renegotiation-proof equilibria (see Farrell and Maskin,1989 and Bernheim and Ray, 1989 among others). In that stream of literature, it isassumed that renegotiation is possible at any time, both ex ante and after ea
h periodof play. Renegotiation-proofness has been 
aptured by some 
ooperative notions su
h asPareto domination and internal (and external) 
onsisten
y. However, it has been shownthat a renegotiation-proof equilibrium is not always eÆ
ient. In 
ontrast, our approa
his purely non-
ooperative. We expli
itly model renegotiation in group formation andhave shown that every absorbing group (whi
h is \renegotiation-proof" by de�nition)is eÆ
ient in a re�nement of a subgame perfe
t equilibrium for a repeated game withgroup formation. Regarding the possibility of renegotiation, our model is an intermediate
ase. The standard folk theorem des
ribes one polar 
ase, that only ex ante negotiationis possible. The renegotiation-proof equilibrium des
ribes the other polar 
ase, thatnegotiation is possible at any time both on and o� of the equilibrium path. Our treatmentassumes that individuals 
an renegotiate to form the group of 
ooperation, but thatthey 
an not renegotiate for punishments after defe
tion. A pra
ti
al message fromthis paper is that both renegotiation for on-going groups and politi
al 
ommitment notto renegotiate for punishments are e�e
tive for attaining eÆ
ien
y in so
ial dilemmasituations.Finally, our analysis is limited to the repeated prisoner's dilemma. Extending theproofs to a more general model is left for future work.Referen
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